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A DIFFERENTIAL-GEOMETRIC VIEW OF NORMAL FORMS OF CONTRACTIONS

R. FERES

ABSTRACT. A version of non-stationary normal forms theory was recently obtained by M. Guysinsky
and A. Katok, which has become an important ingredient in several recent investigations of rigidity of
group actions. Our main aim is to explain their results, thesub-resonance normal formsandcentralizer
theorems, from a differential-geometric perspective.

1. INTRODUCTION

The theory of normal forms of dynamical systems has a long and venerable history, going back to
Poincaŕe’s study of analytic differential equations near a singular point. Let ˙x= Ax+ · · · be a system
of such equations, whereA is ann-by-n matrix. One of Poincaré’s central results on the subject is
that it is possible to find a formal change of coordinatesx = y+ · · · that brings the original equation
to linear formẏ = Ayunder the hypotheses that the eigenvalues ofA do not satisfy certain arithmetic
relations calledresonances.

If resonance relations do exist, it may not be possible to linearize the equations in the same way,
but further work by Poincaré and Dulac showed that it is still possible to bring them to polynomial
form. Sternberg [St] later obtained such normal forms (linearization or polynomial form in the
presence of resonances) for non-analytic equations, when the associated flow defines a contracting
dynamical system. The simplified form of the flow in this case holds not only infinitesimally to
infinite order but on a neighborhood of the singular point, and the coordinate change isC∞.

Non-stationarylinearization and normal forms have to do with the same type of simplification of
dynamical systems, now along an arbitrary orbit, not necessarily a fixed point. It was studied by,
among others, Sibuya, Kostin, Yomdin. (See [Do] and the references cited there.)

A recent non-stationary normal forms theorem for contractions has been derived in [GK] by M.
Guysinsky and A. Katok. The main results in [GK] are asub-resonance normal form theorem,
which obtains, under a keynarrow band spectrumhypotheses, normal forms for families of smooth
contractions; and acentralizer theorem, which shows that smooth mappings commuting with the
contracting map (but not necessarily contractions themselves) automatically assume a similar normal
form.

The paper by Guysinsky and Katok has been used as an essential tool in several recent studies of
so-calledrigidity of group actions. Rigidity theorems are of several kinds but, broadly, they assert
that certain classes of group actions are isomorphic in some appropriate sense (C∞ conjugate, mea-
surably equivalent, etc.) to model actions obtained by essentially algebraic constructions. Papers in
which normal forms are used explicitly (typically having to do with the special case of linearization)
are variously concerned with rigidity of actions of: higher-rank abelian groupsRk andZk, k≥ 2, as
in [KK1, KK2, KKS, KNT, NT] for example; semisimple Lie groups of higher rank and their lattice
subgroups, as in [Hu, KL1, KL2, KLZ, KSp, MQ, FM]; and actions of Anosov diffeomorphisms and
flows, as in [Sa], for a recent example. In a less explicit way, non-stationary linearization is used
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under geometric guise in [BFL, BL, Fe1, Fe2, FL], to cite a small and probably biased sample. (For
a broad discussion of rigidity of group actions, see [FK].)

The present article resulted from my effort to understand [GK]. In the abstract of their paper,
Guysinsky and Katok remark: “One of the ways to formulate our first conclusion (the sub-resonance
normal form theorem) is to say that there is a continuous invariant family of geometric structures in
the fibers whose automorphism groups are certain finite-dimensional Lie groups.” The precise nature
of this geometric structure, however, is not made explicit there in a way that looks most natural from
a differential geometric viewpoint. It would, perhaps, be most satisfying to derive, as a first step
toward the theorem, an invariant infinitesimal structure such as a connection on a principal bundle,
a Cartan structure of finite type, or at least some rigid structure in the sense of Gromov (structures
having finite dimensional automorphism groups); and then proceed to obtain the conclusion of the
theorem by integration, or development. This is the outlook on the theory that we take here.

The geometric viewpoint can be illustrated in clearest form for a contracting automorphism of a
foliation in a compact manifold under thehalf-pinching assumption, a special case of the narrow-
band spectrum hypotheses introduced in [GK]. The infinitesimal structure in this case is an ordinary
connection, or covariant derivative of vector fields; the coordinate changes bringing the contraction
to normal form are directly related to the exponential map associated to the connection. (This is
studied in [Fe1] in the context of Anosov diffeomorphisms with smooth foliations. An application
to the study of actions of lattices in higher-rank semisimple Lie groups is obtained in [Fe2].)

Under the hypotheses of [GK], such ideal formulation is not generally possible due to lack of dif-
ferentiability of an invariant flag of subbundles that will be encountered shortly. (This flag is trivial,
hence smooth, under the half-pinched spectrum hypotheses.) Nevertheless, what is obtained does
resemble, in a formal sense, geometric structures of finite type. When differentiability is available,
we do obtain Gromov-rigid structures. They are, in fact, generalized flat connections of higher order.
The definitions and precise statements are given in the next section.

We make no attempt to state results in their most general form. The setting of continuous lami-
nations of compact metric spaces, for example, which is adopted here in place of fiber bundles over
compact metric spaces, as in [GK], is more restrictive than necessary, but it is the setting in which
the theorems are generally used. The contraction map is assumed here to beC∞ on the leaves of the
lamination. The reader interested in more refined analytic statements should consult [Gu] and [Do].

An early version of this article was written as notes for lectures presented at the Troisième Cycle
Romand de Math́ematiques, les Diablerets, March 2002, organized by E. Ghys and P. de la Harpe. I
am thankful to them for inviting me to that event. My interest in this topic originated from a number
of inspiring conversations I had with Tolya Katok.

2. THE NON-STATIONARY NORMAL FORMS THEOREM

The general setting of [GK] consists of a family of manifoldsF (x), wherex ranges over a com-
pact metric spaceM, and a family of contracting diffeomorphismsf : F (x)→ F ( f̄ x) associated to
a homeomorphism̄f of M. The objective is to obtain a family of smooth coordinates on theF (x),
depending continuously onx, under whichf assumes polynomial form. A somewhat more restric-
tive setting is actually used here:F will correspond to a continuous lamination of a compact metric
space,M, having smooth leaves, and a lamination-preserving, leaf contracting homeomorphism of
M, smooth on leaves. This is not an essential restriction but we adopt it for convenience. (It makes
sense in this case to writēf = f .) The prime example is an Anosov diffeomorphism of a compact
manifold, in which caseF is the stable Anosov foliation.
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For the rest of the section, let(M,F ) be such a lamination. A homeomorphismf of M that maps
leaves to leaves diffeomorphically will be called asmooth automorphismof F . The group of smooth
automorphisms will be written Aut(M,F ). By TxF we denote the tangent space to the leafF (x) at
x. The tangent bundle,TF , of F is the union of these spaces. The derivative map onTF induced
by f is writtend fx : TxF → Tf (x)F . An automorphismf ∈ Aut(M,F ) is contractingif, for somek,
the norm‖d fk

x‖ is bounded by a constantC < 1. This definition does not depend on the choice of
Riemannian metric. For simplicity of notation, it will be assumed thatk = 1. (If the normal forms
theorem holds forf k, for somek≥ 1, it necessarily also holds forf , due to the part of the theorem
that deals with the centralizer of the contraction.)

Throughout the paper, we say that a given structure is ‘smooth’ (orCk) if its restriction to leaves
of F is smooth. Of course, differentiability does not make sense on directions that are transverse to
the leaves.

2.1. The Main Theorems. First observe that the leaves ofF are diffeomorphic toRn. In fact, for
eachx∈M, F (x) can be written as a union of nested sets of the formf−k(Ba( f k(x))), whereBa(y)⊂
F (y) is a ball of radiusa centered aty. Let F(M,F )x be the set of all smooth diffeomorphisms from
Rn to F (x) sending 0 tox and defineF(M,F ) as the disjoint union of theF(M,F )x, for x∈M. Let
D(Rn)0 denote the group of diffeomorphisms ofRn that fix 0. We give bothF(M,F ) andD(Rn)0

theC∞-topology. More precisely, a sequenceϕm ∈ F(M,F ) converges toϕ ∈ F(M,F ) if for each
compactK ⊂ Rn and each integerk≥ 0, thek-jet of ϕm converges uniformly onK to thek-jet of ϕ.

There is a natural continuous action ofD(Rn)0 onF(M,F ) by right-composition:(σ,ϕ) 7→ σ◦ϕ,
for (σ,ϕ) ∈ F(M,F )×D(Rn)0. We regardF(M,F ) as a principal bundle overM with structure
group D(Rn)0. The group Aut(M,F ) acts onF(M,F ) by principal bundle automorphisms, via
left-composition:( f ,σ) 7→ f ◦σ, for f in Aut(M,F ) andσ in F(M,F ).

We are interested in obtaining continuous invariantreductionsof F(M,F ). This means the fol-
lowing. LetH be a subgroup ofD(Rn)0 andP⊂F(M,F ) a principal subbundle with structure group
H for the same right-action by composition of maps. We say in this case thatP is anH-reduction of
F(M,F ). Invariance underf ∈ Aut(M,F ) means that the setf (P) coincides withP. Observe that
if σ ∈ Px andσ′ ∈ Pf (x), then f ◦σ = σ′ ◦φ for someφ ∈ H.

The non-stationary normal forms (resp., linearization) theorem is fundamentally the assertion
that anf -invariantH-reduction ofF(M,F ) exists, for a contractionf and a subgroupH of D(Rn)0

consisting of polynomial (resp., linear) maps ofRn. The groupH will be written HV , where the
symbolV , to be defined shortly, stands for data about the spectrum of the operator thatf induces on
vector fields. The details will be spelled out in Section 3.

Let X be a vector field onF . Thepush-forwardof X under f is the vector fieldf∗X onF defined
by ( f∗X)(x) := d f f−1(x)X( f−1(x)), x∈M. This gives a linear operator on the Banach spaceΓ0(TF )
of continuous vector fields onTF . The spectrum of the complexification off∗ is the so-called
Mather spectrumof f . A contractionf is said to satisfy thenarrow band spectrumcondition if the
Mather spectrum off has the properties:

(1) There are numbersai ,bi , for i = 1, · · · , l (wherel is at most the dimension ofF ) such that
a1 ≤ b1 < · · ·< al ≤ bl < 0 andbi −ai <−bl for all i;

(2) the Mather spectrum off is contained in the union of closed rings,Ri ⊂ C, of radii eai ,ebi ,
i = 1, · · · , l ;

The above assumptions imply that the invariant subspaceEi ⊂ Γ0(TF ) associated toRi is a module
over the ring of continuous functions; the disjoint union of subspacesEi(x) := {X(x)∈TxF |X ∈Ei}
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constitutes anf -invariant continuous subbundle ofTF , andTF decomposes as a direct sum:

(1) TF = E1⊕·· ·⊕El .

The spectrum of the restriction off∗ to the continuous sections ofEi lies in Ri .
DenoteVi := Rni , whereni is the (fiber) dimension ofEi andV := Rn. ThenV decomposes as

direct sum of theVi , wheren is the (leaf) dimension ofF . We defineIi = [ai ,bi ] and

(2) V := {(Vi , Ii) | i = 1, . . . , l}.
V will be called aspectral partitionof V associated tof . V will be said to satisfy thenarrow band
spectrumcondition if the length of each intervalIi is less than the spectral gap; that is, for each
i = 1, · · · , l ,
(3) bi −ai <−bl .

Define, inductively, the numbersλ1, · · · ,λl by λl = al andλi−1 = λiai−1/bi , i = l , l − 1, · · · ,2.
Note thatλ1 < λ2 < · · · < λl . Also definedV as the integer part ofλ1/λl andTV : V → V as the
linear isomorphism such thatTV u = eλi u, for u∈Vi .

The structure group,HV , of the above mentioned reductions is now defined as the set of polyno-
mial mappings inD(Rn)0 that areTV -stable, i.e., such thatTn

V ◦h◦T−n
V is bounded over compacts

sets for alln. It will be seen later that this is a Lie group of polynomial maps of degree bounded
above bydV . We refer toHV as theV -stable group.

The main results of [GK] can now be stated as follows.

Theorem 1. Let G⊂ Aut(M,F ) be a group whose center contains a contracting element with spec-
tral partition V satisfying the narrow band spectrum condition. Then F(M,F ) admits a unique
continuous G-invariant HV -reduction.

In general, the decomposition ofTF into the subbundlesEi is only continuous except, of course,
when the decomposition is trivial, i.e.,l = 1. It is interesting to know how the degree of smoothness
of the reduction depends on the degree of smoothness of theEi . It turns out that they are the same.
More precisely, the following theorem holds. (See [Gu], Theorem 3.) We refer to the decomposition
TF = E1⊕·· ·⊕El as theV -splitting of TF associated to f. (Observe that Theorem 2 presupposes
that an appropriateCk-manifold structure has been defined on the leaves ofF(M,V ), making them
infinite dimensional manifolds. This is obtained implicitly in [Gu]. Since our discussion will be
limited to the aspects of the theory that depend only on jet spaces of finite order, we will not discuss
this point further here.)

Theorem 2. Let f be a contraction of(M,F ) and V an associated spectral partition satisfying
the narrow band spectrum condition, Suppose that theV -splitting of TF is Ck. Then, the unique
f -invariant HV -reduction of F(M,V ) is Ck along leaves.

These theorems can be rephrased to resemble more closely the statements of [GK]. We first need
to define the notion ofpolynomial maps of sub-resonance type. A remark about terminology must be
made at this point. To be in strict agreement with [GK], these maps should be calledsub-resonance
generatedpolynomial maps, but the distinction is not of much consequence here and we omit the
extra word.

Fix x,y ∈ M, and non-negative integersj, i1, . . . , ir , for somer ≥ 0. Write I = (i1, . . . , ir) and
defineE j

I (x,y) := E∗
i1
(x)⊗·· ·⊗E∗

ir (x)⊗E j(y). A homogeneous polynomial mapF : TxF → TyF of

degreer uniquely decomposes as a sum of termsF j
I ∈ E j

I (x,y). Thus, the spaceT(r,1)F of tensors
overTF of type(r,1), decomposes as direct sum of thef -invariant subspacesE j

I .
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A polynomial map fromTxF to TyF will be said to be ofsub-resonance typeif for eachr and
each of its homogeneous components of orderr, a factorF j

I is nonzero only if

(4) λ j ≤ λi1 + · · ·+λir .

These are polynomial maps of degree no greater thandV . We say that an element ofT(r,1)F is a
tensor ofsub-resonance typeif it lies in the linear span of theE j

I for which λ j ≤ λi1 + · · ·+λir .

Theorem 3. Let f be a smooth contracting automorphism of(M,F ), where M is a compact metric
space andF a continuous lamination of M with smooth leaves. Suppose that f satisfies the narrow
band spectrum condition. Then, there exists a continuous family of smooth diffeomorphisms, denoted
by Lx : TxF → F (x), such that for each x∈M,

(1) L−1
f (x) ◦ f ◦Lx : TxF → Tf (x)F is a polynomial map of sub-resonance type; and

(2) if g is a smooth automorphism of(M,F ) that commutes with f , thenL−1
g(x) ◦g◦Lx is also

polynomial of sub-resonance type.

Furthermore, if theV -splitting associated to f is Ck, the diffeomorphismsLx can be choosen so as
to be Ck differentiable in x, as x varies along leaves.

Notice that, in the setting of a continuous lamination adopted here, the mappingsLx are global
diffeomorphisms.

The relationship between Theorem 3 and the previous two can be seen as follows. LetPV denote
the invariantHV -reduction ofF(M,F ) obtained in Theorem 1. LetH1

V be the projectionHV into the
linear groupGL(n,R), which isGL(n,R)∩HV . Form the associated bundleQ := PV ×HV HV /H1

V .
This is a (foliated) fiber bundle overM defined as the space of orbits for the product action ofHV
on PV ×HV /H1

V . As it has contractible fibers, it admits continuous global sections. Letζ be a
continuous section which isCk differentiable along leaves ofF , for somek ≥ 0. Then for each
x∈M choose a representativeφx of ζ(x) and define

(5) Lx := φx◦ (dφx)−1
0 : TxF → F (x).

If the spectral partition is trivial (in which case the narrow band condition amounts to half-pinching),
thenHV = H1

V , so thatQ = M andζ is unique. Therefore, the following remark holds.

Remark 4. When HV is a first order group, the mapsLx of Theorem 3 are uniquely determined.

We would like now to indicate how the non-stationary normal forms theorem is related to certain
connection-like invariant structures. But before explaining it in general, it may be instructive to take
a look at this structure in the simplest conceivable setting, namely, a contraction ofR near a fixed
point. This is, of course, a rather trivial special case, but the bare outline of the general narrative is
already apparent.

Let f : R→R be a (local) diffeomorphism fixing 0 such thatf ′(0) = λ∈ (0,1). First observe that
linearizing f near 0 amounts to finding anf -invariant smooth connection∇ on the tangent bundle of
M = R, on a neighborhood of 0: the exponential map of∇, exp0 : T0M → M, intertwinesf and its
derivative mapd f0 : T0M → T0M; that is, f (exp0u) = exp0d f0u, due to thef -invariance of∇. By
this remark, the local normal form theorem can be restated as a theorem about the existence of an
ordinary f -invariant covariant derivative, which is obtained by the following application of a well-
known trick in hyperbolic dynamics. (This trick is essentially all there is to the proof of Proposition
11.) Let∇ stand for an arbitrary smooth connection onM and denote byX the standard coordinate
vector fieldd/dx. Write Γ := ∇XX, the sole Christoffel symbol of∇. Under f , Γ transforms
according to the formulaΓ f = f ′Γ ◦ f + f ′′/ f ′. Finding an invariant∇ thus amounts to solving
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the equationΓ = f ′Γ ◦ f + f ′′/ f ′. By iterating this equation one obtains the unique solution as a
convergent series given byΓ = ϕ + f ′ϕ ◦ f +( f 2)′ϕ ◦ f 2 + · · · , whereϕ := f ′′/ f ′. If g is a smooth
(local) diffeomorphism ofM commuting withf , theng∗∇, the pull-back of thef -invariant∇ under
g, is immediately seen to also bef -invariant, whenceg∗∇ = ∇ as the invariant connection is unique.
Consequently,g(exp0u) = exp0(dg0u) also holds, which is the conclusion of the centralizer theorem.
Much of the content of this paper has to do with obtaining the replacement for∇ under the general
hypotheses of the sub-resonance normal forms theorem.

For the general case, it will be useful to make the following definitions.

Definition 5. Let P be a Ck-differentiable principal H-bundle over(M,F ), k≥ 0, and suppose that
P is an H-reduction of a principal G-bundle F. Denote by J1F the space of1-jets of local sections
of F. This space can be regarded as a fiber bundle over F, with projection map( j1σ)x 7→ σ(x). Let
η be a continuous section of the pull-back (restriction) of J1F to P.

(1) With no further restrictions, we say thatη is aquasi-connectionon P.
(2) If η takes values in J1P (for k≥ 1), we say thatη is ageneralized connectionon P.
(3) The sectionη is aprincipal connectionon P if it is an H-invariant generalized connection.

Notions such as parallel transport and curvature make sense for a generalized connectionη. If
γ(t), 0≤ t ≤ 1, is a piecewise differentiable curve on a leaf ofF andσ ∈ P lies on the fiber above
γ(0), then the parallel transport ofσ alongγ, relative toη, is the unique curveσ(t) aboveγ(t) such
that the vectorσ′(t) belongs toη(σ(t)) for eacht. Thus parallel translation is obtained by solving
an ordinary differential equation onP.

The curvature ofη is a two-form onP taking values in the Lie algebra ofH. It is defined as
follows. Given vector fieldsX,Y on P, let XH ,YH be their components along then-planeη, and
defineΩ(X,Y) = −[XH ,YH ]V , where the upper-scriptV denotes the vertical component of the Lie
bracket. The vertical component of a vector is naturally associated to an element of the Lie algebra
of H. If Ω vanishes identically, thenη is an integrable distribution inP. (In particular, parallel
transport along small closed curves is trivial.) We say, then, that the generalized connection isflat.

We now explain how these concepts are related to normal forms.
Let F r(M,F ) denote the bundle ofr-th order frames over(M,F ), obtained as the quotient of

F(M,F ) by the equivalence relation that identifies diffeomorphisms with samer-jet at 0. This is a
principal bundle with groupGr of r-jets at 0 of local diffeomorphisms ofRn fixing 0, wheren is the
leaf dimension ofF . Note thatGr is the quotient ofD(Rn)0 by the abover-jet equivalence relation.

Let Hr
V represent the projection of the sub-resonance groupHV into Gr . As already remarked,

elements ofHV are polynomial maps of degree no greater thandV , so thatHr
V is isomorphic toHV

wheneverr ≥ dV . Let PV be the invariantHV -reduction ofF(M,F ) obtained in Theorem 1, and let
Pr

V be the jet projection ofPV into F r(M,F ). We thus obtain a sequence ofHr
V -reductions:

(6) · · · → Pr+1
V → Pr

V → ··· → P1
V →M

such that the jet projectionπr+1
r : Pr+1

V → Pr
V is a homeomorphism for eachr such thatr ≥ dV . Let

ηr : Pr
V → Pr+1

V denote the inverse of this homeomorphism.
To eachσ ∈ Pr

V , ηr(σ) can be regarded as an element of the bundleJ1F r(M,V )|Pr
V

of 1-jets of

local sections ofF r(M,V ), restricted (i.e., pulled-back) toPr
V . This will be explained in the proof

of the next theorem.
Theorem 6 contains our main geometric remark.

Theorem 6. Let G⊂Aut(M,F ) be a group whose center contains a contraction andV = {(Vi , Ii), i =
1, . . . , l} an associated spectral partition satisfying the narrow band spectrum condition. Suppose
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that theV -splitting of TF is Ck, k≥ 0. Fix an integer r≥ dV , and letηr be as defined above. Then
the following hold:

(1) ηr is a G-invariant quasi-connection on Pr
V ;

(2) if k ≥ 1, thenηr is a G-invariant, flat, Ck generalized connection on Pr
V ;

(3) if l = 1 and dV = 1, thenη1 is a smooth G-invariant, flat, principal connection on P1
V .

In all cases,ηr is Ck.

We can now see how Theorem 6 relates to Theorem1. Suppose that theV -splitting of TF is Ck,
k≥ 1, in addition to the general assumptions of Theorem 6. Thereforeηr is a flat,Ck, generalized
connection on theCk bundlePr

V . Since an isometry of the connection preservesPr+1
V , expressed in

terms of elements this bundle the isometry assumes normal form up to orderr +1. More precisely,
givenσ1,σ2 ∈ Pr+1

V , and an isometryf , then f (r+1)(σ1) = σ2h, where f (r+1) is the mapf induces

on Pr+1
V and h ∈ Hr+1

V is the infinitesimal normal form off . To obtain normal forms not only
infinitesimally but on whole leaves, we proceed as follows.

By the Frobenius theorem, through eachη0 ∈ (Pr
V )x0 passes a unique localCk section,x 7→ η(x),

tangent toη(σ(x)) for eachx nearx0. It can be shown that the section is holonomic; that is, it comes
from a local diffeomorphismφ from a neighborhood of 0∈Rn into the leaf ofF containing the base
point of σ. (Denoting byty : Rn → Rn the translation inRn by y, then the sectionσ has the form
σ(x) = j r(φ ◦ tφ−1(x))0, for x nearx0. Section 5 of [Fe3], in particular Lemma 5.4, has more details
related to this.) Making use of the contraction element ofG it can be shown thatφ extends to a
diffeomorphism fromRn to a leaf ofF . If now φ1 andφ2 are the diffeomorphisms associated toσ1

andσ2, then instead off (r+1)(σ1) = σ2h we havef ◦φ1 = φ2◦h.
Also note thatψ := φ2 ◦ φ−1

1 is a diffeomorphism fromF (x1) to F (x2) mappingx1 = φ1(0) to
x2 = φ2(2). It is anisometryof the generalized connection on those leaves. In particular, the group of
isometries ofη acts transitively on each leaf ofF . This makes eachF (x) a homogeneous manifold
of the form LV /HV , whereLV is isomorphic to the group of diffeomorphisms ofRn generated
by HV and the translationstx, x ∈ Rn. Note that the isomorphisms depend on a choice ofx. As
a manifold (but not as a group),LV is the product ofHV and Rn. If r = 1, as in part 3 of the
theorem, the geometry of the leaves ofF corresponds to the (Klein) geometry ofRn defined by the
homogeneous space(GL(n,R)nRn)/GL(n,R).

The remaining of the paper is dedicated to proving Theorem 6. This will require reworking the
finite-jet part of the proof in [GK]. For this reason, the normal forms theorem up to finite jets will
be proved here along the way to Theorem 6.

3. THE V -STABLE GROUP

3.1. Generalities about Polynomial Maps.A map f : V → W between finite dimensional vec-
tor spaces ispolynomialif for any given basis{v1, · · · ,vn} of V and{w1, · · · ,wm} of W there are
polynomialsf j(x1, · · · ,xn), j = 1, · · · ,m, such thatf (x1v1 + · · ·+xnvn) = ∑ j f j(x1, · · · ,xn)w j .

We writexν := xν1
1 · · ·xνn

n for a multi-indexν := (ν1, · · · ,νn) in {0,1,2, · · ·}n andx = (x1, · · · ,xn)
in Rn. The degree of the monomialxν is |ν|= ν1 + · · ·+νn. A homogeneous polynomial of degree
r is a linear combination of monomials of degreer. A polynomial map uniquely decomposes as a
sum of homogeneous components.

Thefirst polarization, P1 f : V×V →W, of a homogeneous polynomial mapf : V →W is defined
by

(7) P1 f (u,v) :=
d
dt

f (u+ tv)t=0.
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Is is not difficult to show that iff has degreer thenP1 f (v,v) = r f (v). The i-th polarization off ,
Pi f : V i →W, is obtained by taking the first polarization ofu 7→ Pi−1 f (u,v1, · · · ,vi−2). If r is the
degree off , we call the symmetricr-linear mapPr f thecomplete polarizationof f .

It is often convenient to regardPr f as an element of the tensor spaceSr(V∗)⊗W, whereSr(V∗)
denotes the subspace of symmetric elements of ther-th order tensor power of the dual spaceV∗. It
can be shown thatr! f (v) = Pr f (v, · · · ,v) for f homogeneous of degreer.

Suppose thatV decomposes as a direct sum:V =V1⊕·· ·⊕Vl . Let F : Vr →V be anr-linear map
and denote byπ j : V →Vj the natural projection. DefineΠ j

i1···ir F by

(8) Π j
i1···ir F(v1, · · · ,vr) := π jF(πi1v1, · · · ,πir vr),

wherev1, · · · ,vr ∈V. This yields the decompositionF = ∑l
j,i1,··· ,ir=1 Π j

i1···ir F.

3.2. The Group HV . We fix now a spectral partitionV for V = Rn. A sequence of linear isomor-
phisms,L j : V → V, as well as the associated sequence of iterationsL( j) = L j · · ·L1, j = 1,2, · · · ,
will be calledV -adaptedif: (i) L j respects the direct sum decomposition for allj, and (ii) for each
i = 1, · · · , l and all non-zerov∈Vi , the inequalities

(9) ai ≤ liminf
n→∞

1
n

ln‖L(n)v‖ ≤ limsup
n→∞

1
n

ln‖L(n)v‖ ≤ bl

hold. Clearly, beingV -adapted does not depend on the choice of norm,‖ · ‖, onV.
We wish to consider maps fromVk = V×·· ·×V into V which do not grow under the action of

a V -adapted sequence. Such maps will be calledV -stable. More precisely, consider the action of a
linear isomorphismA : V →V on an arbitrary mapf : Vk →V defined byA∗ f : Vk →V such that

(10) (A∗ f )(v1, · · · ,vk) := A f(A−1v1, · · · ,A−1vk).

Then f is V -stable if, by definition, there exists aV -adapted sequenceL(n) and, for each compact
subsetK ⊂Vk we can findC > 0 such that‖(L(n)∗ f )(v1, · · · ,vk)‖ ≤C, for all (v1, · · · ,vk) ∈ K and
n = 1,2, · · · . The termL-stablewill also be used when explicit reference to the adapted sequence is
required.

Lemma 7. LetV = {(Vi , Ii) : i = 1, · · · , l} be a spectral partition of V that satisfies the narrow band
condition. Then, the following hold:

(1) if a j ≤ bi1 + · · ·+bik thenλ j ≤ λi1 + · · ·+λik, for any given set of indices j, i1, · · · , ik;
(2) anyV -stable homogeneous polynomial map is also{Tn

V }-stable;
(3) the degree of aV -stable homogeneous polynomial is bounded above by a1/bl ;
(4) the degree of a{Tn

V }-stable homogeneous polynomial is bounded above by dV ;
(5) if f is V -stable, and F is the homogeneous component of f of degree k, then

bi1 + · · ·+bik < a j ⇒ Π j
i1···ikF = 0;

(6) if f is {Tn
V }-stable, and F is the homogeneous component of f of degree k, then

λi1 + · · ·+λik < λ j ⇒ Π j
i1···ikF = 0.

Proof. Let h be aV -stable homogeneous polynomial map of degreek andH its complete polariza-
tion. It suffices for proving 2 to check that each componentΠ j

i1···ikH is {Tn
V }-stable. Thus suppose,

without losing generality,H = Π j
i1···ikH and that it is non-zero. By definition,H is {L(n)}-stable,

whereL(n),n = 1,2, · · · , is aV -adapted sequence of isomorphisms ofV. Choosevs in Vis, for each
s= 1, · · · ,k, so thatH(v1, · · · ,vk) is a non-zero vector (necessarily inVj ). Writewi(n) = vi/‖L(n)vi‖.
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The definition ofL(n)∗H implies L(n)v′ = ‖L(n)v1‖· · ·‖L(n)vk‖un, wherev′ = H(v1, · · · ,vk) and
un = (L(n)∗H)(w1(n), · · · ,wk(n)). But ‖un‖ ≤C for some constantC independent ofn. Therefore
‖L(n)v′‖ ≤C‖L(n)v1‖· · ·‖L(n)vk‖. Taking logarithms, dividing byn, and passing to the limsup and
liminf as in 9, results ina j ≤ bi1 + · · ·+bik, which proves part 5.

It is convenient to rewrite the last inequality as

(11) a j ≤m1b1 + · · ·+ml bl ,

wherems is the number of times (possibly 0) thatbs appears on the right-hand side of the first
inequality. Since

(12) Tn
V ∗H = exp

(
nλ j −n

l

∑
i=1

miλi

)
H,

part 2 of the lemma is a consequence of part 1. That is, we need to show that

(13) λ j −
l

∑
i=1

miλi ≤ 0.

Notice that, in 11,mi = 0 for i < j, and by the narrow band condition (a j > b j + bl ) inequality
11 reduces toa j ≤ b j whenevermj 6= 0. Consequently, 13 holds ifmj 6= 0, since in this casemj = 1
andmi = 0 for i 6= j. Therefore, we may assume thatm1 = · · ·= mj = 0. Then

λ j =
a j

b j+1

a j+1

b j+2
· · · al−1

bl
al

≤
l

∑
i= j+1

mi
bi

b j+1

a j+1

b j+2
· · · al−1

bl
al

= mj+1
a j+1

b j+2
· · · al−1

bl
al +

l

∑
i= j+2

mi

(
bi

b j+1

a j+1

b j+2
· · · ai−1

bi

)
ai

bi+1
· · · al−1

bl
al

= mj+1
a j+1

b j+2
· · · al−1

bl
al +

l

∑
i= j+2

mi

(
a j+1

b j+2
· · · ai−1

bi−1

)
ai

bi+1
· · · al−1

bl
al

≤mj+1
a j+1

b j+2
· · · al−1

bl
al +

l

∑
i= j+2

mi
ai

bi+1
· · · al−1

bl
al

≤
l

∑
i= j+1

miλi ,

which is what is needed to check that‖Tn
∗ H‖ is bounded.

To see part 3, notice that, asH is non-zero only ifa j ≤ bi1 + · · ·+ bik, we havea1 ≤ kbl . As
bl < 0, this shows thatk≤ a1/bl , proving thata1/bl is an upper-bound for the degree. Part 4 holds
for a similar reason. �

Let PolV denote the set of all{Tn
V }-stable polynomial maps fromV to itself fixing 0. Since

TV ∗( f ◦g) = TV ∗ f ◦TV ∗g, it is clear that PolV is closed under composition of maps. Furthermore,
f ∈ PolV iff each fi in the decompositionf = f1 + f2 + · · ·+ fr into homogeneous terms also lies
in PolV . This can be seen as follows. Iff is V -stable, thenfc, defined byfc(v) := f (cv), is also
V -stable map for eachc. But fc = f0 + c f1 + · · ·+ cr f r . Takingc0 = 1,c2, · · · ,cr all distinct, it is
possible to write eachfi as a linear combination of thefci . Therefore, eachfi is V -stable if so isf .
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Since stable maps have degree bounded bydV , the space PolV is finite dimensional and, as just
remarked, closed under composition. Now define

(14) HV = { f ∈ PolV | f1 is non-singular}.
It will be shown shortly thatHV is a Lie group, which we call theV -stable group.

The following remarks and notations will be used in verifying this claim. First observe that the
subgroupGL(V ) of GL(V) stabilizing the flagWi = Vi ⊕Vi−1⊕ ·· ·⊕V1, i = 1, · · · , l , is contained
in HV . This is, in fact, the group generated by the elementsf1, for f ∈ HV . Let PolV (i) be the
subspace of PolV spanned by all homogeneous polynomial maps of degree greater than or equal to
i. Then

(15) PolV (i)◦PolV ( j)⊂ PolV (i j ),

where the left-hand side indicates the set off ◦g, for f ∈ PolV (i) andg∈ PolV ( j). We denote by
I +PolV (i) the set off ∈ PV of the form f (x) = x+h(x), h∈ PolV (i).

Proposition 8. HV , with the operations of composition and inverse of maps, is a group.

Proof. Given f = f1 + f2 + · · ·+ fk ∈HV , all that is needed is to findf−1 in HV . The proof uses an
inductive argument that obtains in the end the inverse map as a productf−1 = hm◦hm−1 ◦ · · · ◦h1,
h j ∈ I + PolV ( j). Seth1 = f−1

1 . As f1 ∈ GL(V ), h1 ◦ f ∈ I + PolV (2). Assume that we have
foundhi ∈ I +PolV (i), 2≤ i ≤ j−1, such thatg◦ f ∈ I +PolV ( j), whereg = h j−1◦ · · · ◦h1. Write
(g◦ f )(x) = x+ u(x), for someu ∈ PolV ( j). Then, it is easily checked that(I − u) ◦ g◦ f lies in
I +PolV ( j +1), and we chooseh j = I −u. Formbig enough we finally reach PolV (m) = 0, so that
hm◦ · · · ◦h1◦ f = I . �

Observe that ifl = 1, the narrow band condition reads−a < −2b (half-pinching). In this case,
no f in HV can have degree greater than 1, since the half-pinching condition precludes non-trivial
relations of the type 11. Also notice that under half-pinching the mapT of Lemma 7 is scalar, so
HV is the full groupGL(V).

As another example, suppose thatV = V1⊕V2 and the integer part ofa1/b2 is 2, so that polyno-
mials inHV have degree at most 2. Then anyf ∈ HV must have the form

(16) f (v) = (L1v+Q(v2,v2),L2v2),

(we are using here notation that is explained at the beginning of the next section) whereL1 mapsV
to V1, L2 mapsV2 to V2, andQ mapsV2×V2 to V1. Notice that maps of this form, forL = (L1,L2)
non-singular, indeed form a group of diffeomorphisms ofV. It can be regarded as a subgroup of the
jet groupGr (defined below) for anyr ≥ 2.

It is interesting to note that the normalizer group ofHV in Gr , for eachr ≥ dV , is HV itself. This
is a consequence of Proposition 11 given later.

We have definedHV as a group of diffeomorphisms fixing the origin ofRn. By dropping the latter
condition we obtain theextendedV -stable group, LV , which is generated byHV and the translations
in Rn. As manifolds (but not as groups),LV = HV ×Rn, so thatLV /HV is homeomorphic toRn.

Before proceeding with the description of the invariantHV -structures claimed in the normal forms
theorem, we need to review some basic facts concerning jet spaces and jet groups.

3.3. Generalities about Jet Groups.Let L andN be smooth manifolds andf ,g smooth maps from
some neighborhood of a pointx ∈ L into N. We say thatf andg represent the samer-jet at x if
f (x) = g(x) = y and, with respect to some choice of smooth coordinates aboutx andy, all partial
derivatives atx of f andg up to orderr agree. More precisely, lett i , 1≤ i ≤ n = dimL, be smooth
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coordinates nearx, let u j , 1≤ j ≤ dimN, be smooth coordinates neary, and represent byDi the
partial derivative with respect toti . Let α = (α1, · · · ,αn) be a vector of nonnegative integers and
defineDα = Dα1

1 · · ·Dαn
n . Then f andg represent the samer-jet at x if for each i andα such that

|α| := α1 + · · ·+αn ≤ r

(17) Dα(ui ◦ f )x = Dα(ui ◦g)x.

This defines an equivalence relation onCr local maps that does not depend on the choice of coordi-
nates. The equivalence class represented byf is called ther-jet of f atx. It will be denoted byj r fx.
The r-jets of localCr maps comprise ther-jet spaceJr(L,N). This is a smooth manifold. Smooth
local coordinates,ui

α, can be set onJr(L,N) by definingui
α( j r fx) := Dα(ui ◦ f )x. With this choice of

coordinates one shows thatJr(L,N) is a locally trivial fiber bundle overL. The fiber abovex∈ L will
be denoted byJr(L,N)x. We can also regardJ(L,N) as a fiber bundle overL×N. In this case, the
fiber Jr(L,N)xy consists of allj r fx for which f (x) = y. Whenevers≥ r, there is a natural surjection
πs

r : Js(L,N) → Jr(L,N), mapping js fx to j r fx. This will be referred to as thejet projection. The
same notation,πs

r , will be used irrespective of the particularL,N at hand.
We now turn to jet groups. The collection of allr-jets at 0 of local diffeomorphisms of a finite

dimensional real linear spaceV fixing 0 constitutes a Lie group, denoted hereGr(V), or simplyGr .
Notice thatG1 is the general linear groupGL(V).

TakingG2 as an example, note that the second order jet of a local diffeomorphismϕ :V →V fixing
the origin ofV is completely specified by a pair(A,α) such thatA∈GL(V) andα∈N2

1 := S2(V∗)⊗V
is aV-valued symmetric bilinear form. Indeed, we can think of(A,α) as the Taylor polynomial ofϕ
of order 2. (More precisely, the second degreeV-valued polynomial approximatingϕ isAx+α(x,x).)
If ϕ and ψ have Taylor polynomials(A,α) and (B,β), respectively, then the compositionϕ ◦ψ
has Taylor polynomial(AB,α(B·,B·) + β). The groupG2, therefore, can be given the following
description.G2 = GL(V)nN2

1 , with multiplication

(18) (A,α)(B,β) := (AB,α(B·,B·)+Aβ).

It follows that the inverse operation is

(19) (A,α)−1 := (A−1,−A−1α(A−1·,A−1·)).

It will be necessary to describe in some detail the general structure of the groupsGr(V). First
note that the jet projectionsπs

r : Gs→Gr form a tower of homomorphisms:

(20) · · · →Gs+1 →Gs→ ··· →G1 →{e}.

The normal subgroupsNs
l = ker πs

l form a sequence

(21) Ns
s = {e} ⊂ Ns

s−1 ⊂ ·· · ⊂ Ns
1 ⊂ Ns

0 = Gs.

The groupGs is an open subset of the Euclidean spaceJs(V,V)00. Indeed anf ∈ Gs(V) is a
polynomial mapf = f1 + f2 + · · ·+ fs having invertible linear termf1. The homogeneous term
of i-th degree,fi , can be regarded (by complete polarization) as an element of the vector space
Si(V,V) := Si(V∗)⊗V of symmetrici-linear maps fromV to V. As a vector space,Ns

r is the direct
sumSr+1(V,V)⊕·· ·⊕Ss(V,V), and the group operation is given by composition of maps followed
by truncation to degrees.

Elements ofGr are written asr-tuplesα = (α1, · · · ,αr), with αi ∈ Si(V,V). Givenαi ∈ Si(V,V)
andβ j ∈ Sj(V,V), the notationαiβ j refers to the element ofSi j (V,V) obtained by complete polar-
ization of

(22) f (x) = αi(β j(x, · · · ,x), · · · ,β j(x, · · · ,x)).
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Mainly needed are the compositionsα1βr andαrβ1. These are simply

(αrβ1)(v1, · · · ,vr) = αr(β1v1, · · · ,β1vr)(23)

(α1βr)(v1, · · · ,vr) = α1βr(v1, · · · ,vr).(24)

The multiplication inGr will be written simply asαβ. (This involves composition and truncation of
terms of order greater thanr.)

The following simple identities are useful:

(α1, · · · ,αr ,αr+1) = (α1, · · · ,αr ,0)(I ,0, · · · ,0,α−1
1 αr+1)(25)

= (I ,0, · · · ,0,αr+1α−1
1 )(α1, · · · ,αr ,0).(26)

It is now easy to show that for anyα = (A,α2, · · · ,αr ,Φ), β = (I ,0, · · · ,0,Γ), γ = (A,α2, · · · ,αr ,Ψ),
all in Gr+1, we have

(27) αβγ−1 = (I ,0, · · · ,0,AΓA−1 +(Φ−Ψ)A−1).

Let H be a closed subgroup ofGr+1. DefineHs := πr+1
s (H) for s≤ r. Write H ′ := (πr+1

r )−1(Hr),
a closed subgroup ofGr+1 containingH. We wish to consider the action ofH ′ on the quotientH\H ′.
For this purpose, defineN := ker(πr+1

r |H) andN′ := ker(πr+1
r |H ′). (Observe thatN′ = Nr+1

r .) Choose
a smooth sectionξ : Hr →H of theN-bundleH overHr . (Such a section exists since the fiber,N, is
a contractible space.) We writeξ(h) = (h,ξr+1(h)). Let η : H ′→ N′ be the smooth map defined by

(28) η(h′) := ξ(πr+1
r (h′))−1h′ = (I ,0, · · · ,0,h−1

1 h′r+1−h−1
1 ξr+1(h)),

for h′ ∈ H ′ andh = πr+1
r (h′). Notice thatη(hh′)η(h′)−1 ∈ N, for h′ ∈ H ′ andh ∈ H, so that the

cosetNη(h′) ∈ N\N′ only depends on the class ofh′ in H\H ′. Writing η = (I ,0, · · · ,0,ηr+1), the
definition ofη gives

(29) ηr+1(h′) = A−1(Φ−ξr+1(h)),

for h′ = (A,h2, · · · ,hr ,Φ).
The groupN(resp.,N′) will be identified with the linear subspaceW (resp.,W′) of Sr+1(V,V)

consisting ofΓ such that(I ,0, · · · ,0,Γ) is in N (resp.,N′), andN\N′ with the quotient spaceW\W′.
(Notice thatW′ = Sr+1(V,V).) It is easily checked that

(30) ηr+1(g′h′)+W = A−1ηr+1(g′)A+ηr+1(h′)+W,

for g′,h′ ∈ H ′, g = πr+1
r (g′),h = πr+1

r (h′), andA = πr+1
1 (h′).

The following proposition is an elementary consequence of these various facts and definitions.

Proposition 9. The mapΞ : Hh′ ∈ H\H ′ 7→ [ηr+1(h′)] ∈W\W′ is a smooth diffeomorphism, with
inverse Nn′ 7→ Hn′. The action of H′ on H\H ′ by right translations is conjugate underΞ to the
action of H′ on W\W′ given by

(31) ([Γ],h′) 7→ [A−1ΓA+ηr+1(h′)],

for h′ ∈ H ′, A= πr+1
1 (h′) and[Γ] ∈W\W′.
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4. GEOMETRIC STRUCTURES ONCONTINUOUS LAMINATIONS

4.1. Continuous Laminations. Let M be a compact metric space,{Ui : i ∈ A} an open cover ofM,
andhi :Ui →B×Ti a homeomorphism for eachi ∈A, whereB= (−1,1)n⊂Rn andTi is a topological
space. These open sets and homeomorphisms are said to constitute an atlas for a lamination ofM
by n-dimensional smooth manifolds if the coordinate changeshi j = h j ◦ h−1

i , from hi(Ui ∩U j) to
h j(Ui ∩U j) have the form

(32) hi j (x, t) = (φi j (x, t),ηi j (t)),

whereφi j (x, t) is smooth inx and all partial derivatives inx are continuous int. Two atlas are
equivalent if their union is also an atlas. Alamination by smooth manifoldsis then defined as an
equivalence class of atlas.

Sets of the formh−1
i (B×{t}) are calledplaquesof the lamination. Aleaf of the lamination is a

connected subset ofM which is minimal for the property that whenever the set intersects a plaque,
the entire plaque is contained in it. The leaf throughx∈ M will be denotedF (x). The lamination
itself will be denoted simply byF .

We say that the lamination isn-dimensional if its leaves aren-dimensional. By a differentiable
(C1, Ck, smooth, etc.) function onF it is understood a continuous function onM whose restriction
to each leaf is differentiable.

It is easy to guess what one should mean by the tangent bundle,TF , of F . Notice that the fiber
of TF at x, denotedTxF , is the tangent space toF (x) at x. A vector fieldon F is by definition a
continuous section ofTF that restricts to a smooth vector field on each leaf. It is also not difficult
to guess how the notion of a Riemannian metric onTF should be defined.

Fiber bundles that are attached in a natural way to smooth manifolds, such as tensor bundles,
frame bundles, etc., can be defined in the lamination setting. The same is true for the various notions
of geometric structure on a smooth manifold. Some of these concepts are briefly recalled later in the
paper. A more detailed discussion, in the ordinary setting of smooth manifolds, is given in [Fe3].
Everything that is said there can be adapted to the present setting without difficulty.

4.2. Frame Bundles overF . Geometric structures of interest in differential geometry, in particular
those that will arise in this paper, are often so calledH-structures of orderr, which are reductions of
ther-th order frame bundle of a differentiable manifold to a subbundle with structure groupH. The
main definitions are explained below.

Let L be ann-dimensional smooth manifold (taken shortly to be a leaf ofF ). In what follows we
writeV := Rn. A frame of order ratx∈ L is ther-jet atx of a smooth parametrization ofL aroundx.
A frame of order 1 atx, in particular, is naturally identified with a linear isomorphism fromV onto
the tangent spaceTxL. In the general case, the equivalence class represented by a parametrizationϕ
will be denoted( j rϕ)0, ther-th jet of ϕ at 0.

The collection of all frames over points ofL forms in a natural way a smooth manifold, called the
r-th orderframe bundle of Land denotedF r(L). This is a locally trivial fiber bundle overL and the
bundle mapπ : F r(L)→ L is the base point projection( j rϕ)0 7→ ϕ(0).

Having fixed a frameξ = ( j rϕ)0 at x, any other frame of orderr at the same point is given
by ξg, for someg = ( j r f )0 ∈ Gr . By definition,ξg := j r(ϕ ◦ f )0. The mapF r(L)×Gr → F r(L)
defined by(ξ,g) 7→ ξg is a smooth group action that sends each fiber ofF r(L) onto itself. It is clear,
furthermore, that the action is transitive on each fiber. With this actionF r(L) becomes a principal
bundle. A smooth parametrization of an open subsetU ⊂ L can be used to trivializeF r(L) aboveU ,
makingπ−1(U)⊂ F r(L) isomorphic to the trivial bundleU×Gr . The fiber ofF r(L) abovex will be
denotedF r(L)x.
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Let now(M,F ) be a lamination by smooth manifolds. For eachx∈ M, let L = F (x) be the leaf
throughx and writeF r(M,F )x := F r(L)x. Let F r(M,F ) be the disjoint union of theF r(M,F )x,
for x∈M, andπ : F r(M,F )→M the base point map. ThenF r(M,F ) is in a natural way a smooth
lamination for whichπ is a smooth lamination morphism, that is, a continuous map sending leaves
to leaves whose restriction to each leaf of the source lamination is smooth.

To describe an atlas forF r(M,F ), start with a lamination atlas for(M,F ) with local mapshi :

Ui →B×Ti . WriteU (r)
i = π−1(Ui) and defineh(r)

j : U (r)
i → F r(B)×Ti so thath(r)

j (ξ) = j r(h◦φ)0, for

eachξ = j r(φ)0 ∈ F r(F (x))x. It is a simple exercise to verify that these
(
U (r)

i ,h(r)
i

)
indeed define a

lamination atlas with the desired properties.

4.3. Geometric Structures onF . Let K be a manifold equipped with a smooth (right) action of
Gr . A geometric structure on(M,F ) of order r and typeK is a mapG : F r(M,F )→K that satisfies
theGr -equivariance property:G(ξg) = G(ξ)g for all ξ ∈ F r(M,F ) andg∈Gr . Alternatively, it can
be defined as a section of the associated bundleF r(M,F )×Gr K . The latter is defined as the space
of orbits for the action ofGr on F r(M,F )×K given by(ξ,κ)g := (ξg,κg). We say thatG is an
H-structure of orderr. It will be said to be smooth (resp.Cr , real analytic, continuous, measurable,
etc.) if the equivariant mapG is smooth (resp.Cr , real analytic, continuous, measurable). Recall
that any differentiability requirement is always understood to hold only along leaves.

The geometric structures of interest here areH-structures. An H-structure, whereH is a closed
subgroup ofGr , is simply anH-reductionP⊂ F r(M,F ), that is, a principalH-bundle relative to
the restriction toP of the projection map ofF r(M,F ) andH-action defined by restriction of the
Gr -action. To view it as a section of an associated bundle or as aGr -equivariant map, we can take
K := H\Gr andGr -action onK by right translation. Conversely, ifG : F r(M,F ) → H\Gr is an
equivariant map, it is easily seen to produce anH-reduction ofF r(M,F ). In fact, P = G−1([e]),
where[e] represents the identity coset inH\Gr .

As another example of geometric structure, consider linear connections. LetK be the space of
all V-valued bilinear mapsΓ : V×V →V, which we regard as the space of Christoffel symbols. To
describe the action ofG2 on K first observe thatG2 is isomorphic toGL(V)n K . ThenK can be
identified with the coset space

(33) W = GL(V)\(GL(V)n K )

by settingΓ 7→GL(V)(I ,Γ). The groupG2 naturally acts onW by right-multiplication, yielding the
following action onK :

(34) Γ · (A,α) := A−1ΓA+A−1α.

This is the familiar law of transformation of Christoffel symbols. A linear connection corresponds
in fact to aG2-equivariant mapG : F2(M,F )→K . The relationship betweenG and the notion of a
covariant derivative is seen as follows. Letξ∈F2(M,F ), the 2-jet (at 0) of a smooth parametrization
ϕ aroundx∈ L (with ϕ(0) = x andL the leaf throughx) andXi the coordinate vector fields associated
to ϕ. Then(∇Xi Xj)x = ∑n

k=1 Γk
i j Xk defines a covariant derivative, whereΓk

i j is thek-th component
of G(ξ)(ei ,ej) with respect to the standard basis{e1, · · · ,en} of V. Also notice that a symmetric
(torsion-free) connection is one for which the mapG takes values intoG2/GL(V)⊂K .

4.4. Affine Bundles. Let H ⊂ Gr+1(V) be a subgroup,Hr ⊂ Gr(V) the image ofH under the ho-
momorphismπr+1

r : Gr+1(V)→Gr(V), andH ′ ⊂Gr+1(V) the pre-image ofHr underπr+1
r . Clearly

H ⊂ H ′. Form the homogeneous spaceK = H\H ′ and consider the action ofH ′ on K by right-
translations.
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The notations used in Proposition 9 will be in effect now. According to that proposition,H\H ′ is
diffeomorphic toW :=W\W′ via the mapΞ defined there, whereW′ = Sr+1(V∗)⊗V andW⊂W′ is
an invariant subspace under conjugation by elements inH1; furthermore, the corresponding action
of H ′ onW is affine, given by:([Γ],h′) = [A−1ΓA+ηr+1(h′)], whereA = πr+1

1 (h′). Recall thatηr+1

only depends on the class represented byh′ in H\H ′.
Starting with anHr -reduction,Pr , of F r(M,F ) define anH ′-reduction,Q, of F r+1(M,F ) by

(35) Q = {ξ ∈ F r+1(M,F ) | πr+1
r (ξ) ∈ Pr}.

We wish to consider in some detail theH-reductions ofQ, which are in one-to-one correspon-
dence with sections of a certain affine bundle overM. Before introducing this affine bundle, we
describe the vector bundle on which it is modeled.

Define a vector bundleE
r+1

overM as the quotient

(36) E
r+1

:= Er+1\Sr+1(T∗F )⊗TF ,

whereEr+1 is the subbundle ofSr+1(T∗F )⊗TF constructed as follows. Letρ be the representation
of H ′ in GL(W) given byρ(h′)w := AwA−1, A = πr+1

1 (h′) and writeEr+1 := (Q×W)/∼ρ, which is
the space of orbits of theH ′-action,(ξ,w) ·h′ := (ξh′,ρ(h′)−1w), onQ×H ′. (Of course, this could
just as well be defined as an associated bundle toπr+1

1 (Q) ⊂ F1(M,F ), rather than toQ, for the
standard representation ofπr+1

1 (H ′)⊂ GL(V) on the tensor spaceW of V; but it will be convenient
to defined it this way.) Notice thatEr+1 is indeed a subbundle of the vector bundleSr+1(T∗F )⊗TF
overM, since the latter is similarly obtained from the linear action onW′ (instead ofW) derived from
ρ. An explicit isomorphism from(Q×W′)/∼ρ to Sr+1(T∗F )⊗TF is given by:[ξ,w] 7→ (dφ0)∗w,
whereξ = ( j r+1φ)0 and(dφ0)∗ denotes push-forward of a tensor onV to a tensor onTφ(0)F via the
linear mapdφ0.

We now set

(37) Aff(Er+1) = (Q×W)/H ′

where, this time,H ′ acts on the productQ×W by (ξ, [Γ]) ·h′ = (ξh′, [Γ]h′). (Here[Γ]h′ denotes the
action onW isomorphic underΞ to the action by right-translations onH\H ′.) The next proposition
is now immediate.

Proposition 10. Aff(Er+1) is an affine bundle over M modeled on the vector bundleE
r+1

.

This means that for any sections∇ of Aff (Er+1) andθ of E
r+1

, there is a well-defined section

∇+θ of Aff (Er+1); here, addition is defined by

(38) [ξ,Γ+W]+ [ξ,η+W] = [ξ,Γ+η+W].

Given sections∇1,∇2 of Aff (Er+1), the unique sectionθ such that∇2 = ∇1 +θ is naturally written
θ = ∇2−∇1.

We also need to know how automorphisms of(M,F ) act on sections of Aff(Er+1) or E
r+1

.
Let f be a smooth automorphism of(M,F ) which preserves the structureQ. This means that the
automorphism ofF r+1(M,F ) defined byf (r+1)( j r+1ϕ0) = j r+1( f ◦ϕ)0 mapsQ to itself. Now, for
each element[ξ,κ] either of(Q×W)/H ′ or (Q×W)/∼ρ, define( f∗)x[ξ,κ] = [ f (r+1)(ξ),κ], where

x is the base point ofξ. Notice that for[ξ,κ] ∈ E
r+1

(the latter quotient), this action coincides with
the ordinary push-forward of tensors onTF . In particular, it only depends ond fx.

If ∇ is a section of Aff(Er+1), the push-forwardof ∇ under f is the sectionf∗∇ defined by

( f∗∇)x := ( f∗) f−1(x)∇ f−1(x). The corresponding definition for sections ofE
r+1

gives the ordinary
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push-forward of tensor fields, and we have:f∗∇2− f∗∇1 = f∗θ. Thepull-backof a τ under f is
f ∗τ := ( f−1)∗τ.

5. THE INVARIANT HV -STRUCTURE OF ACONTRACTION

Let F be a continuous lamination by smooth manifolds of a compact metric spaceM. Suppose
thatTF is equipped with a continuous Riemannian metric and denote by‖·‖x the associated norm on
TxF . This is needed to define exponential growth rate of vectors under the action of automorphisms
of F and to define a contracting map. Letf be a smooth contracting map ofF whose associated
spectral partitionV satisfies the narrow band spectrum condition.

We prove now the normal forms theorem in infinitesimal form. In other words, we obtain the
invariantHV -reductionsPr

V of F r(M,V ). As will be seen below, the inductive argument produces

Pr
V from Pr−1

V using the classical ‘geometric sum’ method of hyperbolic dynamics to solve (forΨ)
a cohomological equation of the formΘ = Ψ− f ∗Ψ, whereΘ is a section of a certain tensor bundle
over(M,F ) defined in the proof.

Let Hr
V denote the projection ofHV into Gr(V), for r = 1,2, · · · . Due to Lemma 7,Hr

V = HV for
all r ≥ dV . Notice thatH1

V is the subgroup ofGL(V) that stabilizes the flagW1 ⊂ ·· · ⊂Wl where
Wi = V1⊕ ·· · ⊕Vi , i = 1, · · · , l . The flagF1 := E1 ⊂ ·· · ⊂ Fi := Ei ⊕ ·· · ⊕E1 ⊂ ·· · ⊂ Fl := TF
defines anf -invariantH1

V -reduction ofF1(M,F ). Explicitly, this is the principalH1
V -bundleP1

V ⊂
F1(M,V ) whose fiber overx∈ M consists of all linear isomorphismsσ : V → TxF that restrict to
isomorphisms fromWi to Fi(x), for eachi. We say that anHV -structure on(M,F ) is adaptedto the
flagFi if the H1

V -reduction ofF1(M,F ) (obtained by jet projection) is this flag.

Proposition 11. Let f be a smooth automorphism of the continuous lamination(M,F ). Let n be
the leaf dimension ofF andV the spectral partition of V= Rn associated to f . Suppose that f is
a contraction that satisfies the narrow band condition. Then, for every integer r≥ dV there exists a
continuous, f -invariant HV -reduction, PrV , of Fr(M,F ) adapted to the flag{Fi}. Furthermore,

(1) Pr
V is the unique f -invariant HV -reduction of Fr(M,F ) adapted to{Fi};

(2) if g is an automorphism of(M,F ) that commutes with f , then Pr
V is also g-invariant;

(3) if the flag{Fi} is Ck, k≥ 0, then Pr
V is also Ck.

Proof. We only carry out the proofs of parts 1 and 2. Part 3 also follows by a simple adaptation of
the argument of [Gu], but we omit the details. (See [Fe1] for the argument in the particular case of
invariant first order connections.)

The proof will develop by induction onr. The flag{Fi} provides the first step of the induction
argument; that is, it corresponds to anf -invariantH1

V - reduction ofF1(M,F ).
Suppose that we have obtained a continuousf -invariantHs

V -reduction,Ps
V ⊂ Fs(M,F ), for a

s≥ 1. DefineH ′ := (πs+1
s )−1(Hs

V ). We seek to find a continuousf -invariantHs+1
V -reduction,Ps+1

V ,
of theH ′-subbundle

(39) Q := (πs+1
s )−1(Ps

V )⊂ Fs+1(M,F ).

As discussed in Section 4.4, this amounts to finding a continuousf -invariant section of the affine
bundle Aff(Es+1

V ) = (Q×W)/H ′, whereW = (Ss+1(V∗)⊗V)/Ws+1
V andWs+1

V is the (H1
V -invariant)

subspace ofSs+1(V∗)⊗V such thatη ∈Ws+1
V iff (I ,0, · · · ,0,η) lies in ker(πs+1

s |Hs+1
V

). Recall that

Aff (Es+1
V ) is an affine bundle modeled on the vector bundleE

s+1
V = (Q×W)/ ∼ρ, as defined in

that section. Also recall thatWs+1
V is the direct sum of the subspacesV i

J := V∗
j1
⊗·· ·⊗V∗

js+1
⊗Vi for
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which λ j1 + · · ·+ λ js+1 ≥ λi . Observe thatW is canonically isomorphic to the linear subspace of
Ss+1(V∗)⊗V spanned by theV i

J for which λ j1 + · · ·+λ js+1 < λi . Therefore,

(40) E
s+1
V =

M
i,J

Ei
J, summed overi,J such thatλ j1 + · · ·+λ js+1 < λi .

The f -invariant section of Aff(Es+1
V ) is now obtained as follows. We start with an arbitrary

continuous section,∇, of Aff (Es+1
V ). Such a section exists since this bundle has contractible fiber.

Now define a family of sections,Θ(n), n = 1,2, · · · , of E
s+1
V by

(41) Θ(n) := ( f n)∗∇−∇.

It is immediate from this definition that the followingcocycle identityholds:

(42) Θ(n+m) = Θ(n)+( f n)∗Θ(m)

for all n,m∈ Z. We wish to show thatΘ(1) is a coboundary; that is, show that for a continuous

sectionΨ of E
s+1
V

(43) Θ = Ψ− f ∗Ψ,

whereΘ := Θ(1). Once aΨ is obtained, the theorem results from the observation that∇′ := ∇+Ψ
is the f -invariant continuous section of Aff(Es+1

V ) we seek.
To find Ψ, first note that iterating the coboundary equation yields:

(44) Ψ = Θ+ f ∗Θ+ · · ·+ f n∗Θ+ f n+1∗Ψ.

This suggests looking for a solutionΨ of the form

(45) Ψ :=
∞

∑
i=0

f i∗Θ.

Therefore, all that we need is show that this series converges to a continuous section. LetΘ j
I denote

the component ofΘ in E j
I . This can only be nonzero ifλi1 + · · ·+λis+1 < λ j , which implies (this is

the essence of Lemma 7):

(46) bi1 + · · ·+bis+1 < a j .

On the other hand, by a simple calculation (essentially that used in part 5 of Lemma 7), there exists
a constantC > 0 such that

(47) ‖ f n∗Θ j
I ‖ ≤C‖Θ j

I ‖e
n(bi1+···+bis+1−a j ),

which decreases exponentially asn→ ∞. Therefore,Ψ exists by elementary facts about infinite
series.

To prove uniqueness, it suffices to show that the section∇ obtained at each step of the induction
argument is unique. If∇1,∇2 are two f -invariant continuous sections of Aff(Es+1

V ), the difference

∇2−∇1 is an f -invariant continuous section ofE
s+1
V . But the same estimation used above shows

that there is a constantC > 0 such that‖∇2−∇1‖= ‖ f n∗(∇2−∇1)‖→ 0 asn→ ∞.
If g commutes withf , theng preserves the flag{Fi}, so thatP1

V is g-invariant. At each induction
step, uniqueness of thef -invariant section∇ implies thatg∗∇ = ∇. Therefore,Pr

V is g-invariant for
all r. �
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5.1. Proof of Theorem 6. Part 1 of Theorem 6 is immediate from the comments made prior to the
statement of the theorem. For parts 2 and 3, we first set some notation.

Let F r(M,F )/HV denote the associated bundle over(M,F ) with fiber HV \Gr , defined by the
right-action ofGr on HV \Gr . Let p : F r(M,F ) → F r(M,F )/HV stand for the natural projection.
If E is a fiber bundle, we denote byJsE the space ofs-jets of (germs) of sections ofE. The spaces
JsF r(V)0 andJs(F r(M,F )/HV ), in particular, are needed below. The former indicates thes-jets at
0 of sections ofF r(V), whereV, as before, stands forRn.

Central to the proof is the following remark. It is a general fact about jet bundles that an element
σ of F r+s(M,F ) determines canonically an element ofJsF r(M,F ) whose 0-jet isπr+s

r (σ). Now,
if σ belongs toPr+s

V , the associated element ofJsF r(M,F ) actually lies inJsPr
V . This is what is

proved next. Notice that the proof is not only formal jet theory as invariance under the contracting
map f is used in an important way.

Denote bytx the translation map ofV, so thattx(z) = z+ x, z∈ V. Notice that, for any given
ψ ∈ HV andx ∈ V, the diffeomorphismψx := t−ψ(x) ◦ψ ◦ tx also lies inHV . In fact, it is easy to
obtain

(48) lim
n→∞

Tn
V ∗ψx =

l

∑
i=1

πiψ1πi ,

whereψ1 is the linear part ofψ andπi denotes the projection fromV to Vi .
Defineτ(x), x∈V, as ther-jet at 0 oftx. Ther-jet at 0 of the identity map ofV will be writtener ,

or simplye if no confusion may arise. Of course,e= τ(0). We callτ the canonical section ofF r(V).
To eachσ ∈ F r+s(M,F ), whereσ = j r+sφ0, we can associate the mapφ(r) : F r(V)→ F r(M,F )

defined byφ(r)( j rφ′0) = j r(φ◦φ′)0. This is well-defined up to jet of ordersate. Thenφ(r) is a bundle
map in thatφ(r)(ξg) = φ(r)(ξ)g for all ξ∈F r(V) and allg∈Gr . Similarly,h= j r+sψ0∈Gr+s defines
a mapψ(r) : F r(V)→ F r(V). A simple consequence of these elementary facts and definitions is that
the following equation holds for eachx∈V:

(49) φ(r)(ψ(r)(τ(x))) = φ(r)(τ(ψ(x)))ψx.

To σ we associate an elementS(σ) of Js(F r(M,F )/HV )p(σ̄), whereσ̄ = πr+s
r (σ), by setting

(50) S(σ) := js(p◦φ(r) ◦ τ◦φ−1)φ(0).

Observe thatS(σ) does not depend on the choice ofφ definingσ. By the next lemma, it also does
not depend on the choice ofσ on a fiber ofPr+s

V .

Lemma 12. If σ ∈ F r+s(M,F ) and h∈ HV , thenS(σh) = S(σ).

Proof. Write h = ( j r+sψ)0 andσ = ( j r+sφ)0. Recall thatψx also belongs toHV . So it follows from
Equation 49 thatp◦φ(r) ◦ψ(r) ◦τ = p◦φ(r) ◦τ◦ψ. Composing on the right with(φ◦ψ)−1, we obtain:

(51) p◦ (φ◦ψ)(r) ◦ τ◦ (φ◦ψ)−1 = p◦φ(r) ◦ τ◦φ−1.

Takings-jets atφ(0) yields the claim. �

Let P denote (the image of) the section of the bundleF r(M,F )/HV associated to theHV -
reductionPr

V . (Recall that sections of that bundle correspond bijectively withHV -reductions of
F r(M,V ).) ThusP is homeomorphic toM via the base point projection ofF r(M,F )/HV . By the
above lemma we obtain a continuous map[σ] ∈ P 7→ S([σ]). The group of smooth automorphisms
of (M,F ) naturally acts onF r(M,F )/HV , and those automorphisms that leavePr

V invariant as a set
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will act on that associated bundle so as to leave the setP invariant. If in addition the automorphism
leavesPr+1

V invariant, thenS is an invariant function onP .
We now take into account the assumption thatPr

V , henceP , is C1. To prove that the quasi-
connectionηr is a generalized connection, we need to verify that it is tangent toPr

V . Equivalently,
we need to show thatS([σ]) (for s = 1) is tangent toP at [σ] for eachσ ∈ Pr

V . We think of S
and the tangent bundleTP asn-dimensional subbundles of the tangent bundle ofF r(M,F )/HV
restricted (pulled-back) toP . Both are invariant under the map which the contraction induces on
F r(M,F )/HV . We denote the map byf .

On TP , f acts as a contraction, just as it does onTF . The fibers ofF r(M,F )/HV can be
identified with the quotientGr/HV . By what we saw in the proof of Proposition 11,f−1 acts on the
fibers ofF r(M,F )/HV also as a contraction. From this and the fact thatS does not contain vertical
vectors it follows that the invariant subbundlesS andTP must coincide. ButS is precisely the
image under the differential ofp of the connectionn-planeη, which means thatη must be contained
in TPr

V . Therefore,η is a generalized connection.
For η to be a (principal) connection, it needs to beHV -invariant. We now check that this is the

case whenr = 1. Letσ ∈ F r+1(M,F ), and consider the linear map

(52) Hσ : V → Tσ̄F r(M,F )

given byHσ := (dφr)e◦ (dτ)0.
Forx on a sufficiently small neighborhood of 0∈V andψ∈HV , defineh̃(x) as ther-jet at 0∈V of

the local diffeomorphism,z 7→ (t−ψ−1(x) ◦ψ−1◦ tx◦ψ)(z), of V. Then, as we saw before,h̃(x) ∈Hr
V ,

for eachx near 0∈V. Sinceh̃(0) is the identity inHV , we obtain a linear map,dh̃0, from V to the
Lie algebrahV of HV . Now, for eachσ̄ ∈ Pr

V andh∈ HV , define a linear map

(53) Hσ̄(h) : V → Tσ̄F r(M,F )

which associates tov ∈ V the value atσ̄ of the standard vertical vector field associated todh̃0v.
Observe that̃h is constant whenh∈ HV is linear, soHσ(h) = 0 in this case.

It is now not difficult to show that

(54) (dRh)σ ◦Hξ(σ) = Hξ(σ)h◦A−1 +Hσh(h)

holds for eachh ∈ HV , whereA = πr+1
1 (h). WhenHV is a subgroup ofGL(V) (as in part 3 of

Theorem 6),H vanishes as noted above. Therefore, the generalized connectionη, which is the
image ofV underH , is HV -invariant, hence a connection.

Flatness of the generalized connection (i.e., involutiveness of then-plane distributionη) is due
to the fact thatPr+1

V defines, in the language of [Gr], a ‘complete’ and ‘consistent’ partial differ-
ential relation, so that the classical Frobenius theorem applies. (The property of ‘completeness’ is
related toπr+1

r : Pr+1
V →Pr

V being injective, and ‘consistency’ comes fromπr+2
r : Pr+2

V →Pr+1
V being

surjective.) A detailed discussion of this is found in [Fe3], in particular Lemma 5.3.
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Invent. Math. (1993), vol. 11:2, 285-308.

[CG] G. Cairns and E. Ghys.The local linearization problem for smooth SL(n)-actions, L’Enseignement Mathematique,
43 (1997), 133-171.

[DG] G. D’Ambra and M. Gromov.Lectures on transformation groups: geometry and dynamics, Surveys in Differential
Geometry (Supplement to the Journal of Differential Geometry),1 (1991) 19-111.



20 R. FERES

[Do] S. Dovbysh.Smooth Nonautonomous Normalizations for Contractive Mappings, Progress in nonlinear science, Vol.
1 (Nizhny Novgorod, 2001), 213-218, RAS, Inst. Appl. Phys., 2002.

[Fe3] R. Feres.Rigid Geometric Structures and Actions of Semisimple Lie Groups, in Rigidité, Groupe Fondamental et
Dynamique, Ed. P. Foulon, Panoramas et Synthèses, French Math. Society, 2002.
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