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Abstract

Vector cross product structures on manifolds include symplectic, vol-
ume, G- and Spin (7)-structures. We show that their knot spaces have
natural symplectic structures, and relate instantons and branes in these
manifolds with holomorphic disks and Lagrangian submanifolds in their
knot spaces.

For the complex case, the holomorphic volume form on a Calabi-Yau
manifold defines a complex vector cross product structure. We show that
its isotropic knot space admits a natural holomorphic symplectic struc-
ture. We also relate the Calabi-Yau geometry of the manifold to the
holomorphic symplectic geometry of its isotropic knot space.



1 Introduction

In our earlier paper [10] we studied the geometry of manifolds with vector cross
products (abbrev. VCP) and manifolds with complex vector cross products
(abbrev. C-VCP). For example manifolds with closed 1-fold (resp. 2-fold, 3-
fold) VCP’s include Kéhler manifolds (resp. Ga-manifolds, Spin (7)-manifolds).
They play important roles in String theory (resp. M-theory, F-theory). For
instance, instantons and branes for VCP geometry are supersymmetric cycles
in the corresponding physical theories. For closed C-VCP’s we proved that they
are either Calabi-Yau geometry or hyperkahler geometry. These geometries
have special duality symmetries, called the Mirror Symmetry. From a holonomy
point of view, this gives a coherent description of all possible special holonomy
structures on Riemannian manifolds, as classified by Berger.

In this article we will show that (i) the geometry of an r-fold VCP on M
can be realized as the symplectic geometry of the knot space KsM of (r — 1)-
dimensional knot in M and (ii) the geometry of an (n — 1)-fold C-VCP geometry
on Calabi-Yau manifold M can be realized as the complex symplectic geometry
of the isotropic knot space KsM.

The idea of using infinite dimensional mapping spaces to study the geome-
try of the underlying manifold M had been proved to be very useful in many
situations. For instance, Morse used the loop space to study the topology of
M [1], Witten used the loop space to interpret the Atiyah-Singer index theo-
rem [15] and the elliptic genus [16], Floer used the Morse theory on the loop
space to study the Lagrangian intersection theory of a symplectic manifold M
and defined his Floer homology group [5], Hitchin used the moment map on
the mapping space of a Calabi-Yau manifold M to study the moduli space of
special Lagrangian submanifolds in M [8]. The space of knots in three mani-
folds was used very successfully by Brylinski [3] to study the knot theory and
Chern-Simons theory. Millson and Zombro found a Kéhler structure on this
knot space when M = R3 [13].

For a VCP on a manifold M, we prove that its knot space s, M has a nat-
ural symplectic structure. Furthermore branes in M correspond to Lagrangian
submanifolds in Ly M. There is also a similar correspondence between instan-
tons in M and holomorphic curves in Ky M. Unlike the first correspondence
whose objects are defined by the vanishing of certain differential forms, the lat-
ter correspondence is obtained by applying a dimension reduction argument on
a differential equations. Thus it can only apply to a restricted class of instantons
as we will explain fully in section three.

For instances, quantum intersection theory of coassociative submanifolds in
a seven dimensional Go-manifold M, as studied by Wang and the second author
in [11], would correspond to Floer’s Lagrangian intersection theory in Ky M.
Such interpretation is useful in understanding the geometry of Gs-manifolds
and ultimately the M-theory. We summarize our results on knot spaces below.

Theorem 1 Suppose M is a Riemannian manifold with a closed differential
form ¢. Then we have



(1) ¢ is a VCP form on M if and only if its transgression defines an almost
Kdhler structure on Ks M ;

(2) KsC is a Lagrangian submanifold in KsM if and only if C' is a brane
m M;

(3) For a normal disk D in Map (X, M),,.;» D is a holomorphic disk in
KsM if and only if DXY gives a tight instanton in M.

When we consider the complex analog of the above theorem, a holomorphic
volume form on a Ké&hler manifold M defines a C-VCP on M, thus M is a Calabi-
Yau manifold. Naively, one would expect that Map (X, M),,., /Diff (X)®C is
hyperkahler. Since the complexification of Dif f (X) does not exist, we need to
consider the symplectic reduction of Map (3, M),,,, and restrict our attention
to the isotropic mapping space because of the moment condition. We will explain
in section five on how to resolve these issues and prove the following theorem.

Theorem 2 Suppose M is a Calabi-Yau n-fold and X is a closed manifold of
dimension n—2. Then the isotropic knot space KM has a natural holomorphic
symplectic structure.

Notice that Ky M consists only of isotropic knots because of the moment
condition, which was needed in the symplectic reduction construction.

Furthermore the Calabi-Yau geometry on M can be interpreted as the holo-
morphic symplectic geometry on KsM. Namely we prove the following theorem
in section 6.

Theorem 3 Suppose M is a Calabi- Yau n-fold. We have

(1) KsC is a J-complex Lagrangian submanifold in Kx.M if and only if C
18 a complex hypersurface in M ;

(2) KsC is a K-complex Lagrangian submanifold in KsM if and only if C
is a special Lagrangian submanifold in M with phase —m /2.

Even though complex hypersurfaces and special Lagrangian submanifolds
look very different inside a Calabi-Yau manifold, their isotropic knot spaces are
both complex Lagrangian submanifolds in Ks M. One reason is that any knot
inside a special Lagrangian submanifold is automatically isotropic. To prove
this theorem, we need to construct carefully certain appropriate deformations
of isotropic knots inside C' so that KsxC being a J-complex Lagrangian (resp.
I-complex Lagrangian) implies that the dimension of C' is at least 2n — 2 (resp.
at most n).

For example, when M is a Calabi-Yau threefold, ¥ C M is simply a loop
and the isotropic condition is automatic. In this case I@EM is the space of loops
in M modulo the equivalence relations generated by deforming ¥ along complex
curves in M.

The organization of this paper is as follows: In section two, we recall some
basic results from [10] on the geometry of manifolds M with VCP’s. In section
three, we show that the knot space of M admits a natural symplectic structure.



Moreover branes and instantons in M correspond to Lagrangian submanifolds
and holomorphic curves in s M. In section four, we recall some basic results
from [10] on the geometry of manifolds M with C-VCP’s. In section five, we con-
struct the isotropic knot space KsM using a modified version of the symplectic
quotient construction. Moreover we prove that it has a natural complex sym-
plectic structure and a compatible almost hyperkahler structure. In section six,
we prove a correspondence between both special Lagrangian submanifolds and
complex hypersurfaces in M and complex Lagrangian submanifolds in KsM,
but with respect to different complex structures in the twistor family.

2 Geometry of Vector Cross Product

The VCP structure on a manifold was introduced by Gray ([2][6]) and it is
a natural generalization of the vector product, or sometimes called the cross
product, on R3.

Definition 4 Suppose that M is an n-dimensional manifold with a Riemannian
metric g.
(1) An r-fold Vector Cross Product (VCP) is a smooth bundle map,

xX:NTM —TM

satisfying

g(X(Ulvmvvr)vUi) = 07 (1 << 7“)

g (x (01, s v) X (V15 e 0p)) = [J01 A oo A vy
where ||| is the induced metric on AN"T M.

(2) We define the VCP form ¢ € Q"1 (M) as

(b (’01, "'aUT+1) =g (X (Ul? "'7UT) 7UT+1) .

(3) The VCP x is called closed (resp. parallel) if ¢ is a closed (resp. parallel)
differential form.

The classification of the linear VCP’s on a vector space V' with positive
definite inner product g, by Brown and Gray [2], can be summarized in the
following.

(i) r =1: A 1-fold VCP is a Hermitian complex structure on V and its
VCP form is the Kahler form. For V = C™ we have

¢ =dzt Adyt + -+ dz™ Ady™.

(ii) r =n — 1 : The VCP form is the induced volume form Voly on V. For
V =R" we have
¢ =dx* Ndz? A+ Adz™.



(iii) » = 2 : A 2-fold VCP on a 7-dimensional vector space R7 is a cross
product defined as a x b = Im (ab) for any a,b in R” = ImQ, where O is the
Octonion numbers, or the Cayley numbers. For coordinates (z1,...,z7) on Im O,
the VCP form € is

QO = dx123 o dI167 + dll?l45 + d$257 + dl’246 o dl’356 + dIL'347

where dz'* = dx? A dad A da®.

(iv) r = 3 : A 3-fold VCP on an 8-dimensional vector space R® = O is a
cross product defined as a X b X ¢ = % a (Bc) —c (Ba)) for any a,b and ¢ in Q.
Its VCP form © is

O = —dz'® — 4z — (dz?! + dz™) (da® + da")
- (dx31 + dw42) (dx75 + d:v86) — (d:c41 + dx23) (dx85 + dm67) )

Remark that the existence of a VCP on a Riemannian manifold M is equiv-
alent to the reduction of the structure group of the frame bundle from O (n)
to the groups of real-linear transformation preserving g and a VCP which are
U (m), SO (n), Gy and Spin (7), for r = 1, n — 1, 2 and 3 respectively. For
simplicity we will assume that the VCP structure on M is always parallel in
this paper.

Next we introduce the natural class of submanifolds in M, called instantons.

Definition 5 Let M be a Riemannian manifold with a closed r-fold VCP x.
An r + 1 dimensional submanifold A is called an instanton if it is preserved

by x.

Instantons are always calibrated submanifolds of M. In particular they are
absolute minimal submanifolds in M. It is not difficult to identify instantons for
the r-fold VCP with various r: When r = 1, instantons are holomorphic curves
in Kéhler manifolds. When r = n—1, instantons are open domains in M. When
r = 2, instantons are associative submanifolds in G-manifolds. When r = 3,
instantons are Cayley submanifolds in Spin (7)-manifolds (see [7]). In [10] we
also discuss different characterizations of instantons and the deformation theory
of them.

The natural boundary condition for an instanton is to require its boundary
to lie on a brane.

Definition 6 Suppose M is an n-dimensional manifold with a closed VCP form
¢ of degree r + 1. A submanifold C' is called a brane if

¢lc=0

dimC = (n+r—1)/2.



Remark: In fact, the branes are of maximal dimension among the subman-
ifolds where the closed VCP form ¢ vanishes. To see this, we consider an
n-dimensional vector space V with a VCP form ¢ of degree r + 1. For each
oriented orthonormal vectors vy, ...,v,._1, it is easy to see ty,_,...Ly, ¢ is a VCP
form of degree 2, i.e. a symplectic form, on the orthogonal complement of the
subspace Wy spanned by vq, ..., v._1. Therefore ¢ vanishes on a vector subspace
Wy containing Wy if Wy ﬂWlL is isotropic for ¢, ...ty, ¢, and more the possible
maximal dimension of such W is obtained when Wy N Wit is Lagrangian.

When r = 1, branes are Lagrangian submanifolds in Ké&hler manifolds.
When r = n — 1, branes are hypersurfaces. When r = 2, branes are coas-
sociative submanifolds in Go-manifolds. When r = 3, brane does not exist at
all. We also discuss the deformations of branes in [10]. In particular they are
also a smooth manifolds.

The intersection theory of branes with instanton corrections is an important
topic. When r = 1 this is the theory of Fukaya-Floer category. When r = 2,
the second author and X. Wang [11] found a relationship between this and the
Seiberg-Witten theory.

We summarize various structures associated to the VCP in the following
table.

Manifolds M VCP form ¢ Instanton A Brane C
(dim M) (degree of ¢) (dim A) (dim C)
O.rlented Volume form Open Subset Hypersurface

Riem. mfd. (n) (n) (n—1)
(n) . .
Kihler mfd. Kiihler form Holomorphic Lagrangian
(2m) 2) Curve Submanifold
(2) (m)
. Associative Coassociative
GQ'm:‘?r;lfOld GT(go)rm Submanifold Submanifold
3) (4)
Spin (7)-mfd. Cayley form Cayley submfd. N/A
(8) (4) (4)

3 Symplectic Geometry on Knot Spaces

Recall 1-fold VCP on M is a symplectic structure. In general an r-fold VCP form
on M induces a symplectic structure on Ky M = Map (X, M) /Dif f (£), the
space of embedded submanifolds ¥ of dimension r — 1. When M has dimension
three, Brylinski [3] showed that s, M has a natural Kéhler structure and used
it to study geometric quantization.



3.1 Symplectic Structure on Knot Spaces

Let (M,g) be an n-dimensional Riemannian manifold M with a closed VCP
form ¢ of degree r + 1. Suppose ¥ is any (r — 1)-dimensional oriented closed
manifold ¥, we consider the mapping space of embedding from ¥ to M,

Map (X, M) ={f:3 — M| f is an embedding.}.

Let
ev: X X Map (2, M) - M

be the evaluation map ev (z, f) = f(x) and p;, p2 be the projection map from
Y x Map (X, M) to its first and second factor respectively. We define a two form
Wirap O Map (X, M) by taking the transgression of the VCP form ¢,

rtap = (p2). (ev)" 6 = / ev’s.

Explicitly, suppose u and v are tangent vectors to Map (X, M) at f, that is
u,v € D(X3, f* (Th)), we have

Wiap (U, V) = / Lurv®-
>

Since (tyrv@) | can never be a top degree form if u is tangent to X, wasqp de-
generates along tangent directions to the orbits of the natural action of Dif f (X)
on Map (X, M). Thus it descends to a two form w® on the quotient space

KeM = Map (3, M) /Dif f (),

the space of submanifolds in M. For simplicity, we call it a (multi-dimensional)
knot space. Note that tangent vectors to Ky, M are sections of the normal bundle
of ¥ in M.

On Ks M there is a natural L?-metric given as follow: Suppose [f] € Ks M
and u,v € I'(X, Ny p) are tangent vectors to KsM at [f], then the inner
product is

gh (u,v) z/xg(u,v)ug,

where vy, is the volume form of ¥ with respect to the induced metric on %. We
define an endomorphism J* on the tangent space of KxM as follow: Suppose
[f] € KsM and u € T'(X, Ny/p) is a tangent vector to KxM at [f]. Let
e1,...,e-—1 be an oriented orthonormal basis of TY at a point x, we define

IE (u) = x(eq, ...ep_1,u).

It is not difficult to see that if  is an r-fold VCP on T,, M, then x (e, ..., e7—1,-)
defines a 1-fold VCP on the orthogonal complement to any oriented orthonormal
vectors eq, ..., e,—1 at Ty M. Thus J€ is an almost complex structure on Ky M.



Lemma 7 Suppose (M,g) is a Riemannian manifold with a VCP. Suppose
[f] € KsM and u,w € T'(3, Ny p) are tangent vectors to KsM at [f], then

W (u,w) = gl (J’C(u),w) .

Proof: Let ¢ be the VCP form on M. From the definition of w*, we have

W& (u, w) = / Lunw®-
b
Let eq,...,e,_1 be an oriented orthonormal basis of T3 at a point x, we have

tunw (€07 P) = ¢ (e1,...ep_1,u,w) Vg
=g(x(e1,...er_1,u),w)vs
=g (JK(u),w) vs).

Integrating over ¥, we obtain w* (u, w) = g" (J*(u),w). W
As an immediate corollary, we have the following.

Corollary 8 Suppose (M, g) is a Riemannian manifold with a VCP. Then J*
is a Hermitian almost complex structure on Ky M, i.e. a 1-fold VCP.

Remark: The above proof actually shows that if J* on Kx M is induced by
an arbitrary differential form ¢ on M, then J* is an Hermitian almost complex
structure on g M if and only if ¢ is an r-fold VCP form on M.

When the VCP form ¢ on M is closed and X is a closed manifold, then wpzqy
on Map(3, M) is also closed because

deap:d/ ev ) = /ev*d(b =0.
N o

Therefore wysqp descends to a closed 1-fold VCP form on Kx M.

Conversely the closedness of warqp on Map (3, M), or on Ks M, implies
the closedness of ¢ on M. Since this type of the localization argument will be
used several times in this paper, we include the proof of the following standard
lemma.

Lemma 9 (Localization) Let & be an s-dimensional manifold without bound-
ary. A form n of degree k > s on a manifold M vanishes if the corresponding
(k — s)-form on Map (X, M) obtained by transgression vanishes.

Proof: We need to show that
n(p)(vlvv% ”vvk) =0

for any fixed p € M and any fixed v; € T, M. For simplicity, we may choose
V1,09, .., U, to be orthonormal vectors. We can find f € Map(X, M) with



p € f(¥) such that vq,...,vs are along the tangential directions, and vg41, ..., Uk
are along the normal directions at p in f(X). Moreover, we can choose sections
Dst1, V542, -, Uk € T(X, f*(Thr)) which equal vsyq, ..., vr at p respectively. By
multiplying 0541 with a sequence of functions on ¥ approaching the delta func-
tion at p, we obtain sections (941). which approach § (p) ve41 as € — 0 where
0 (p) is Dirac delta function. Therefore,

e—0

n(p) (01, v, -, v5) = lim( / 0" n)(Ge41), » Tos2s s T)-
>

From the given condition / ev*n = 0, we conclude that
b

n(p)(v1,v2, .., vx) = 0.

Hence the lemma is proved. B

As a corollary of the above lemma and discussions, we have the following
result.

Theorem 10 Suppose (M, g) is a Riemannian manifold with a differential form
¢ of degree v + 1. Then ¢ is a closed r-fold VCP form on M if and only if w*
is an almost Kdhler structure on Ks M, i.e. a closed 1-fold VCP form.

Remark: In general the transgression of any closed form ¢ always gives a
closed form on the knot space Ky M of degree r + 1 — s where dim¥ = s.
However this can never be a VCP form unless s = r — 1. To see this, we can use
the above localization method and the fact that there is no VCP form of degree
greater than two on any vector space with sufficiently large dimension.

Remark: Given any ¢-preserving vector field v € Vect (M, ¢), it induces a
vector field V of Ky M preserving w*. Furthermore, if v is ¢-Hamiltonian, that
is

Lv(b = dn,

for some 7 € Q" (M), then we can define a function on the knot space,
F,:KsM — R
E 0= [ 0
b

It is easy to see that F;, is a Hamiltonian function on the symplectic manifold
Ks M whose Hamiltonian vector field equals V.

3.2 Holomorphic Curves and Lagrangians in Knot Spaces

In this subsection, we are going to show that Lagrangian submanifolds in the
knot space Ky M of M correspond to branes in M. Furthermore, holomorphic



disks in the knot space s M of M correspond to instantons in M in a certain
restricted sense.

Because Ky M is of infinite dimensional, a Lagrangian submanifold is defined
as a subspace in Ky M where the restriction of w* vanishes and with the property
that any vector field w’-orthogonal to L is a tangent vector field along L, see
[12] and [3]. In fact, it is easy to see that the latter condition for a submanifold
L to be Lagrangian is equivalent to the statement that w® will not vanish on any
bigger space containing L. Some people refer to this condition as the maximally
self wX-perpendicular condition.

Theorem 11 Suppose that M is an n-dimensional manifold with a closed VCP
form ¢ of degree r+1 and C is a submanifold in M. Then KxC' is a Lagrangian
submanifold in Ky M if and only if C is a brane in M.

Proof: (=) We suppose that KxC' is a Lagrangian in Xy M and we want
to show that ¢ vanishes along C' and dim C' = (n+r — 1) /2. For any fixed [f]
€ KxC, we have

0= s ) = uAv -
wif)(u, v) /EL (ev™ @)

where u,v € I'(X, Ny/c). By applying the localization method as in lemma 9
along C, we obtain the following: For any x in 3,

o(u(x),v(x),e1,....ep—1) =0,

where e1,...,e,_1 are any oriented orthonormal vectors of T,,X. By varying u, v,
f to cover T¢. One can show ¢ |c= 0.

Moreover, KxC being w®-perpendicular in KxM implies that C' has the
biggest possible dimension with ¢|c = 0. As explained in the remark following
the definition of branes that this gives dim C' = (n+r —1) /2.

(«<=) We assume that C is any brane in M. The condition ¢|c = 0 implies
that w®|c,c = 0. Recall that the tangent space at any point [f] € KxC is
['(X, Nx/¢). Suppose there is a section v in I'(X, Nx/a7) but not in I'(X, Ny /¢)
such that it is w*-perpendicular to I'(X, Ny ¢). By the localization arguments
as in lemma 9, given any point z € f(X) C C, ¢ vanishes on the linear space
spanned by v (x) and T,,C. This contradicts to the fact that C' is a brane. Hence
the theorem is proved. B

Remark: A ¢-Hamiltonian deformation of a brane C in M gives a Hamil-
tonian deformation of the corresponding Lagrangian submanifold s C in the
symplectic manifold Ky M. More precisely, if v is a normal vector field to C
satisfying

Lv¢ = dna

for some n € Q"1 (C), then the transgression of 1 defines a function on KxC
which generates a Hamiltonian deformation of Kx,C. For the converse to hold
true, we need the Hamiltonian function H on s C to be local in the sense that
H (f) =[5 f*n for some differential form n on C.

10



Next we discuss holomorphic disks, i.e. instantons, in Ky M. We consider
a two dimensional disk D in Map (3, M) such that for each tangent vector
v € Ty D, the corresponding vector field in I' (X, f*T)s) is normal to ¥. We
call such a disk D as a normal disk. For simplicity we assume that the r + 1
dimensional submanifold

A= Uf(E M,

is an embedding. This is always the case if D is small enough. Notice that A
is diffeomorphic to D x ¥. We will denote the corresponding disk in Ky M as
D =: 7 (D). We remark that the principal fibration

Diff(2) — Map (S, M) 5 Ks M

has a canonical connection (see [3]) and D being a normal disk is equivalent to it
being an integral submanifold for the horizontal distribution of this connection.

In the following theorem, we describe the relation between a disk D in Ky, M
given above and the corresponding r + 1 dimensional subspace A in M.

Theorem 12 Suppose that M is a manifold with a closed r-fold VCP form ¢
and KsM is its knot space as before. For a mormal disk D in Map (3, M),
D =: 7 (D) is a JX-holomorphic disk in KM, i.e. calibrated by W, if and
only if A is an instanton in M and A — D is a Riemannian submersion.

We call such an A a tight instanton. R
Proof: For a fixed [f] € D, we consider v, u € Tjy)(D) C T'(X, Ny /4). Since
¢ is a calibrating form, we have,

(v, 1y eera1) < Vola(v,p, €1, .erm1) = |V A

where ey, ..., e,_1 is any orthonormal frame on f (). In particular we have

/ Lunp (e079) < / lv A plvols,
f(Z) ()

and the equality sign holds for every [f] € D if and only if A is an instanton

in M. We will simply denote / by / . Notice that the symplectic form on
I z

Ks M is given by,

Wy p) = /E o (e0*6).

Since w* is a 1-fold VCP form on K5, M, we have

2 2 2\1/?
wfiyvom) < (W Il = v )

where (v, ) =: gk (v, 1) and |a|2,C =: gk (a,a). Furthermore the equality sign
holds when D is a J*- holomorphic disk in g M.

11



(=) We suppose that DisalJ K_holomorphic disk in s M. From above
discussions, we have

1/2
Jnut= [uniters) = (Wl - oun?)
% P

- </Z|u|2/2|/ﬂ (/E<u,u>)2>l/2.

Combining with the Holder inequality,

</E|VA“|>2+(/E<Vau>>2</z|y|2/z|u|27

(i) /LVA# (ev*p) = /|VA/L|UOZ§] and

(i) (/mm) (Lo ) = [ [l

Condition (i) says that A is an instanton in M. Condition (ii) implies that
given any [f], there exists constant C; and Cj such that for any x € %,

v (2)] = Cilp(@)] , £(v(2),p(2) = Co.

This implies that A — D is a Riemannian submersion.
(«<=) We notice that A being an instanton in M implies that

we obtain

i} 1/2
Jonnl = [ tere) = ol < (Wl - 00

- (/2|u|2/2|u|2—(/2 <u,u>)2>m.

Recall that the Riemannian submersion condition implies an equality ,

(/E|VAM|)2+(/2<V’M>>2:/E”|2/Z|M2

so the above inequality turns into an equality so that it gives
1/2
K * 2 42 2
5y001) = [ ev"0) = (vl el = s}

ie. Dis JK holomorphic in s M. R

12



4 Geometry of Complex Vector Cross Product

In this section we review the complex version of the VCP geometry from [10].
The definition of instantons depends on a phase 6 and there are two types of
branes corresponding to the Dirichlet and Neumann boundary conditions for
instantons. In the case of M being a Calabi-Yau manifold, D-branes (resp.
N-branes) are special Lagrangian submanifolds (resp. complex hypersurfaces)
in M. We will see in the next two sections that all these geometric structures
will have a beautiful interpretation in terms of the hyperkéhler geometry of the
isotropic knot space of M.

Definition 13 On a Kdhler manifold (M, g,J) of complex dimension n, an r-
fold complex vector cross product (abbrev. C-VCP) is a holomorphic form
¢ of degree v + 1 satisfying

‘Lt‘ll/\eg../\er (¢)| = 2("“#1)/27

for any orthonormal tangent vectors e1, ...,e, € TEOM, for any x in M.
A C-VCP is called closed (resp. parallel) if ¢ is closed (resp. parallel with
respect to the Levi-Civita connection) form.

Remark: One can use above to define the C- VCP on Hermitian manifolds
and this is true for the following definitions of instantons and branes, too.

There are only two classes of C-VCP’s corresponding to the holomorphic
volume form (r = n — 1) and the holomorphic symplectic form (r = 1). The
corresponding closed Kéhler manifolds M are Calabi-Yau manifolds and hy-
perkéhler manifolds. In particular, the analog of Ga- and Spin (7)-manifolds do
not exist.

For the VCP, instantons are submanifolds calibrated by the VCP form. In
the complex case, the C-VCP form is a complex differential form and we have
a circle family of calibrated forms Re (ewgb) parametrized by the phase 6.

Definition 14 On a Kdhler manifold M with an r-fold C-VCP ¢, an r +1
dimensional submanifold A is called an instanton with phase 6 € R if it is
calibrated by Re (e'¢) , i.e.

Re (ew(b) |a=voly.

As explained in [10] we can impose either the Dirichlet or the Neumann
boundary conditions for instantons. Thus we have the following definitions.

Definition 15 On a Kdhler manifold (M,w) of complex dimension n with an
r-fold C-VCP ¢ € Q™19 (M),
(i) a submanifold C is called « Neumann brane (abbrev. N-brane) if
dim(C) =n+r—1 and
¢l =0,
(i) an n-dimensional submanifold C is called a Dirichlet brane (abbrev.
D-brane) with phase 0 € R if

wlc =0, Re () |c=0

13



Instantons and branes in CY manifold : (n-1)-fold C-VCP

A Kahler manifold of complex dimension n with an (n — 1)-fold C-VCP ¢ is
a Calabi-Yau n-fold M. An instanton in M is a special Lagrangian submanifold
with phase € since it is calibrated by Re (ew(b) and a D-brane is a special
Lagrangian submanifold with phase § — 7/2, because the definition of D-brane
implies it is calibrated by Re (ei(e_“/Q)qS) =Im (ei9¢). An N-brane in M is a
complex hypersurface.

Instantons and branes in hyperkéhler manifold : 1-fold C-VCP

A Kaéhler manifold of complex dimension 2n with a Kéhler form w; and a
1-fold C-VOP ¢ =: w; —/—1lwg is a hyperkihler manifold M. Here, J , I and
K are the complex structure corresponding to Kahler structures wy, wr and wg
, respectively. Note that by putting e??¢ =: wy, —lewJ9+ﬂ/2 in place of ¢,
one can obtain another Kihler structure Re e?¢ with a complex structure Jp =:
cosfI +sinfK.

An instanton in M is a Jp-holomorphic curve since it is calibrated by Re % ¢,
namely preserved by Jy. A D-brane is a real 2n-dimensional submanifold where
w and Re (eieqb) vanish which implies it is preserved by Jy /2 the almost com-
plex structure corresponding to — Im (emqﬁ), Le. wy,, - Therefore, a D-brane
is a Jyyn/o-complex Lagrangian. An N-brane in M is a real 2n-dimensional
submanifold where ¢ = w; —v/—lwg vanishes, i.e. calibrated by wy. So it is a
J-complex Lagrangian which is a complex submanifold preserved by a complex
structure J with complex dimension n.

The above classification of instantons, N-branes and D-branes in Kéahler
manifolds with C-VCP’s is summarized in the following table.

Manifolds . . .. .

w/ C-VCP Calabi-Yau manifolds hyperkahler manifolds
Instantons Special Lagrangiang—g I-holomorphic curves
N-Branes Complex Hypersurfaces J-complex Lagrangians
D-Branes Special Lagrangiang—_ /5 | K-complex Lagrangians

5 Isotropic Knot Spaces of CY manifolds

Recall that any volume form on a Riemannian manifold M of dimension n de-
termines a closed 1-fold VCP on the knot space Ks M = Map (X, M) /Dif f (%)
where ¥ is any closed manifold of dimension n — 2. It is natural to guess that
the holomorphic volume form on any Calabi-Yau n-fold M would determine a
closed 1-fold C-VCP on the symplectic quotient Map (X, M) //Diff (¥). In
particular we obtain a hyperkahler knot space.

There are some complications to this naive approach. First we need to
choose a background volume form ¢ on ¥ to construct a symplectic structure
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in Map (3, M) which is only invariant under Dif f (X, ), the group of volume
preserving diffeomorphism of 3 ([4][8]). Therefore we can only construct the
symplectic quotient Map (3, M) //Diff (X,0) = p~1(0) /Dif f (X,0). Second,
this larger space is not hyperkéhler because the holomorphic two form fz: Qs
degenerates. We will show that a further symplectic reduction will produce a
Hermitian integrable complex manifold KM with a 1-fold C-VCP, in particu-
lar a holomorphic symplectic structure. This may not be hyperkahler because
although the Hermitian complex structure is integrable on KsM, its Kéhler
form may not closed. Ky M should be regarded as a modified construction for
the non-existing space Map (X, M) //Dif f (X). We call this an isotropic knot
space of M for reasons which will become clear later.

Furthermore we will relate instantons, N-branes and D-branes in a Calabi-
Yau manifold M to holomorphic curves and complex Lagrangian submanifolds
in the holomorphic symplectic manifold Ks M. These constructions are of par-
ticular interest when M is a Calabi-Yau threefold (see remark 19 for details).

5.1 Holomorphic Symplectic Structures on Isotropic Knot
Spaces

Let M be a Calabi-Yau n-fold with a holomorphic volume form 2, i.e. a
closed (n — 1)-fold C- VCP. To obtain a 1-fold C-VCP on a certain knot space
by transgression, we first fix an n — 2 dimensional manifold ¥ without boundary
and we let Map (X, M) be the space of embedding from ¥ to M as before. For
simplicity we assume that the first Betti number of ¥ is zero, by (X) = 0.

If we fix a background volume form o on ¥, then the Kéahler form w on M
induces a natural symplectic form on Map (X, M) as follow: for any tangent
vectors X and Y at a point f in Map (X%, M), we define

Wiap (X,Y) = /w(X7Y)U
by
where X, Y € I'(3, f*(T'M)). Note that this symplectic structure on Map (X, M)
is not invariant under general diffeomorphisms of ¥. Instead it is preserved by
the natural action of Dif f (X, 0), the group of volume preserving diffeomor-
phism on (X, 0).

As studied by Donaldson in [4] and Hitchin in [8], the action of Dif f (X, o)
is Hamiltonian on the components of Mapg (X, M) consisting of those f’s sat-
isfying

f(w)=0€H*(ZR).
To see this, we first recall that the dual of the Lie algebra of Dif f (¥, 0) can be
naturally identified with Q! (3) /dQ° (). The moment map of the Dif f (3, 0)
action is given by

w: Mapo (S, M) — QY(%) /dQ° (%)
f — p(f) =lo]

for any one form a € Q! () satisfying da = f*w.
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In particular g~ (0) consists of isotropic embeddings of ¥ in M. The reason
is f € p~1(0) if and only if a = dh for some function h on 3. Thus

ffw=da=d(dh)=0.

Namely f: ¥ — M is an isotropic embedding.
Therefore the symplectic quotient

Map (2, M) //Diff (S,0) = ="' (0) /Diff (2,0)

is almost the same as the moduli space of isotropic submanifolds in M, which
is p=1(0) /Dif f (). Observe that the definition of the map y is independent
of the choice of o and therefore p~! (0) is preserved by the action of Dif f (X).

Remark: For the moment map p to be well-defined, the condition by (X) =0
is necessary. However even in the case of by (X) # 0, which always happens when
M is a Calabi-Yau threefold, there is modification of the symplectic quotient
construction and we can obtain a symplectic manifold which is a torus bundle
over the moduli space of isotropic submanifolds in M with fiber dimension b; (%)
(4](8]).

In order to construct a holomorphic symplectic manifold, we first consider
a complex closed 2-form Qpz4, on Map (3, M) induced from the holomorphic
volume form Q); on M by transgression.

QMap:/ev*QM
P

:/ev*ReQM—&-\/jl/ ev* Im Qs
D D)
:wa\/fle,

where wy = [, ev* (ReQyr) and wg = — [, ev* (ImQyy). We also define endo-
morphisms I and K on Ty (1=* (0)) as follows:

wr (A’B) :g(IAvB)a WK (AaB) = g(KAvB)

where A, B € Ty (' (0)) and g is the natural L2-metric on p~* (0). Both wy
and wyg are degenerated two forms. We will define the isotropic knot space as
the symplectic reduction of p~! (0) with respect to either w; or wx and show
that it has a natural holomorphic symplectic structure.

To do that, we define a distribution D on p~! (0) by

Dy ={X Ty (p ' (0)) CL (S, f*(Tm)) | exwrp =0} C Ty (11 (0)),
for any f € u=1(0).
Lemma 16 For any f € u=* (0) C Map (X, M), we have,

Df = P(E,Tg +JT2).
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Proof: First, it is easy to see that Dy D I'(X,T%) since for any X in
I'(X,Ts) and any Y in T' (X, Ta), txay Re Q7 can not be a top degree form
on X. By similar reasons, Dy is preserved by the Hermitian complex structure
J on M. Because f is isotropic, we have Dy D I'(X,Tx + JTx). Now, as in
lemma 9, we consider localization of

0=1xwry= / txev Re Qyr
)

at x in 3 by varying ¥ and we obtain
0= tx(@)AEA. AE,_, Re Qu
where Ej ..., E;,_o is an orthonormal oriented basis of (T%),. This implies that
Dy=TXTs +JI%),
because for any X in T\ (Ts + JT%), there is 2 in ¥ such that

LX (2)AELA..AEn_s B€ Q01 # 0.

Note that the same construction applied to wg, instead of wy, will give another
distribution which is identical to D because f is isotropic. B

Observe that, for each f € u~! (0), the rank of the subbundle Tx + JTx in
f*Taris 2 (n — 2), i.e. constant rank on p~! (0). That is w; is a closed two form
of constant rank on p~! (0). From the standard theory of symplectic reduction,
the distribution D is integrable and the space of leaves has a natural symplectic
form descended from w;. We call this space as the isotropic knot space of M
and we denote it as

KsM = p~'(0) /(D)

where (D) are equivalence relations generated by the distribution D.

Remark: The isotropic knot space Ky, M is a quotient space of =1 (0) /Dif f (),
the space of isotropic submanifolds in M. If f : ¥ — M parametrizes an
isotropic submanifold in M, then deforming 3 along Ty, directions simply changes
the parametrization of the submanifold f (X), namely the equivalence class in
p=1(0) /Dif f (¥) remains unchanged. However if we deform X along T ® C
directions, then their equivalence classes in Ks M remains constant. Notice
that the isotropic condition on ¥ implies that Ts @ C 2 Tx & J (Tx) C f*Tu.
Therefore, roughly speaking, KsM is the space of isotropic submanifolds in M
divided by Dif f (£) ® C. In particular, the tangent space of Ky M is given by

Tiy) (KsM) =T (S, /" (TM) / (T + JTs))

for any [f] in Kx M. Note a leaf is preserved by the induced almost Hermitian
structure on ! (0) from the Hermitian complex structure J on M, because a
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tangent vector on it is a section to the subbundle Tx, + JT%. However l@gM
may not be symplectic, because the symplectic form wpsqp on p=! (0) descends
to a 2-form wX on Ky M which may not be closed.

We will show that Ky M admits three almost complex structures I*, KX
and JX satisfying the Hamilton relation

(%)% = (J%)? = (KX)® = IFJF KK = —id.

Furthermore the associated Kihler forms w) and w’% are closed. In [9], Hitchin
showed that existence of such structures on any finite dimensional Riemannian

manifold implies that its almost complex structure JX is integrable. Namely we

obtain a 1-fold C-VCP on a Hermitian complex manifold. If, in addition, w is

closed then I*, J®X and K* are all integrable complex structures and we have
a hyperkahler manifold.

We begin with the following lemma which holds true both on p~1(0) and
on Ks M.

Lemma 17 On u~'(0) C Map (X, M), the endomorphisms I, J and K satisfy
the following relations,

1J=—-JI and KJ = —-JK,
I=-KJand K =1J.

Proof: The formula I.J = —JI can be restated as follows: for any f € = (0)
and for any tangent vectors of Map (X, M) at f, A, B € T'(X, f* (Ta)) we have

9r Iy Jp (A),B) = gy (=JsIf (A), B).
For simplicity, we ignore the subscript f. Since J? = —id, we have

g(IJ(A),B) —g(=JI(A),B)
=g9(IJ(A),B)-g(I(A),JB)
= Wy (JA,B) — Wy (A, JB)

= / tyanB Re Qpr — / tansB Re Qpr
5 D
1 _
= /z L(JAABfA/\JB)i( Qa4+ Q) = 0.

The last equality follows from the fact that €,; and Qj; vanish when each is
contracted by an element in AM'Ty,. By replacing Re Qj; with Im €, in the
above calculations, we also have KJ = —JK.

To prove the others formulas, we consider
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g(IA,B) — g(-KJA, B)
= w[(A,B) +LUK(JA7B)

:/LA/\BRG QM+\/LJAAB(7IIH QM)
3 b

1 _ = _
= / LANBG Qs + Q) — / LIANB ™ (Qum — Qur)
s =

1 1 _
=5 ), farvTTians Qum + 3 [, Ha-v=T1A)AD Qp =0

since i(44,/~174) 2 = 0 and taking complex conjugation. This implies that
g(IA,B) — g(~KJA, B) = 0 and therefore I = —K.J. Finally J? = —Id and
I = —KJ imply that K = I.J. Hence the results. B

Theorem 18 Suppose that M is a Calabi- Yau n-fold M. For any n—2 dimen-
sional closed manifold ¥ with by (X) = 0, the isotropic knot space KsM is an
infinite dimensional integrable complex manifold with a natural 1-fold C-VCP
structure, in particular a natural holomorphic symplectic structure.

Proof: From the construction of Ks M, it has a Hermitian Kihler form w®

induced from that of M and a closed holomorphic symplectic form Q% given
by the transgression of the closed (n — 1)-fold C-VCP form Qj; on M. As
we have seen above, the induced holomorphic symplectic form is closed but
the induced Hermitian Kéhler form may not be closed. If their corresponding
almost complex structures satisfy the Hamilton relation then this implies that
JK is integrable [9]. Namely KxM is a Hermitian integrable complex manifold
with a 1-fold C-VCP structure. In order to verify the Hamilton relation,

(%)% = (J%)? = (K*)® = IFJF KX = —id,

we only need to show that (I’C)2 = —Id and (K’C)2 = —Id because of the

previous lemma. Namely, I* and K* are almost complex structures on KsM.

We consider a fixed [f] in KsM and by localization method as in the proof
of lemma 9, we can reduce the identities to the tangent space of a point x in X.
The transgression

/ ev* Q= wh — V—1wl
by

is descended to
K K
LEs A AE,_» S = wp — V—lwg

where F ..., E,_» is an orthonormal oriented basis (T%),. Since f is isotropic,
the complexified vectors E; — v/ —1JE; of E; can be defined over (Tx, + JT%),,
therefore the above equality is equivalent to

_ K / K
L(El—\/—71JE1)/2/\.“/\(E",2—\/—71JE’H,2)/2 Qn =wr — V—1lwg,
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i.e. a 1-fold C-VCP on f* (TM) / (Ts + JT%) |, which is Tm’xl@gM. Since this

1-fold C-VCP gives a hyperkéahler structure on T[f]7xI€2M , I® and K satisfy
the Hamilton relation at x in 3. That is

(1) = —I1d and (K*)* = —1d.

Therefore we have (I’C)2 = —Id and (K’C)2 = —Id. Hence the result is proved.
[ |

Remark 19 In String theory we need to compactify a ten dimensional space-
time on a Calabi- Yau threefold. When M is a Calabi- Yau threefold, then X is an
one dimensional circle and therefore by (X) is nonzero. In general, as discussed
in [4] and [8], the symplectic quotient construction for Map (£, M) //Dif f (3,0)
can be modified to obtain a symplectic structure on a rank by (X) torus bundle
over the space of isotropic submanifolds in M. Roughly speaking this torus bun-
dle is the space of isotropic submanifolds coupled with flat rank one line bundles
(or gerbes) in M. In the Calabi- Yau threefold case, every circle ¥ in M is auto-
matically isotropic. Therefore KsM is the space of loops (or string) coupled with
flat line bundles in M, up to deformations of strings along their complexified
tangent directions. We wonder whether this infinite dimensional holomorphic
symplectic manifold KsM has any natural physical interpretations.

6 Complex Lagrangians in Isotropic Knot Spaces

In this subsection we relate the geometry of the C-VCP of a Calabi-Yau manifold
M to the holomorphic symplectic geometry of its isotropic knot space KsM.
For example both N-branes (i.e. complex hypersurfaces) and D-branes (i.e.
special Lagrangian submanifold with phase —r/2) in M correspond to complex
Lagrangian submanifold in KxM, but for different almost complex structures
in the twistor family. First we discuss the correspondence for instantons.

In the following proposition, we use €*?§)y; instead of Qa; to get a 1-fold
C-VCP on Ks M, and also Re (ewﬂ M) gives another symplectic form er and

corresponding Hermitian almost complex structure Jéc on K, M defined as Jéc =
cos OIF + cos O K*.

Proposition 20 Suppose that M is a Calabi-Yau n-fold. Let D be a normal
disk in u=* (0) with an n-dimensional submanifold A defined as A = DxX |
and assume A — D is a Riemannian submersion. We denote the reduction of
D in ICEM as D.

Then D is an instanton i.e. a Jéc—holomorphic curve in Ky, M if and only if
A is an instanton i.e. a special Lagrangian with phase 0 in M.

Proof: In the proposition 12, VCP form ¢ plays a role of calibrating form
rather than that of a VCP form. So by replacing ¢ by Re (er M) in proposition
12, readers can see this theorem can be proved in essentially the same manner.
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But since proposition 12 is given for the parametrized knot space and this
theorem is given by a reduction, we need to check D is a disk in Kx M. Let f be
the center of disk D. Since D is a normal disk, a tangent vector v at f along D C
p=t(0)isin T (E,NE/M). And since f is isotropic, Jv is also in T’ (E,NZ/M)
equivalently v is in T' (3, Nys ). Sov € T'(Z, f*(TM) /(T + JTx)). This
implies Ty D can be identified with Tmﬁ, ie. Dis a disk in ICZM. |

Next we are going to relate N- and D-branes in Calabi-Yau manifolds M to
complex Lagrangian submanifolds in Ky M.

Definition 21 For any submanifold C in a Calabi-Yau manifold M, we define
a subspace KxC' in KsM = p=1(0) /(D) as follow: The equivalent relation (D)
on u~t(0) restrict to one on Map (Z,C) N p~t (0) and we define

KsC = {Map(2,C)np~' (0)} /(D).

We want to show that a submanifold C' in a Calabi-Yau manifold M is a
complex hypersurface if KsCisaJ K_complex Lagrangian submanifold in KsM.
What we will actually prove is that for any isotropic submanifold f : ¥ — C|
its open neighborhood in C is a complex hypersurface in M. Therefore if C' is
also a real analytic submanifold in M, then C is a complex hypersurface in M
everywhere. We can also replace the analyticity assumption of C' by the density
of isotropic submanifolds in C. The same remark also applies to D-branes in
M.

Theorem 22 Let C be a connected analytic submanifold in a Calabi- Yau man-
ifold M. Then the following two statements are equivalent:

(i) C is an N-brane (i.e. a complex hypersurface) in M;

(ii) KsC is a J<-complex Lagrangian submanifold in K, M.

Proof: (ii)==(i). We assume that KxC is a JX-complex Lagrangian in
I@EM . First we need to show that the dimension of C is at least 2n — 2 where
n is the complex dimension of M.

Before proving this claim for the general case, let us discuss a simplified linear
setting where some of the key arguments become more transparent. Suppose
that M is a linear Calabi-Yau manifold, that is M = C" with the standard
Kihler structure and Qs = dz' Adz? A---Adz". Let ¥ be a (n — 2)-dimensional
isotropic linear subspace in M lying inside another linear subspace C in M. For
simplicity we assume that 3 is the linear span of z!,22%,...,2" 2. Of course
M/¥ @ JX = C? is a linear holomorphic symplectic manifold with

/ Qu = dz""t Adz",
>

which is the standard holomorphic symplectic form on C2. Suppose that
c/EXeJE)yNnCCcM/XaJE
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is a complex Lagrangian subspace. Then there is a vector in C' perpendicular to
both ¥ and JX, say "~ '. If we denote the linear span of 2,...,2"2,2" ! as
Y, then ¥’ is another (n — 2)-dimensional isotropic linear subspace in M lying
inside C'. Furthermore z! is a normal vector in C perpendicular to ¥/ @& JX'.
This implies that y! = Jz! also lie in C. This is because C/ (X' @ J¥)NC C
M/¥ & JX' being a complex Lagrangian subspace implies that it is invariant
under the complex structure on M /%' @ J¥' induced by J on M. By the same
reasoning, 7 also lie in C for j = 1,2,...,n — 2. That is C contains the linear
span of {xj,yj }::_12 On the other hand it also contain 2"~ ! and y
therefore dim C > 2n — 2.

We come back to the general situation where Kx,C' is a JX-complex Lagrangian in
KsM. One difficulty is to rotate the isotropic submanifold ¥ to ¥/ inside M.

We observe that the tangent space to KsC at any point [f] is given by

- I"Tc
T =Ir(x .
/] (’C20> ( Ty ® JTs N f*Te

Since any JX-complex Lagrangian submanifold is indeed an integrable com-

n=1 and

plex submanifold, Ty (I@gC’) is preserved by J*. This implies that the com-
plex structure on Th; induces a complex structure on the quotient bundle
[*Tc/ [Ts @ JTs N f*Tc]. For any v € Tjy (I@EC> we can regard it as a sec-
tion of f*Tx over X, perpendicular to Ty, and J1x N f*T¢. In particular Jo is

also such a section.
We need the following lemma which will be proven later.

Lemma 23 In the above situation, we have JTx, C f*T¢.

This lemma implies that the restriction of T on X contains the linear span
of Tx, JTs, v and Jv, which has rank 2n — 2. (More precisely we consider the
restriction to the complement of the zero set of v in 3.) Therefore dim C >
2n — 2.

On the other hand, if dim C' > 2n — 2, then by using localizing method as
in lemma 9, K5x,C would be too large to be a complex Lagrangian submanifold
in Ks; M. That is dim C' = 2n — 2.

In particular, this implies that f*T is isomorphic to the linear span of T,
JTx, v and Jv outside the zero set of v. Therefore T is preserved by the
complex structure of M along ¥. By varying the isotropic submanifold ¥ in
C, we can cover an open neighborhood of ¥ in C (for example using the gluing
arguments as in the proof of the above lemma). This implies that an open
neighborhood of ¥ in C' is a complex submanifold in M. By the analyticity of
C, the submanifold C' is a complex hypersurface in M.

(i) = (ii). We suppose C' is complex hypersurface in M, then it is clear
that w¥ and w§ vanish along KxC since Q) vanishes along C. Using similar
arguments as in the proof of proposition 11, it is not difficult to verify that
KsC is maximally self w’f—perpendicular and maximally self wl’g—perpendicular
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in Ks,M. That is KxC is a JX-complex Lagrangian submanifold in KsM.
Hence the theorem is proved. B

We suspect that the analyticity assumption on C is unnecessary. All we need
is to deform the isotropic submanifold ¥ of M inside C' to cover every point in

C.

Proof of lemma: For any tangent vector w of ¥ at a point p, i.e. u €
T,% C T,C, we need to show that Ju € T,C. We can assume that v (p) has
unit length. First we choose local holomorphic coordinate z!, 22, ..., 2" near p
satisfying the following properties at p:

Zz'(p)=0foralli=1,..,n,
Qu (p) = dzt Nd22 A -+ Nd2™,
o 90 0
Oxl’ 9z2’ " 92’
0

and u = —.

() = -2

P) = ggn—1 - Ox!
where 2/ = 27 4 i3’ for each j. We could use
p.

T,% is spanned by

L ...,z" 2 to parametrize ¥ near

Recall that

v €Ty (KeC) =T (z /" Tc > .

7T§; e JIs N f*Te

1 n72)

For any smooth function a (x s ooy T on Y, av is again a tangent vector to

KsC at [f]. We are going to construct a particular « supported on a small
neighborhood of p in ¥ satisfying

foJe
ozt
Ja
dxi
For simplicity we assume that this small neighborhood contains the unit ball

in ¥. To construct a, we fix a smooth even cutoff function n : R — [0, 1] with
supp (n) € (—=1,1), n(0) =1 and ' (0) = 0. We define o : ¥ — R as follow:

a (:vl,a:Q, ...,x”_g) = (ml)l/S “n (961) N (Z;Zg (xj)Q) :

For any small real number &, we write

(0) = oo,

(0)=0, for j=2,....n— 2.

ve = cav € Ty (/@gC)

and we denote the corresponding family of isotropic submanifolds of M in C'
by fo:¥Xe — M. From « (0) = 0, there is a family of points p. € ¥, with the
property that

|pe _p‘ =0 (52) .
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Using the property da/dz' (0) = oo, we can find a family of normal vectors
at De,

Ue € NEE/Ca
with the property
9 2
Ue — % =0 (E ) .

Since Tiy, (l@zC) is preserved by JX, f*To/[Ts. ® JTs, N fXT¢] is pre-
served by J, we have Ju, € T}, C. By letting ¢ goes to zero, we have Ju € T,,C.
Hence the lemma is proved. B

In the following theorem, we see that relationship between a D-brane L in
M with respect to ¢, and a Jéi% complex Lagrangian Ky L in Ky M, i.e.
it is maximally self wfe—perpendicular and maximally self w*-perpendicular.

Theorem 24 Let L be a connected analytic submanifold of a Calabi- Yau man-
ifold M, then the following two statements are equivalent:
(i) L is a D-brane with phase 0, (i.e. a special Lagrangian with phase 0 — 7 );
(i) KL is a Jéi_% -complex Lagrangian submanifold in Ks,M.

Proof: By replacing the holomorphic volume form on M from Q;; to e?Qy,
if necessary, we can assume that 6 is zero.

(i) = (ii). We assume that L is a special Lagrangian submanifold in M with
phase —m/2. Because the Kéhler form w and Re )y of M vanish along L, it is
clear that w® and w’fo vanishes along Ky, L. Notice that L being a Lagrangian
submanifold in M implies that any submanifold in L is automatically isotropic in
M, and moreover the equivalent relation (D) on p~! (0) restricted to Map (¥, L)
is trivial locally. That is KxL is the same as KL = Map (%, L) /Dif f () at
least locally.

We claim that Kx L is maximally self w®-perpendicular in KsM. Otherwise
there is normal vector field v € I' (£, Nx;/5/) not lying in T' (3, Ny, 1,) such that
w(v,u) = 0 for any u € I'(X, f*Tr). Suppose that v (p) ¢ Nx,r p, then this
implies that w vanishes on the linear span of T,,L and v (p) inside T, M. This is
impossible because the dimension of the linear span is bigger than n.

Similarly KsL is maximally self wfo—perpendicular in KxM. Otherwise
Re s vanishes on the linear span of T),L and v (p) inside T,,M. This is again
impossible because €25/, is a complex volume form on 7, M = C" and therefore
can not vanish on any coisotropic subspaces other than Lagrangians. Hence
KsL is a Jf/Q—complex Lagrangian in KsM.

(ii) = (i). We assume that Kx, I is a K*-complex Lagrangian submanifold
in Ky M. For any [f] € KL, the tangent space of KxL (resp. KxM) at [f] is
the section of the bundle f*Ty /Ty, @ JTx N f*Ty, (resp. f* (Tar)/ (Txs + JTx))

over X. Let v € Tjy (ICZL>, we can regard v as a section of f*Ty over X,
orthogonal to Ty, ® JIx N f*TT.
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Since f* (Tar) / (T + JTx) is a rank four bundle and Kx L is a Lagrangian
in I@EM, this implies that f*Tp/Ts @ JTs N f*T1, must be a rank two bundle
over Y. Therefore

dim L > n,

with the equality sign holds if and only if JTx N f*T7} is trivial. Suppose that
v is a tangent vector of Ky L at f

Assume that JTx N f*T} is not trivial, we can find a tangent vector u to
f (%) at a point p such that Ju € T,L. For simplicity we assume that v has
unit length at the point p.

As in the proof of the previous theorem, we can choose local holomorphic
coordinates z', 22..., 2" of M around p such that

2 (p) =0 foralli=1,..,n,
Qu (p) =dzt Nd22 A -+ Nd2",

. g 0 0
sz 1S Spanned by @, @, ceey W,
0 0 0
U(p): W,u:@and Ju = Tyl

We choose a function « () as in the proof of the previous theorem, write
ve = eav € Ty (I€2L>

for any small real number ¢, and we denote the corresponding family of isotropic
submanifolds of M in L by f. : ¥, — M as before. From « (0) = 0, there is a
family of points p. € ¥, with the property that

|pa _p‘ =0 (62) .

Using the property da/dz' (0) = oo, we can find two family of normal
vectors at p.,
Ue, We € Ny, /1,

with the property
0

Ozt

Ue —

_ 2 _ 2=
_O(s) and ‘ws By

However, using localization arguments as before, Ks L being an wX-Lagrangian
submanifold in Ky, M implies that w (ue, we) = 0. By letting € goes to zero, we
have 0 = w (8/8x1, 8/8y1) = —1, a contradiction. Hence JTx N f*Ty is trivial
and dim L = n.
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Since I' (X, f*Tr,/Ts @ JTs N f*Ty) is preserved by KX, we have K*v (p) €
f*Tr. Note that K*v (p) is the tangent vector of M which is the metric dual
of the one form,

0 0 0
VJ(“JIK( (p) = (&rl A 922 JAREREIAN D=2 /\V)JIIDQM (p)

= *dy",

since v (p) = 8/82"~!. This implies that T,,L is spanned by 8/9z"',0/02?, ...,0/d0z" !
and 9/0y™, that is a special Lagrangian subspace of phase —m/2.

As in the proof of the previous theorem, by deforming the isotropic sub-
manifold ¥ in L and using the fact that L is an analytic submanifold of M, we
conclude that L is a special Lagrangian submanifold in M with zero phase.

Hence the theorem is proved. B

Acknowledgments: The research of the first author is partially supported by
NSF/DMS-0103355, Direct Grant from CUHK and RGC Earmarked Grants of
Hong Kong. Authors express their gratitude to the referee for useful comments
to improve the presentation of this article.

References

[1] R. Bott, Marston Morse and his mathematical works. Bull. Amer. Math.
Soc. (N.S.) 3 (1980), no. 3, 907-950.

[2] R.B. Brown and A.Gray, Vector Cross Products, Comment. Math. Helv.
42 (1967), 222-236.

[3] J.L. Brylinski, Loop spaces, Characteristic Classes and Geometric Quan-
tization. Progress in Mathematics, 107. Birkhauser Boston, Inc., Boston,
MA, 1993.

[4] S.K. Donaldson, Moment Maps and Diffeomorphisms Asian J. Math. Vol
2. No. 1, 1-16.

[5] A. Floer, Morse theory for Lagrangian intersections, J. Differential Geom.
28 (1988), no. 3, 513-547.

[6] A. Gray, Vector Cross Products on Manifolds Trans. Amer. Math. Soc. 141
(1969) 465-504.

[7] R. Harvey and H.B. Lawson,Jr., Calibrated Geometries, Acta Math. 148
(1982) 47.

[8] N.J. Hitchin, Lectures on Special Lagrangian Submanifold. Winter School
on Mirror Symmetry, Vector Bundles and Lagrangian Submanifolds (Cam-
bridge, MA, 1999), 151-182, AMS/IP Stud. Adv. Math., 23 Amer. Math.
Soc., Providence, RI, 2001.

26



[9]

[10]

[11]

[12]

[13]

[14]

[15]

of H

N.J. Hitchin, The self-duality equations on a Riemann Surface. Proc. Lon-
don Math. Soc.(3) 55 (1987), nol, 59-126.

J.H. Lee and N.C. Leung, Instantons and Branes in Manifolds with Vector
Cross Product I, To be appear.

N.C. Leung and X.W. Wang, Intersection theory of coassociative submani-
folds in Go-manifolds and Seiberg- Witten invariants, [Math.DG/0401419].

M.M. Movshev, The Structure of a Symplectic Manifold on the Space of
Loops of T-Manifold, preprint. [Math.SG/9911100].

J. Millson and B. Zombro, A Kdihler structure on the moduli space of iso-
metric maps of a circle into Euclidean space, Invent. Math. 123 (1996), no.
1, 35-59.

A. Strominger, S.-T. Yau, and E. Zaslow, Mirror Symmetry is T-Duality,
Nuclear Physics B479 (1996) 243-259.

E. Witten, Index of Dirac operators, Quantum fields and strings: a course
for mathematicians, Vol. 1, 2 (Princeton, NJ, 1996/1997), 475-511, Amer.
Math. Soc., Providence, RI, 1999.

E. Witten, The index of the Dirac operator in loop space, Elliptic curves
and modular forms in algebraic topology (Princeton, NJ, 1986), 161-181,
Lecture Notes in Math., 1326, Springer, Berlin, 1988.

Addresses:

Naichung Conan Leung (leung@ims.cuhk.edu.hk)

Institute of Mathematical Sciences and Department of Mathematics, The Chinese University
ong Kong, Hong Kong

Jae-Hyouk Lee (jhlee@math.wustl.edu)

Department of Mathematics, Washington University in St. Louis, U.S.A.

27



