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A DIFFERENTIAL-GEOMETRIC VIEW OF NORMAL FORMS OF CONTRACTIONS

R. FERES

ABSTRACT. A version of non-stationary normal forms theory was recently obtained by M. Guysinsky
and A. Katok, which has become an important ingredient in several recent investigations of rigidity of
group actions. Our main aim is to explain their results sihig-resonance normal fornasidcentralizer
theorems, from a differential-geometric perspective.

1. INTRODUCTION

The theory of normal forms of dynamical systems has a long and venerable history, going back to
Poincaé’s study of analytic differential equations near a singular pointxkeAx+ - - - be a system
of such equations, wheis ann-by-n matrix. One of Poincd’s central results on the subject is
that it is possible to find a formal change of coordinatesy+ - - - that brings the original equation
to linear formy = Ay under the hypotheses that the eigenvalues ad not satisfy certain arithmetic
relations calledesonances

If resonance relations do exist, it may not be possible to linearize the equations in the same way,
but further work by Poinc#&rand Dulac showed that it is still possible to bring them to polynomial
form. Sternberg [St] later obtained such normal forms (linearization or polynomial form in the
presence of resonances) for non-analytic equations, when the associated flow defines a contracting
dynamical system. The simplified form of the flow in this case holds not only infinitesimally to
infinite order but on a neighborhood of the singular point, and the coordinate cha®fe is

Non-stationarylinearization and normal forms have to do with the same type of simplification of
dynamical systems, now along an arbitrary orbit, not necessarily a fixed point. It was studied by,
among others, Sibuya, Kostin, Yomdin. (See [Do] and the references cited there.)

A recent non-stationary normal forms theorem for contractions has been derived in [GK] by M.
Guysinsky and A. Katok. The main results in [GK] aresab-resonance normal form theorem
which obtains, under a kayarrow band spectrurhypotheses, normal forms for families of smooth
contractions; and aentralizer theoremwhich shows that smooth mappings commuting with the
contracting map (but not necessarily contractions themselves) automatically assume a similar normal
form.

The paper by Guysinsky and Katok has been used as an essential tool in several recent studies of
so-calledrigidity of group actions Rigidity theorems are of several kinds but, broadly, they assert
that certain classes of group actions are isomorphic in some appropriate G8rsmjugate, mea-
surably equivalent, etc.) to model actions obtained by essentially algebraic constructions. Papers in
which normal forms are used explicitly (typically having to do with the special case of linearization)
are variously concerned with rigidity of actions of: higher-rank abelian grifpEndZX, k > 2, as
in [KK1, KK2, KKS, KNT, NT] for example; semisimple Lie groups of higher rank and their lattice
subgroups, asin [Hu, KL1, KL2, KLZ, KSp, MQ, FM]; and actions of Anosov diffeomorphisms and
flows, as in [Sa], for a recent example. In a less explicit way, non-stationary linearization is used
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under geometric guise in [BFL, BL, Fel, Fe2, FL], to cite a small and probably biased sample. (For
a broad discussion of rigidity of group actions, see [FK].)

The present article resulted from my effort to understand [GK]. In the abstract of their paper,
Guysinsky and Katok remark: “One of the ways to formulate our first conclusion (the sub-resonance
normal form theorem) is to say that there is a continuous invariant family of geometric structures in
the fibers whose automorphism groups are certain finite-dimensional Lie groups.” The precise nature
of this geometric structure, however, is not made explicit there in a way that looks most natural from
a differential geometric viewpoint. It would, perhaps, be most satisfying to derive, as a first step
toward the theorem, an invariant infinitesimal structure such as a connection on a principal bundle,
a Cartan structure of finite type, or at least some rigid structure in the sense of Gromov (structures
having finite dimensional automorphism groups); and then proceed to obtain the conclusion of the
theorem by integration, or development. This is the outlook on the theory that we take here.

The geometric viewpoint can be illustrated in clearest form for a contracting automorphism of a
foliation in a compact manifold under thmlf-pinching assumption, a special case of the narrow-
band spectrum hypotheses introduced in [GK]. The infinitesimal structure in this case is an ordinary
connection, or covariant derivative of vector fields; the coordinate changes bringing the contraction
to normal form are directly related to the exponential map associated to the connection. (This is
studied in [Fel] in the context of Anosov diffeomorphisms with smooth foliations. An application
to the study of actions of lattices in higher-rank semisimple Lie groups is obtained in [Fe2].)

Under the hypotheses of [GK], such ideal formulation is not generally possible due to lack of dif-
ferentiability of an invariant flag of subbundles that will be encountered shortly. (This flag is trivial,
hence smooth, under the half-pinched spectrum hypotheses.) Nevertheless, what is obtained does
resemble, in a formal sense, geometric structures of finite type. When differentiability is available,
we do obtain Gromov-rigid structures. They are, in fact, generalized flat connections of higher order.
The definitions and precise statements are given in the next section.

We make no attempt to state results in their most general form. The setting of continuous lami-
nations of compact metric spaces, for example, which is adopted here in place of fiber bundles over
compact metric spaces, as in [GK], is more restrictive than necessary, but it is the setting in which
the theorems are generally used. The contraction map is assumed hef&°tom¢he leaves of the
lamination. The reader interested in more refined analytic statements should consult [Gu] and [Da].

An early version of this article was written as notes for lectures presented at thefirei€iycle
Romand de Matbmatiques, les Diablerets, March 2002, organized by E. Ghys and P. de la Harpe. |
am thankful to them for inviting me to that event. My interest in this topic originated from a number
of inspiring conversations | had with Tolya Katok.

2. THE NON-STATIONARY NORMAL FORMS THEOREM

The general setting of [GK] consists of a family of manifolg$x), wherex ranges over a com-
pact metric spachl, and a family of contracting diffeomorphisnis 7 (x) — ¥ (fx) associated to
a homeomorphisni of M. The objective is to obtain a family of smooth coordinates on‘t{g),
depending continuously aq under whichf assumes polynomial form. A somewhat more restric-
tive setting is actually used herg: will correspond to a continuous lamination of a compact metric
spaceM, having smooth leaves, and a lamination-preserving, leaf contracting homeomorphism of
M, smooth on leaves. This is not an essential restriction but we adopt it for convenience. (It makes
sense in this case to write= f.) The prime example is an Anosov diffeomorphism of a compact
manifold, in which caséf is the stable Anosov foliation.
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For the rest of the section, 181, ¥) be such a lamination. A homeomorphignof M that maps
leaves to leaves diffeomorphically will be calledmooth automorphisf 7. The group of smooth
automorphisms will be written AGM, 7). By Ty F we denote the tangent space to the |g&k) at
X. The tangent bundI&, , of F is the union of these spaces. The derivative map ghinduced
by f is writtend fx : T F — T F . An automorphisnt € Aut(M, F) is contractingif, for somek,
the norm||d f¥|| is bounded by a consta6t< 1. This definition does not depend on the choice of
Riemannian metric. For simplicity of notation, it will be assumed that1. (If the normal forms
theorem holds forfk, for somek > 1, it necessarily also holds fdr, due to the part of the theorem
that deals with the centralizer of the contraction.)

Throughout the paper, we say that a given structure is ‘smootI€pif its restriction to leaves
of ¥ is smooth. Of course, differentiability does not make sense on directions that are transverse to
the leaves.

2.1. The Main Theorems. First observe that the leaves #f are diffeomorphic taR". In fact, for
eachx € M, ¥ (x) can be written as a union of nested sets of the fornf(Ba( ¥(x))), whereBa(y) C
F(y) is a ball of radiusa centered ay. LetF (M, 7 )x be the set of all smooth diffeomorphisms from
R" to ¥ (x) sending 0 tox and defind= (M, ¥) as the disjoint union of thE (M, F )y, for x € M. Let
D(RM) denote the group of diffeomorphismsRf that fix 0. We give both (M, ) and D(R")o
theC>-topology. More precisely, a sequengg € F(M, F) converges tg € F(M, F) if for each
compactk C R" and each integdc > 0, thek-jet of ¢, converges uniformly oK to thek-jet of ¢.

There is a natural continuous action®BfR")o onF (M, ) by right-composition{o,$) — co¢,
for (0,9) € F(M, F) x D(R")o. We regard-(M, ¥) as a principal bundle ovevl with structure
group D(R")p. The group AutM, ) acts onF (M, F) by principal bundle automorphisms, via
left-composition:(f,0) — fog, for f in Aut(M, ¥) anda in F(M, ).

We are interested in obtaining continuous invarieauctionsof F(M, 7). This means the fol-
lowing. LetH be a subgroup ab(R")p andP C F(M, ¥) a principal subbundle with structure group
H for the same right-action by composition of maps. We say in this cas®ikanH-reduction of
F (M, F). Invariance undef € Aut(M, ) means that the sé{P) coincides withP. Observe that
if 0 € Pcando’ € Pyy), thenf oo = o’ opfor somepe H.

The non-stationary normal forms (resp., linearization) theorem is fundamentally the assertion
that anf-invariantH-reduction ofF (M, ¥) exists, for a contractiof and a subgroupl of D(R")g
consisting of polynomial (resp., linear) maps®t. The groupH will be written H,,, where the
symbol?/, to be defined shortly, stands for data about the spectrum of the operatbirdates on
vector fields. The details will be spelled out in Section 3.

Let X be a vector field or¥ . Thepush-forwardof X underf is the vector fieldf. X on # defined
by (f.X)(x) :=d f;-1,X(f~1(x)), x € M. This gives a linear operator on the Banach sg&(& 7 )
of continuous vector fields om #. The spectrum of the complexification éf is the so-called
Mather spectrunof f. A contractionf is said to satisfy th@arrow band spectrumondition if the
Mather spectrum of has the properties:

(1) There are numbeig, b;, fori =1,---,1 (wherel is at most the dimension ¢f) such that
ay<bi<---<ag <b <0andb —a < —b forall i;

(2) the Mather spectrum df is contained in the union of closed ringg, C C, of radii €%, €?,
i=1---l;

The above assumptions imply that the invariant subsgacel °(T F) associated teX; is a module
over the ring of continuous functions; the disjoint union of subspedes:= {X(x) e k¥ | X € &}
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constitutes arf -invariant continuous subbundle off, andT # decomposes as a direct sum:
1) TF=E1---0F.

The spectrum of the restriction éf to the continuous sections Bf lies in &;.
DenoteV, := R", wherenj is the (fiber) dimension oE; andV := R". ThenV decomposes as
direct sum of tha/, wheren is the (leaf) dimension of". We defind; = [a;,bi] and

2 Vi={M,)]i=1,...1}

7 will be called aspectral partitionof V associated td. 4/ will be said to satisfy th@arrow band
spectrumcondition if the length of each interval is less than the spectral gap; that is, for each
=11,

©)) b —a < —b.

Define, inductively, the numbeps,,---,A; by Ay = & andAi_1 = Aigi_1/bj, i=1,1-1,--- 2.

Note thath; < A2 < --- < Aj. Also defined,, as the integer part of1/A andT,, :V — V as the
linear isomorphism such thai,u = ehiu, foru e Vi.

The structure groug,,, of the above mentioned reductions is now defined as the set of polyno-
mial mappings inD(R")g that areT,,-stable i.e., such thaﬂ}o hqu;“ is bounded over compacts
sets for alln. It will be seen later that this is a Lie group of polynomial maps of degree bounded
above byd,,. We refer toH,, as the?/-stable group

The main results of [GK] can now be stated as follows.

Theorem 1. Let GC Aut(M, ) be a group whose center contains a contracting element with spec-
tral partition 9/ satisfying the narrow band spectrum condition. TheiMEF) admits a unique
continuous G-invariant gj-reduction.

In general, the decomposition fF into the subbundlek; is only continuous except, of course,
when the decompoasition is trivial, i.é.= 1. Itis interesting to know how the degree of smoothness
of the reduction depends on the degree of smoothness & theturns out that they are the same.
More precisely, the following theorem holds. (See [Gu], Theorem 3.) We refer to the decomposition
TF =E1®--- D E as the?-splitting of TF associated to .f(Observe that Theorem 2 presupposes
that an appropriat€-manifold structure has been defined on the leaves(bf, 7/), making them
infinite dimensional manifolds. This is obtained implicitly in [Gu]. Since our discussion will be
limited to the aspects of the theory that depend only on jet spaces of finite order, we will not discuss
this point further here.)

Theorem 2. Let f be a contraction ofM, #) and ¥ an associated spectral partition satisfying
the narrow band spectrum condition, Suppose that®heplitting of TF is C<. Then, the unique
f-invariant Hy-reduction of KM, %) is C< along leaves.

These theorems can be rephrased to resemble more closely the statements of [GK]. We first need
to define the notion giolynomial maps of sub-resonance typaemark about terminology must be
made at this point. To be in strict agreement with [GK], these maps should be sallagsonance
generatedbolynomial maps, but the distinction is not of much consequence here and we omit the
extra word.

Fix x,y € M, and non-negative integefsis, ...,ir, for somer > 0. Write | = (iy,...,ir) and
defineE} (x,y) := B, () ®--®@E (x) ®Ej(y). A homogeneous polynomial ma&p: Tx# — Ty of
degreer uniquely decomposes as a sum of teffisz E/ (x,y). Thus, the spac& Y # of tensors
overT ¥ of type(r,1), decomposes as direct sum of thénvariant subspacdsj.
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A polynomial map fromTy ¥ to Ty will be said to be ofsub-resonance typéfor eachr and
each of its homogeneous components of ordarfactorFlJ is nonzero only if

4) Aj<ANip+- N

These are polynomial maps of degree no greater thanWe say that an element ol V7 isa
tensor ofsub-resonance typeéit lies in the linear span of thE,J forwhichAj <Aj, +---+Aj,.

Theorem 3. Let f be a smooth contracting automorphisn{if, 7 ), where M is a compact metric
space andF a continuous lamination of M with smooth leaves. Suppose that f satisfies the narrow
band spectrum condition. Then, there exists a continuous family of smooth diffeomorphisms, denoted
by £y : TxF — F(x), such that for each & M,

() L;()l() ofoLy: TxF — Tr(xF is a polynomial map of sub-resonance type; and
(2) if g is a smooth automorphism 01, F) that commutes with f, theng‘(i) ogo Ly is also
polynomial of sub-resonance type.

Furthermore, if the?/-splitting associated to f is'€ the diffeomorphisms, can be choosen so as
to be X differentiable in x, as x varies along leaves.

Notice that, in the setting of a continuous lamination adopted here, the mappirage global
diffeomorphisms.

The relationship between Theorem 3 and the previous two can be seen as folloRg.degtote
the invariant,-reduction of~ (M, 7) obtained in Theorem 1. Le{,}, be the projectiofd,, into the
linear groupGL(n,R), which isGL(n,R) NH,,. Form the associated bund= Py, xy,, Hq,/Hr}/.
This is a (foliated) fiber bundle ovéyl defined as the space of orbits for the product actioH pf
on Py x Hq,/qu/. As it has contractible fibers, it admits continuous global sections.{let a
continuous section which 8% differentiable along leaves af, for somek > 0. Then for each
X € M choose a representatiyg of {(x) and define

(5) Ly = @0 (Aot 1 T — F(X).
If the spectral partition is trivial (in which case the narrow band condition amounts to half-pinching),
thenH,, = H,}/, so thatQ = M andc is unique. Therefore, the following remark holds.

Remark 4. When H, is a first order group, the maps, of Theorem 3 are uniquely determined.

We would like now to indicate how the non-stationary normal forms theorem is related to certain
connection-like invariant structures. But before explaining it in general, it may be instructive to take
a look at this structure in the simplest conceivable setting, namely, a contracf®nedr a fixed
point. This is, of course, a rather trivial special case, but the bare outline of the general narrative is
already apparent.

Let f : R — R be a (local) diffeomorphism fixing 0 such thE{0) = A € (0,1). First observe that
linearizing f near 0 amounts to finding dninvariant smooth connectidn on the tangent bundle of
M =R, on a neighborhood of 0: the exponential magbexgp, : ToM — M, intertwinesf and its
derivative magd fo : ToM — ToM; that is, f (expu) = expyd fou, due to thef-invariance oftl. By
this remark, the local normal form theorem can be restated as a theorem about the existence of an
ordinary f-invariant covariant derivative, which is obtained by the following application of a well-
known trick in hyperbolic dynamics. (This trick is essentially all there is to the proof of Proposition
11.) LetO stand for an arbitrary smooth connectionirand denote b the standard coordinate
vector fieldd/dx. Write I' := Ox X, the sole Christoffel symbol ofl. Under f, I' transforms
according to the formul&f = 'l o f + f”/f’. Finding an invariant] thus amounts to solving
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the equatior = f'T'o f + f”/f’. By iterating this equation one obtains the unique solution as a
convergent series given By= ¢ + f'¢p o f + (f2)'p o 24 --., whered := {”/f’. If gis a smooth
(local) diffeomorphism oM commuting withf, theng*[J, the pull-back of thef -invariantd under
0, is immediately seen to also einvariant, whenceg*[] = [ as the invariant connection is unique.
Consequentlyg(exp u) = expy(dgou) also holds, which is the conclusion of the centralizer theorem.
Much of the content of this paper has to do with obtaining the replacement doder the general
hypotheses of the sub-resonance normal forms theorem.

For the general case, it will be useful to make the following definitions.

Definition 5. Let P be a ¢-differentiable principal H-bundle oveiM, F), k> 0, and suppose that
P is an H-reduction of a principal G-bundle F. Denote byFJthe space of-jets of local sections
of F. This space can be regarded as a fiber bundle over F, with projection(japy — o(x). Let
n be a continuous section of the pull-back (restriction) ¥ do P.

(1) With no further restrictions, we say thatis a quasi-connectioon P.
(2) If n takes values iniP (for k> 1), we say that) is ageneralized connecticon P.
(3) The sectiom is a principal connectioron P if it is an H-invariant generalized connection.

Notions such as parallel transport and curvature make sense for a generalized conmetftion
y(t), 0<t <1, is a piecewise differentiable curve on a leaffofando € P lies on the fiber above
y(0), then the parallel transport of alongy, relative ton, is the unique curve(t) abovey(t) such
that the vectow’(t) belongs tan(ao(t)) for eacht. Thus parallel translation is obtained by solving
an ordinary differential equation dh

The curvature of] is a two-form onP taking values in the Lie algebra &f. It is defined as
follows. Given vector fieldsX,Y on P, let X", YH be their components along tmeplanen, and
defineQ(X,Y) = —[XH YHV, where the upper-script denotes the vertical component of the Lie
bracket. The vertical component of a vector is naturally associated to an element of the Lie algebra
of H. If Q vanishes identically, then is an integrable distribution iR. (In particular, parallel
transport along small closed curves is trivial.) We say, then, that the generalized conneftaion is

We now explain how these concepts are related to normal forms.

Let F"(M, ¥) denote the bundle afth order frames ovefM, ¥ ), obtained as the quotient of
F (M, ¥) by the equivalence relation that identifies diffeomorphisms with sajeeat 0. This is a
principal bundle with grous" of r-jets at 0 of local diffeomorphisms @&" fixing 0, wheren is the
leaf dimension ofF . Note thatG' is the quotient ofD(R")q by the above-jet equivalence relation.

Let Hg/ represent the projection of the sub-resonance gkbypnto G'. As already remarked,
elements oH,, are polynomial maps of degree no greater thanso thatH;, is isomorphic taH,,
whenever > d,,. LetP,, be the invarianH,,-reduction ofF (M, ¥ ) obtained in Theorem 1, and let
P}, be the jet projection oy, into F' (M, # ). We thus obtain a sequencettf,-reductions:

(6) ..._>p;/+1_>p[l/_>..._>pql/_>|\/|

such that the jet projection{** : P[,jl — P, is a homeomorphism for eactsuch that > d,,. Let
n":pPy,— P[V+l denote the inverse of this homeomorphism.
To eacho € P;,, n'(0) can be regarded as an element of the buddie (M, fV)|p3/ of 1-jets of

local sections of" (M, V), restricted (i.e., pulled-back) #@,. This will be explained in the proof
of the next theorem.
Theorem 6 contains our main geometric remark.

Theorem 6. Let GC Aut(M, ¥ ) be a group whose center contains a contraction &he { (M, li),i =
1,...,1} an associated spectral partition satisfying the narrow band spectrum condition. Suppose
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that the/-splitting of T# is CX, k> 0. Fix an integer r> d,,, and letn" be as defined above. Then
the following hold:

(1) n" is a G-invariant quasi-connection orj P

(2) ifk > 1, thenn' is a G-invariant, flat, ¢ generalized connection orj R

(3) ifl =1and d, = 1, thenn! is a smooth G-invariant, flat, principal connection ob.P

In all casesn" is CK.

We can now see how Theorem 6 relates to Theorem1. Suppose thatshktting of T # is CK,

k > 1, in addition to the general assumptions of Theorem 6. Thergfoiza flat,C¥, generalized
connection on the&X bundleP;,. Since an isometry of the connection preseﬁﬁ;*sl, expressed in
terms of elements this bundle the isometry assumes normal form up torerderMore precisely,

givenay, 0z € Pi*, and an isometryf, thenf (™% (a1) = a2h, wheref("+1) is the mapf induces

on P,',jl andh e HIV+1 is the infinitesimal normal form of. To obtain normal forms not only
infinitesimally but on whole leaves, we proceed as follows.

By the Frobenius theorem, through eaghe (P;,)x, passes a unique looak sectionx — n(x),
tangent ta)(o(x)) for eachx nearxg. It can be shown that the section is holonomic; that is, it comes
from a local diffeomorphisnp from a neighborhood of @ R" into the leaf off containing the base
point of 0. (Denoting byt, : R" — R" the translation irR" by y, then the sectiow has the form
o(x) = jr((pot(p_l(x))o, for x nearxg. Section 5 of [Fe3], in particular Lemma 5.4, has more details
related to this.) Making use of the contraction elemenGadt can be shown thap extends to a
diffeomorphism froniR" to a leaf of F. If now @, andg, are the diffeomorphisms associatedsto
andoy, then instead of "V (g1) = ah we havef o, = @ oh.

Also note thatp ;= @ 0 (pl‘l is a diffeomorphism fronfF (x;) to F (x2) mappingx; = @1(0) to
X2 = @(2). Itis anisometryof the generalized connection on those leaves. In particular, the group of
isometries of] acts transitively on each leaf gf. This makes eaclf (x) a homogeneous manifold
of the formL,,/H,,, whereL,, is isomorphic to the group of diffeomorphisms &f' generated
by H,, and the translationts, x € R". Note that the isomorphisms depend on a choicg. oAs
a manifold (but not as a groupl,,, is the product oH,, andR". If r = 1, as in part 3 of the
theorem, the geometry of the leavesfofcorresponds to the (Klein) geometryRY defined by the
homogeneous spa¢eL(n,R) x R")/GL(n,R).

The remaining of the paper is dedicated to proving Theorem 6. This will require reworking the
finite-jet part of the proof in [GK]. For this reason, the normal forms theorem up to finite jets will
be proved here along the way to Theorem 6.

3. THE V-STABLE GROUP

3.1. Generalities about Polynomial Maps.A map f : V — W between finite dimensional vec-
tor spaces ipolynomialif for any given basis{vy,---,va} of V and{wi,--- ,wn} of W there are
polynomialsfj(xy,---,Xn), j =1,---,m, such thatf (x;vi +---+XnpVn) = 3 fj(xe, -, %) Wj.

We writex := x;*---xn for a multi-indexv := (v1,---,vn) in {0,1,2,--- }" andx = (Xq, -+ ,Xn)
in R". The degree of the monomial is [v| = v1+---+ Vv, A homogeneous polynomial of degree
r is a linear combination of monomials of degmeeA polynomial map uniquely decomposes as a
sum of homogeneous components.

Thefirst polarization P, f : V xV — W, of a homogeneous polynomial mépV — W is defined

by
d
(7 Pif(u,v) = af(UJFtV)t:&
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Is is not difficult to show that iff has degree thenP; f(v,v) = rf (v). Thei-th polarization off,
Rf:Vi — W, is obtained by taking the first polarization of— P_1f(u,vq,---,vi_2). If r is the
degree off, we call the symmetric-linear mapP; f thecomplete polarizatiowf f.

It is often convenient to regarf® f as an element of the tensor sp&&/*) @ W, whereS (V*)
denotes the subspace of symmetric elements of-theorder tensor power of the dual space It
can be shown that f (v) =R f(v,--- ,v) for f homogeneous of degree

Suppose that decomposes as a direct suvh=V1 & ---@&V,. LetF : V" —V be anr-linear map
and denote byr; : V — V; the natural projection. Defiri'e‘ijl_._irF by
8 n}

|1"'ir

wherevy,---,V; € V. This yields the decompositidh = le,il,---,irzl I'Ii"l,,.ir F.

F(ve, -,V ) =TGR (T, Ve, -+, TG, V),

3.2. The Group H,,. We fix now a spectral partitior’ for V = R". A sequence of linear isomor-
phisms,L; :V —V, as well as the associated sequence of iteratigns=L;j---L, j =1,2,---,
will be called V-adaptedif: (i) L; respects the direct sum decomposition forjatind (i) for each
i=1---,1 and all non-zerw € V;, the inequalities

9) a < liminf %InHL(n)VII < Iimsup%lnHL(n)VH < b
— 00 n—oo

hold. Clearly, beingl/-adapted does not depend on the choice of ngrr, onV.

We wish to consider maps frof =V x --- x V into V which do not grow under the action of
a V-adapted sequence. Such maps will be calledtable More precisely, consider the action of a
linear isomorphismi : V — V on an arbitrary mag : VX — V defined byA, f : VK — V such that

(10) (A ) (v, W) = AF(A v, - ALy,
Thenf is V-stable if, by definition, there existsE-adapted sequendgn) and, for each compact
subseK C VX we can findC > 0 such that|(L(n). f)(vy,---,v)|| <C, forall (vy,---,v) € K and

n=1,2 ---. The termL-stablewill also be used when explicit reference to the adapted sequence is
required.

Lemma 7. Let¥ ={(M,l;):i=1,---,1} be a spectral partition of V that satisfies the narrow band
condition. Then, the following hold:

(1) ifaj <bjy +---+ by thenA; <A, +---+A, for any given set of indicesiy, - - - , ik;

(2) any¥/-stable homogeneous polynomial map is e{lﬁg}-stable;

(3) the degree of &/-stable homogeneous polynomial is bounded above Hy a

(4) the degree of 4T} }-stable homogeneous polynomial is bounded above,by d

(5) if f is V-stable, and F is the homogeneous component of f of degree k, then

F=0;
(6) if f is {T})}-stable, and F is the homogeneous component of f of degree k, then

bi1+---+bik<aj:rlij

)\i1+-~-+)\ik<)\jz>l'l-j F=0.

111k
Proof. Let h be a?’-stable homogeneous polynomial map of dedraedH its complete polariza-
tion. It suffices for proving 2 to check that each comporﬁ:i#l\,t,,ikH is {T,)}-stable. Thus suppose,
without losing generalityH = I'Iijl_._ikH and that it is non-zero. By definitiot is {L(n)}-stable,
whereL(n),n=1,2,---, is a?/-adapted sequence of isomorphism¥ofChoosevs in Vi, for each
s=1,--- ,k sothatH (vq,- -, V) is a non-zero vector (necessarilyy). Writew; (n) =v;/||L(n)v||.
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The definition ofL(n).H implies L(n)V' = ||L(n)v1]| -- - |[L(n)vk||un, WhereV = H(v1,---,v) and
Up = (L(N)H)(wi(n),--- ,wi(n)). But||uy|| < C for some constar independent of. Therefore
[IL(NV|| <CJIL(n)vy| - - ||L(n)v]|. Taking logarithms, dividing by, and passing to the limsup and
liminf as in 9, results ira; < bj, +- - - + b;,, which proves part 5.

It is convenient to rewrite the last inequality as
(11) aj <mbi+---+mby,

wherems is the number of times (possibly 0) thlf appears on the right-hand side of the first
inequality. Since

[

(12) T) H=exp n)\j—nzlm)\i H,

i=
part 2 of the lemma is a consequence of part 1. That is, we need to show that

[
(13) )\j -y mAi <0.
2
Notice that, in 11m = 0 fori < j, and by the narrow band conditioa;(> b;j + lyy) inequality

11 reduces ta; < bj whenevem; # 0. Consequently, 13 holdstif; # 0, since in this case; = 1
andm =0 fori # j. Therefore, we may assume timag=--- =m; = 0. Then

8 a1 a1

Aj= b L By
"bjabe by
<y omPam Ao
i51 bjyibj2 by
|
ajr1 a1 bi aj;1 aql) g a_1
=My — —a + m e =g
b2 b i%.z <b1+1b1+2 bi /by Db
|
djy1 a1 aj+1 al—l) g a_1
=My ——- ——a+ e ) [ bt
J+1bj+2 by |:%2 (bj+2 bi—1/ bit1 by
|
dj+1 a1 g -1
<Mt gy Y om S
by by i, b b
|
< miAj,

i=]+1
which is what is needed to check tHat"H || is bounded.
To see part 3, notice that, &b is non-zero only ifa; < bj, +--- 4+ bj,, we havea; < kb. As

by < 0, this shows thak < a; /by, proving thata; /by is an upper-bound for the degree. Part 4 holds
for a similar reason. O

Let Pol,, denote the set of aI{Tqr}}—stabIe polynomial maps frod to itself fixing 0. Since
Ty, (fog) =Ty, foTy,g, itis clear that Po) is closed under composition of maps. Furthermore,
f € Poly, iff each f; in the decompositiorf = f; + f2+ --- + f; into homogeneous terms also lies
in Poly,. This can be seen as follows. ffis 1/-stable, therf., defined byf:(v) := f(cv), is also
V-stable map for eachh But f; = fo+cfy+---+c"f". Takingco = 1,cp,---, ¢ all distinct, it is
possible to write eacl as a linear combination of thig,. Therefore, eaclf is 7/-stable if so isf.



10 R. FERES

Since stable maps have degree bounded,aythe space Pgl is finite dimensional and, as just
remarked, closed under composition. Now define

(14) Hy = {f € Poly, | f1 is non-singulay.

It will be shown shortly thaH,, is a Lie group, which we call thé’-stable group

The following remarks and notations will be used in verifying this claim. First observe that the
subgroupGL(%¥) of GL(V) stabilizing the flagM =Vi&V,_1&---&Vy, i =1,--- 1, is contained
in Hy. This is, in fact, the group generated by the elemdntdor f € H,,. Let Pol,(i) be the
subspace of Pgl spanned by all homogeneous polynomial maps of degree greater than or equal to
i. Then

(15) Poly, (i) o Poly,(j) C Poly(ij),
where the left-hand side indicates the sef ofg, for f € Poly, (i) andg € Poly,(j). We denote by
| +Poly, (i) the set off € P, of the form f (x) = x+h(x), h € Poly(i).

Proposition 8. Hy,, with the operations of composition and inverse of maps, is a group.

Proof. Given f = f 4 fo+--- + fx € Hy), all that is needed is to finé~ in Hy,. The proof uses an
inductive argument that obtains in the end the inverse map as a prbduet hmohp_10---ohy,
hj € | +Poly(j). Sethy = f;X As f; € GL(¥V), hyo f € | +Poly(2). Assume that we have
foundh; € 1 +Poly (i), 2<i < j—1, suchthago f € | +Poly,(j), whereg=hj_10---oh;. Write
(go f)(x) = x+u(x), for someu € Poly,(j). Then, it is easily checked thét—u)ogo f lies in

| +Poly,(j+1), and we chooskj = | —u. Formbig enough we finally reach Pp(m) = 0, so that
hmo---ohjof =1I. [l

Observe that if = 1, the narrow band condition readss < —2b (half-pinching). In this case,
no f in Hy can have degree greater than 1, since the half-pinching condition precludes non-trivial
relations of the type 11. Also notice that under half-pinching the magf Lemma 7 is scalar, so
H, is the full groupGL(V).

As another example, suppose that V; ¢V, and the integer part @ /by is 2, so that polyno-
mials inH,, have degree at most 2. Then ahg H,, must have the form

(16) f(v) = (Liv+Q(V2,V2),Lava),

(we are using here notation that is explained at the beginning of the next section)lwimsa@sV

to V1, Ly mapsVs to V,, andQ mapsV, x V, to V3. Notice that maps of this form, fdr = (L, L)
non-singular, indeed form a group of diffeomorphism¥oft can be regarded as a subgroup of the
jet groupG' (defined below) for any > 2.

It is interesting to note that the normalizer grougyf in G', for eachr > d,y, isHy, itself. This
is a consequence of Proposition 11 given later.

We have define#ll,, as a group of diffeomorphisms fixing the origin®?. By dropping the latter
condition we obtain thextended/-stable groupL,,, which is generated biyl,, and the translations
in R". As manifolds (but not as groupd),, = H,, x R", so thatL,,/H,, is homeomorphic t&R".

Before proceeding with the description of the invaridgt-structures claimed in the normal forms
theorem, we need to review some basic facts concerning jet spaces and jet groups.

3.3. Generalities about Jet Groups. Let L andN be smooth manifolds anfi g smooth maps from
some neighborhood of a poirte L into N. We say thatf andg represent the santejet at x if
f(x) = g(x) =y and, with respect to some choice of smooth coordinates abantly, all partial
derivatives ak of f andg up to ordem agree. More precisely, I¢t, 1 < i < n=dimL, be smooth
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coordinates neax, letul, 1 < j < dimN, be smooth coordinates negrand represent bp; the
partial derivative with respect th. Leta = (aq,---,0,) be a vector of nonnegative integers and
defineD® = DJ*---D4n. Thenf andg represent the samejet atx if for eachi anda such that
ol :=a1+---+ap<r

17) D%(u' o f)x = D% (U 0 Q).

This defines an equivalence relation@nlocal maps that does not depend on the choice of coordi-
nates. The equivalence class representetlisycalled ther-jet of f atx. It will be denoted byj" fx.
Ther-jets of localC' maps comprise thejet spacel’ (L,N). This is a smooth manifold. Smooth
local coordinatesy;, can be set od' (L,N) by definingu, (j" fx) := D%(u' o f)x. With this choice of
coordinates one shows thB{L,N) is a locally trivial fiber bundle ovelr. The fiber above € L will

be denoted by' (L,N)x. We can also regard(L,N) as a fiber bundle over x N. In this case, the
fiberJ"(L,N)xy consists of allj" fx for which f(x) =y. Wheneves > r, there is a natural surjection
1 : I5(L,N) — J'(L,N), mappingj*fx to j" fx. This will be referred to as thget projection The
same notatiorit, will be used irrespective of the particullayN at hand.

We now turn to jet groups. The collection of aliets at 0 of local diffeomorphisms of a finite
dimensional real linear spatkfixing 0 constitutes a Lie group, denoted h&€V), or simplyG'.
Notice thatG! is the general linear groupL(V).

TakingG? as an example, note that the second order jet of a local diffeomorghism- V fixing
the origin ofV is completely specified by a pdiA, a) such thatA € GL(V) anda € Nf =%V eV
is aV-valued symmetric bilinear form. Indeed, we can thinKAfa) as the Taylor polynomial af
of order 2. (More precisely, the second dedreealued polynomial approximatinyis Ax+a(x; x).)

If ¢ andy have Taylor polynomial¢A a) and (B,B), respectively, then the compositigno W
has Taylor polynomial(AB,a(B-,B-) + ). The groupG?, therefore, can be given the following
description.G? = GL(V) x N2, with multiplication

(18) (A,a)(B,B) := (AB,a(B-,B:) + AB).
It follows that the inverse operation is
(19) Aoy t=At-Alaal Al

It will be necessary to describe in some detail the general structure of the gBd(ps First
note that the jet projectiong : G — G' form a tower of homomorphisms:

(20) ---—>G5+1—>GS—>~~-—>Gl—>{e}.
The normal subgroups® = ker 1§ form a sequence
(21) NS={e} CNS,C---CN;CN5=G"

The groupG® is an open subset of the Euclidean spdt®,V)oo. Indeed anf € G5(V) is a
polynomial mapf = f; + fo +--- + f5 having invertible linear ternf;. The homogeneous term
of i-th degree,f;, can be regarded (by complete polarization) as an element of the vector space
S(V,V) :=S(V*)®V of symmetrici-linear maps fronV toV. As a vector spacéy? is the direct
sumS11(V,V)@--- @ S(V,V), and the group operation is given by composition of maps followed
by truncation to degree

Elements ofG" are written ag-tuplesa = (ay,---,a;), with o; € S(V,V). Givena; € S(V,V)
andp; € S;(V,V), the notatior;; refers to the element &;(V,V) obtained by complete polar-
ization of

(22) f(X):Gi(Bj(X,-“,X)7--~,Bj(X,"',X)).
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Mainly needed are the compositioagp3; anda,31. These are simply

(23) (al'Bl)(Vla"' 7Vr) :Gr(Blvla"' 7B1VI')
(24) (0aBr)(va, -+ V) = daBr (Va, -+, V).
The multiplication inG" will be written simply asuf3. (This involves composition and truncation of

terms of order greater tharn)
The following simple identities are useful:

(25) (al7 e 7al‘7al'+1) = (alv e 7al’70)(| 707 e 707GI1GF+1)
(26) = (|707 707af+1aI1)(G15"' ,Gr,o)-

Itis now easy to show that for amy= (A, az,---,a,,®), B=(1,0,---,0,I"),y= (A dz,---,0r,¥),
allin G'*1, we have

(27) apy 1= (1,0,--- ,0,ArTA™ 1+ (d—W)A™ ),

LetH be a closed subgroup & 1. DefineHs := 1*(H) for s<r. Write H' := (¢ t1)~1(H"),
a closed subgroup @' ** containingH. We wish to consider the action Bif on the quotienH\H’.
For this purpose, defirg := ker(tt 1| ) andN’ := ker(T¢*1|,4/). (Observe thal’ = N'*1.) Choose
a smooth sectiof : H" — H of theN-bundleH overH'. (Such a section exists since the filiéyjs
a contractible space.) We wriggh) = (h,&;+1(h)). Letn : H" — N’ be the smooth map defined by

(28) I’](h/) = E(Tlir'+l(h/))_lh/ = (I ,0,--+,0, hilhf’Jrl - hilzwl(h))a

for " € H' andh = {*1(). Notice thatn(hi)n(h)~t € N, for ¥ € H andh € H, so that the
cosetNn(h’) € N\N’ only depends on the class lafin H\H’. Writingn = (1,0,---,0,n,1), the
definition ofn gives

(29) Nr4+a(h') :A71(¢—Er+1(h))>

forh' = (A hy,--- by, ®).

The groupN(resp.,N’) will be identified with the linear subspat¥ (resp.,W’) of S;1(V,V)
consisting of” such tha{1,0,---,0,I") isin N (resp.,N’), andN\N’ with the quotient spacé&/\W'.
(Notice thatW’ = S,1(V,V).) Itis easily checked that

(30) Nr+2(gN) +W =A™ 1 (g)A+ N (W) +W,

for gl € H', g=m*Y(g),h=m{*1(K), andA = 1 ().
The following proposition is an elementary consequence of these various facts and definitions.

Proposition 9. The map=: Hh' € H\H’ — [n;1(h)] € W\W' is a smooth diffeomorphism, with
inverse Nh— Hn'. The action of Hon H\H’ by right translations is conjugate undér to the
action of H on WA\W' given by

(31) ([FI0) = [A T A+ nrea (W),

for W € H/, A= "}() and[I'] € W\W".
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4. GEOMETRIC STRUCTURES ONCONTINUOUS LAMINATIONS

4.1. Continuous Laminations. Let M be a compact metric spacg); : i € A} an open cover of,

andh; : U; — B x T a homeomorphism for eacke A, whereB= (—1,1)" C R" andT; is a topological
space. These open sets and homeomorphisms are said to constitute an atlas for a lamilktion of
by n-dimensional smooth manifolds if the coordinate chartyes- h; o b, from hi(Uj NU;) to

h; (Ui NU;) have the form

(32) hij (%,t) = (@; (x,1),nij (1)),

where @ (x,t) is smooth inx and all partial derivatives ix are continuous in. Two atlas are
equivalent if their union is also an atlas. l&mination by smooth manifolds then defined as an
equivalence class of atlas.

Sets of the formh, (B x {t}) are callecplaquesof the lamination. Aleaf of the lamination is a
connected subset & which is minimal for the property that whenever the set intersects a plaque,
the entire plaque is contained in it. The leaf through M will be denoted¥ (x). The lamination
itself will be denoted simply by .

We say that the lamination isdimensional if its leaves ame-dimensional. By a differentiable
(Ct, CX, smooth, etc.) function off it is understood a continuous function bhwhose restriction
to each leaf is differentiable.

It is easy to guess what one should mean by the tangent bun@lleof 7. Notice that the fiber
of T atx, denotedly ¥, is the tangent space tB6(x) atx. A vector fieldon ¥ is by definition a
continuous section of ¥ that restricts to a smooth vector field on each leaf. It is also not difficult
to guess how the notion of a Riemannian metricTgh should be defined.

Fiber bundles that are attached in a natural way to smooth manifolds, such as tensor bundles,
frame bundles, etc., can be defined in the lamination setting. The same is true for the various notions
of geometric structure on a smooth manifold. Some of these concepts are briefly recalled later in the
paper. A more detailed discussion, in the ordinary setting of smooth manifolds, is given in [Fe3].
Everything that is said there can be adapted to the present setting without difficulty.

4.2. Frame Bundles over¥. Geometric structures of interest in differential geometry, in particular
those that will arise in this paper, are often so caledtructures of order, which are reductions of
ther-th order frame bundle of a differentiable manifold to a subbundle with structure ¢fodjhe
main definitions are explained below.

LetL be ann-dimensional smooth manifold (taken shortly to be a leaf¢f In what follows we
writeV :=R". A frame of order ratx € L is ther-jet atx of a smooth parametrization bfaroundx.

A frame of order 1 ak, in particular, is naturally identified with a linear isomorphism frehonto
the tangent spackL. In the general case, the equivalence class represented by a parametgization
will be denoted j"$)o, ther-th jet of $ at 0.

The collection of all frames over points bfforms in a natural way a smooth manifold, called the
r-th orderframe bundle of land denotedr' (L). This is a locally trivial fiber bundle over and the
bundle mapt: F'(L) — L is the base point projectiafj’¢)o — ¢(0).

Having fixed a frame = (j'$)o at x, any other frame of order at the same point is given
by &g, for someg = (j" f)p € G'. By definition,&g:= j (¢ o f)o. The mapF'(L) x G" — F'(L)
defined by(§,g) — &g is a smooth group action that sends each fibé¥'dL) onto itself. It is clear,
furthermore, that the action is transitive on each fiber. With this adtigh) becomes a principal
bundle. A smooth parametrization of an open subketL can be used to trivializE" (L) aboveU,
makingrr(U) C F'(L) isomorphic to the trivial bundlg x G'. The fiber ofF" (L) abovex will be
denotedr" (L )x.
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Let now (M, ) be a lamination by smooth manifolds. For exch M, letL = 7 (x) be the leaf
throughx and writeF" (M, F)x := F'(L)x. LetF"(M, ) be the disjoint union of th&" (M, F )y,
forx e M, andm: F'(M, ) — M the base point map. Thé# (M, 7) is in a natural way a smooth
lamination for whichrtis a smooth lamination morphism, that is, a continuous map sending leaves
to leaves whose restriction to each leaf of the source lamination is smooth.

To describe an atlas fd¥" (M, F), start with a lamination atlas fqM, #) with local mapsh; :

Ui — BxT. WriteU{"”) = r1(U;) and definéh|” : U{") — F"(B) x T so thath|” (€) = j" (ho @), for
eachg = j"(9)o € F'(F (X))x. Itis a simple exercise to verify that theééim, hi(r)) indeed define a
lamination atlas with the desired properties.

4.3. Geometric Structures onF. Let K be a manifold equipped with a smooth (right) action of
G'. A geometric structure ofM, ¥) of order r and typeX isamapgG : F' (M, ) — X that satisfies
the G"-equivariance propertyG (§g) = G(§)gforall § € F'(M, ) andg € G'. Alternatively, it can

be defined as a section of the associated buRHI®!, F) xg, K. The latter is defined as the space
of orbits for the action of5" onF"(M, F) x X given by (§,K)g:= (§9,kg). We say thatg is an
H-structure of order. It will be said to be smooth (resg', real analytic, continuous, measurable,
etc.) if the equivariant mayg; is smooth (respC', real analytic, continuous, measurable). Recall
that any differentiability requirement is always understood to hold only along leaves.

The geometric structures of interest here ldrstructures An H-structure, wheréd is a closed
subgroup ofG', is simply anH-reductionP C F"(M, ¥), that is, a principaH-bundle relative to
the restriction toP of the projection map oF' (M, ) andH-action defined by restriction of the
G'-action. To view it as a section of an associated bundle or@sequivariant map, we can take
K :=H\G" andG'-action onX by right translation. Conversely, & : F'(M, ¥) — H\G" is an
equivariant map, it is easily seen to produceHaneduction ofF" (M, F). In fact, P = G~([€]),
where[€] represents the identity cosethh\G'.

As another example of geometric structure, consider linear connection betthe space of
all V-valued bilinear mapB :V xV — V, which we regard as the space of Christoffel symbols. To
describe the action a&2 on X first observe thaG? is isomorphic toGL(V) x K. ThenX can be
identified with the coset space

(33) W = GL(V)\(GL(V) x X))

by settingr — GL(V)(I,T"). The groupG? naturally acts or#¥/ by right-multiplication, yielding the
following action on%k:

(34) M- (Aa):=ATA+A .

This is the familiar law of transformation of Christoffel symbols. A linear connection corresponds
in fact to aG?-equivariant mag; : F2(M, F) — . The relationship betweeg and the notion of a
covariant derivative is seen as follows. Eat F2(M, ¥ ), the 2-jet (at 0) of a smooth parametrization

¢ aroundx € L (with ¢(0) = x andL the leaf throughx) andX; the coordinate vector fields associated
to ¢. Then(Ox Xj)x = zgzlriijk defines a covariant derivative, thﬂ% is thek-th component

of G(&)(e,ej) with respect to the standard bagis,--- e} of V. Also notice that a symmetric
(torsion-free) connection is one for which the mggakes values int6&2/GL(V) C K.

4.4. Affine Bundles. LetH ¢ G*1(V) be a subgrougii" € G' (V) the image oH under the ho-
momorphisnrt*1: G'+1(V) — G'(V), andH’ € G'*1(V) the pre-image of" underri*1. Clearly

H c H’. Form the homogeneous spa&g= H\H’ and consider the action ¢f' on X by right-

translations.
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The notations used in Proposition 9 will be in effect now. According to that proposkigH, is
diffeomorphic toW := W\W' via the magE defined there, wheM’ = S, ;(V*) @V andW C W' is
an invariant subspace under conjugation by elemenitstirfurthermore, the corresponding action
of H' onW is affine, given by([I'],i) = [A~1F A+ n41(I)], whereA = 1 (I). Recall that, ;1
only depends on the class representeti’bg H\H'.

Starting with arH"-reduction,P", of F' (M, #) define arH’-reduction,Q, of F'*1(M, #) by

(35) Q={EeF™ (M, 7) | "(E) e P},

We wish to consider in some detail thereductions ofQ, which are in one-to-one correspon-
dence with sections of a certain affine bundle over Before introducing this affine bundle, we
describe the vector bundle cin which it is modeled.

Define a vector bundlE' "~ overM as the quotient

(36) E = \S.a(T'F)eTy,
whereE" 1 is the subbundle d& ,1(T*#)® T  constructed as follows. Lgtbe the representation
of H” in GL(W) given byp(h)w:= AWA 1, A= 18" (H) and writeE™ := (Q x W) /~p, which is
the space of orbits of the’-action, (&, w) - I’ := (§n', p(h') ~1w), onQ x H'. (Of course, this could
just as well be defined as an associated bundba‘ﬁé')(Q) C FY(M, ¥), rather than taQ, for the
standard representation dﬁl(H’) C GL(V) on the tensor spad# of V; but it will be convenient
to defined it this way.) Notice th& +? is indeed a subbundle of the vector bun8le; (T* F)@ T F
overM, since the latter is similarly obtained from the linear actioMsr{instead o#V) derived from
p. An explicitisomorphism from{Q x W') / ~, t0 S11(T*F) @ T ¥ is given by:[&,w] — (dgo).w,
where = (j"*1@)o and(dqy). denotes push-forward of a tensor\énio a tensor 0y ¥ viathe
linear mapdqy.

We now set

37) AFF(E™) = (Q x W) /H'

where, this timeH’ acts on the produd x W by (&, [I']) -h" = (&N, [(]K). (Here[[ ]l denotes the
action onW isomorphic undek to the action by right-translations ¢th\H’.) The next proposition
is now immediate.

Proposition 10. Aff(E"**) is an affine bundle over M modeled on the vector budile.

This means that for any sectiohsof Aff (ErH) and6 of E'*%, there is a well-defined section

0+6 of Aff (E™); here, addition is defined by

(38) [E,F+W]+[E,n+W]=[E+n+W].

Given sections$];, O of Aff (E”l), the unique sectiofl such thatl, = (0; + 0 is naturally written
6=0,—0s.

We also need to know how automorphisms(bf, 7) act on sections of AE ") or E"™.
Let f be a smooth automorphism @1, ) which preserves the structu€g This means that the
automorphism of "t1(M, #) defined byf "D (j"*1dg) = j™*1(f o §)o mapsQ to itself. Now, for
each elemen, k] either of (Q x W) /H’ or (Q x W)/ ~y, define(f,)x[&,k] = [f(*1)(&),k], where
x is the base point cf. Notice that for[§,k] € g (the latter quotient), this action coincides with
the ordinary push-forward of tensors ®r¥ . In particular, it only depends ahf.

If O is a section of Af(E”l), the push-forwardof O under f is the sectionf.[] defined by
(f:0)x == (f.) -1 Us-1(x- The corresponding definition for sectionsBf gives the ordinary
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push-forward of tensor fields, and we have, — f.[0; = f.0. The pull-backof at underf is
frr:=(f1),t

5. THE INVARIANT Hg-STRUCTURE OF ACONTRACTION

Let ¥ be a continuous lamination by smooth manifolds of a compact metric dpa&uppose
thatT 7 is equipped with a continuous Riemannian metric and denofe|the associated norm on
TxF . This is needed to define exponential growth rate of vectors under the action of automorphisms
of # and to define a contracting map. Lebe a smooth contracting map @f whose associated
spectral partitiorl satisfies the narrow band spectrum condition.

We prove now the normal forms theorem in infinitesimal form. In other words, we obtain the
invarianth/-reductionsl:’;/ of F"'(M, 7). As will be seen below, the inductive argument produces
Py, from ngl using the classical ‘geometric sum’ method of hyperbolic dynamics to solvéMjfor
a cohomological equation of the for&n= W — f*W, where® is a section of a certain tensor bundle
over(M, F) defined in the proof.

LetH!, denote the projection df, into G'(V), forr = 1,2,---. Due to Lemma 7H;, = H,, for
all r > d,. Notice thathl/ is the subgroup oGL(V) that stabilizes the flagh C --- € W where
W=Ve ---aV,i=1---I. Theflagh =B Cc---CKh =& ---@E1C---CR=TF
defines arf-invariantH},-reduction of (M, % ). Explicitly, this is the principaH,-bundleP},
F1(M, /) whose fiber ovek € M consists of all linear isomorphisnts: V — T ¥ that restrict to
isomorphisms fronW to F(x), for eachi. We say that al,-structure on(M, ) is adaptedto the
flag F if the Hr}/—reduction ofF1(M, 7) (obtained by jet projection) is this flag.

Proposition 11. Let f be a smooth automorphism of the continuous lamingtinf ). Let n be
the leaf dimension of and ¥’ the spectral partition of V= R" associated to f. Suppose that f is
a contraction that satisfies the narrow band condition. Then, for every integety there exists a
continuous, f-invariant kj-reduction, B, of F' (M, ¥ ) adapted to the flagFi }. Furthermore,

(1) P, is the unique f-invariant kj-reduction of (M, #) adapted to{F };

(2) if gis an automorphism M, ) that commutes with f, ther{,ﬁs also g-invariant;

(3) ifthe flag{R } is C¥, k> 0, then B, is also C-.

Proof. We only carry out the proofs of parts 1 and 2. Part 3 also follows by a simple adaptation of
the argument of [Gu], but we omit the details. (See [Fel] for the argument in the particular case of
invariant first order connections.)

The proof will develop by induction on. The flag{F } provides the first step of the induction
argument; that is, it corresponds to fa:rinvariantH,}/- reduction ofF (M, F).

Suppose that we have obtained a continubdsvariantH?,-reduction,P;, C FS(M, ¥), for a
s> 1. DefineH’ := (T§*1)"1(HS,). We seek to find a continuousinvariantH; *-reduction PS5/,
of theH’-subbundle

(39) Q:= (™) 7H(PY) CFM, 7).

As discussed in Section 4.4, this amounts to finding a contindidngariant section of the affine
bundle AR(ESS ") = (Q x W) /H’, whereW = (Ss;1(V*) ®V) /W5t andw ™ is the H1-invariant)
subspace 081(V*) ®V such than € W,fjl iff (1,0,---,0,n) lies in kev(Tl:§+1\H§/+1). Recall that
Aff (ES)Y) is an affine bundle modeled on the vector burBls' = (Q x W)/ ~p, as defined in
that section. Also recall th:ﬂt/,,s/+1 is the direct sum of the subspadéjSZ Vi@ ®VJ-*S+l ®V, for
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which Aj, +---+Aj,,; > Aj. Observe thatV is canonically isomorphic to the linear subspace of
Ss11(V*) ®V spanned by th¥j for whichAj, +---4+Aj ; <Aj. Therefore,

(40) Byt = EPEj. summed over,J such thaij, +---+Aj,,, <A
iJ
The f-invariant section of AfESJl) iS now obtained as follows. We start with an arbitrary
continuous sectiort], of Aff (Esr,jl). Such a section exists since this bundle has contractible fiber.
Now define a family of section®(n),n=1,2,---, of Esqjl by

(41) O(n) = (fM*0-0.

It is immediate from this definition that the followirgpcycle identityholds:

(42) O(n+m) =06(n)+ (f")*e(m)

for all n,me Z. We wish to show tha®(1) is acoboundary that is, show that for a continuous
section¥ of E5)

(43) =Yy,

where® := ©(1). Once a¥ is obtained, the theorem results from the observationthat O + W

is the f-invariant continuous section of A(Esqjl) we seek.
To find W, first note that iterating the coboundary equation yields:

(44) Y=0+ O+ - -+ YO+ 1y,

This suggests looking for a solutié# of the form
(45) Y=Y fo.
2,

Therefore, all that we need is show that this series converges to a continuous sect@hdéante

the component o® in E,j. This can only be nonzero X, +--- + A, <Aj, which implies (this is
the essence of Lemma 7):

(46) bi, +---+big,, <aj.

On the other hand, by a simple calculation (essentially that used in part 5 of Lemma 7), there exists
a constan€ > 0 such that

(47) [l | < cllef et s =),

which decreases exponentially as— . Therefore,W exists by elementary facts about infinite
series.

To prove uniqueness, it suffices to show that the secfiabtained at each step of the induction
argument is unique. Ifl;, 0, are two f-invariant continuous sections of /{E?VH), the difference

O, — Oy is an f-invariant continuous section Esf,jl. But the same estimation used above shows
that there is a consta@t> 0 such that|0d, — 01 || = || f™ (02 — O1)|] — 0 asn — oo,

If g commutes withf, theng preserves the flagF }, so thaqul/ is g-invariant. At each induction
step, unigueness of thfeinvariant sectiori] implies thatg [0 = [J. ThereforePIV is g-invariant for
allr. O
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5.1. Proof of Theorem 6. Part 1 of Theorem 6 is immediate from the comments made prior to the
statement of the theorem. For parts 2 and 3, we first set some notation.

Let F'(M, ¥)/H,, denote the associated bundle oykt, ) with fiber H,,\G", defined by the
right-action ofG" onH/\G'. Letp:F"(M,¥) — F'(M, ¥)/H,, stand for the natural projection.
If E is a fiber bundle, we denote B§E the space o$-jets of (germs) of sections @&. The spaces
JF'(V)o andJS(F" (M, F)/H,), in particular, are needed below. The former indicatestats at
0 of sections of"(V), whereV, as before, stands f@".

Central to the proof is the following remark. It is a general fact about jet bundles that an element
o of F™S(M, F) determines canonically an elementXF" (M, ) whose 0-jet ist+5(o). Now,
if o belongs toP};"%, the associated element &' (M, F) actually lies inJ%P],. This is what is
proved next. Notice that the proof is not only formal jet theory as invariance under the contracting
map f is used in an important way.

Denote byty the translation map o, so thattx(z) = z+x, z€ V. Notice that, for any given
Y € Hy andx € V, the diffeomorphismpy :=t_y ) o Woty also lies inH,,. In fact, it is easy to
obtain

|
H n _ 1 "
(48) IIm Ty by = i;ﬂi P1TT,

wherey; is the linear part ofp andtg denotes the projection from to 4.

Definet(x), x €V, as ther-jet at 0 ofty. Ther-jet at O of the identity map dof will be writteney,
or simplyeif no confusion may arise. Of course=1(0). We callt the canonical section &' (V).

To eacho € F™*S(M, #), whereo = j"*Sqo, we can associate the maf) : F' (V) — F'(M, F)
defined by (j'¢) = j" (9o @)o. This is well-defined up to jet of orderate. Theng") is a bundle
map in thatg") (£g) = @) (§)gforallE € F'(V) and allge G'. Similarly,h = j"*Syp € G'+S defines
amapy") : F'(V) — F'(V). A simple consequence of these elementary facts and definitions is that
the following equation holds for eache V:

(49) ¢ (W0 (1(3)) = ¢ (T(WX)) .
To o we associate an elemesito) of I(F'(M, F)/Hy) x5, whereo = 1 +5(0), by setting
(50) 5(0) 1= ¥(po ¢ oTog o).

Observe thags (o) does not depend on the choice@flefiningo. By the next lemma, it also does
not depend on the choice ofon a fiber oﬂD,’ljs.

Lemma 12. If o € F"™S(M, F) and he H,, thenS(ch) = $(0).

Proof. Write h= (j""SW)o ando = (j"+5¢)o. Recall thaty also belongs tél,,. So it follows from
Equation 49 thapo @™ o (") 0T = po @) o To Y. Composing on the right withpo ) 1, we obtain:

(51) po(@o)oTo(pop) P =pogotog ™.
Takings-jets atg(0) yields the claim. O

Let ? denote (the image of) the section of the bunBIéM, ¥)/H,, associated to thél, -
reductionP;,. (Recall that sections of that bundle correspond bijectively Whreductions of
F'(M,¥).) Thus® is homeomorphic td/ via the base point projection & (M, ¥)/H,,. By the
above lemma we obtain a continuous njape 2 — S([o]). The group of smooth automorphisms
of (M, #) naturally acts o' (M, ¥ )/H,,, and those automorphisms that le@jginvariant as a set
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will act on that associated bundle so as to leave thesetariant. If in addition the automorphism
IeavesP{V+ Linvariant, thens is an invariant function ofP.

We now take into account the assumption tﬁ,’;,t hence?®, is C!. To prove that the quasi-
connectiom" is a generalized connection, we need to verify that it is tangef},toEquivalently,
we need to show thaf([a]) (for s= 1) is tangent taP at [o] for eacho € P;,. We think of §
and the tangent bundlE? asn-dimensional subbundles of the tangent bundlé-&fM, 7)/H,,
restricted (pulled-back) t®. Both are invariant under the map which the contraction induces on
F'(M, ¥)/H, . We denote the map bfy.

On TP, f acts as a contraction, just as it doesfi. The fibers ofF"(M, ¥)/H, can be
identified with the quotien®' /H,,. By what we saw in the proof of Proposition 1ft; acts on the
fibers of F' (M, F)/H,, also as a contraction. From this and the fact thebes not contain vertical
vectors it follows that the invariant subbundlésand T# must coincide. ButS is precisely the
image under the differential qf of the connectiom-planen, which means thaj must be contained
in TP),. Thereforen is a generalized connection.

Forn to be a (principal) connection, it needs toHeg-invariant. We now check that this is the
case whem = 1. Leto € F'*1(M, #), and consider the linear map

(52) Hy NV — TsF (M, F)
given by #H; := (dg )e o (d1)o. N

Forxon a sufficiently small neighborhood of0v andy € H,, defineh(x) as ther-jet at Oc V of
the local diffeomorphismg — (t_y-1(, © W lotyoW)(2), of V. Then, as we saw befori(x) € HY,

for eachx near Oc V. Sinceh(0) is the identity inH?, we obtain a linear magihg, fromV to the
Lie algebrah, of H,,. Now, for eacho € P}, andh € H,), define a linear map

(53) $H5(h) 1V — TsF" (M, F)

which associates to € V the value ato of the standard vertical vector field associatectiﬁav.
Observe thah is constant wheh € Hy, is linear, saf)g(h) = 0 in this case.
It is now not difficult to show that

(54) (dRy)o© He(q) = He(gyno A+ Hon(h)

holds for eacth € H,,, whereA = 16,"1(h). WhenH,, is a subgroup of5L(V) (as in part 3 of
Theorem 6),9 vanishes as noted above. Therefore, the generalized connegtighich is the
image ofV under#, is Hy-invariant, hence a connection.

Flatness of the generalized connection (i.e., involutiveness ai-filane distributiom) is due
to the fact thalP{V+1 defines, in the language of [Gr], a ‘complete’ and ‘consistent’ partial differ-
ential relation, so that the classical Frobenius theorem applies. (The property of ‘completeness’ is
rela_lted.tonﬁ+1 ; P,rlj.l — Py, being injective, and ‘consistency’ comes frogt2: P2 — P being
surjective.) A detailed discussion of this is found in [Fe3], in particular Lemma 5.3.
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