Geometry Qualitying Examination
Math 441 Part Sclutions
Spring 2005

This section has 10 problem parts, each of equal value.

1. On a C* manifold M™, explain the definition of tangent vector at a
point p € M as:
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(¢) In each case, explain how the derivative of a C® map F : M = N
between manifolds maps the tangent vectors at p € M to tangent
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2. Let S? be the unit sphere in R?, let j : 52 = R? be the inclusion map,

and let
D={p€82:z(p)§—§}

be an antarctic ice cap. Let S° have the orientation defined by an
outward pointing normal vector field on 52 and the standard orientation

of R3.

(a) State Stokes’s Theorem for the 1-form o = j*(zdy — ydz) on D.
Explain the correct orientation on the boundary of D.
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3. Let j : SL{2; R) — R?*? be the inclusion map, and let A = (j 3]) be

the standard coordinate functions on R2*2, Define differential 2-forms
asj-, for 1 <4,7<2,on SL(2;R) by
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(a) Find the o} in terms of j*dz, j*dy, j*dz, j*dw. Hint: A™! =
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(b) Prove that a} + @2 = 0 on SL(2;R). Hint: zw — yz = 1 on ;
L
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(c) Knowing that of, 03,02 is a coframe field on SL(2;R), find dao}

in terms of this coframe field. Hint: d(A™!) = —A~'d4A A~
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(d) If the 2-plane distribution D is defined by

D' = span {al}

verify whether or not D satisfies the Frobenius condition.
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(e) Given B € SL(Z;R), let Ly : SL(2; R) ~— SL(2;R) denote left
multiplication by B. Prove that Lol = af.
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