Homework 2

1 Probl1l

(b) Define fi; = X and fio =n~1 Y1 | X2

ko

EX, = ELE(X\|p)] = Elkp) = =

and
ka (k* — k)a(a + 1)

a+p (a+B8)(a+8+1)

EX} = E[E(X{|p)] = Elkp(1 - p) + k*p*] =
, setting 4i; = FX; and jiy = FX?,we obtain that

fiz — fin — pa(k — 1)
pir(k —1) + k(1 — f1a/fi1)

and 3 = % — G, then the empirical Bayes action is (n.X + &)/ (kn + & + B3)
(©) EXy = E[E(X|0)] = E(0/2) = 5325 and EX} = E[E(X?|0)] = E[(0/2)* + 6°/12] =

E[6?/3] = 3(‘;—2}2) setting /i = F(X) and jiy = E(X?), we obtain that

o =

b=1+ \/3/f2/(3/f2 — 4401%)
and R R
= 2/i1(b— 1) /0.

a
Therefore, the empirical Bayes action is (n+ b)max(X ), a)/(n + b—1) where X, (n) 1s the largest
order statistic.

(d) EX1 = E[E(Xlw)] = E(Q) = ﬁ, and EX12 = E[E(X12|9)] = E(292) = m.
Setting 4i; = F(X)) and /i, = E(X?), we obtain that

20— 248

o = A

fia — 2u7

and ¥ = m, so the empirical Bayes action is (yn.X + 1)/[%(n + & — 1)].
2 Prob2
2.1
Note that EX, = E[E(X,|0)] = E(0/2) = ab/[2(b—1)]. Then & = 22-1 5" | X, is the moment

estimator of a. From question 1 in HW 1, the empirical Bayes action is d(a).
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2.2
The joint density for (X, 0, a) is

bab—le—(n—i—b—&-l)](x(n)po) (0)1(0,9) (a)

Hence, the joint density for (X, 0) is
0
/0 bab_le_n_b_lI(Xm)’OO)<9)da = 9‘”‘1[()((”),00)(0)

and the generalized Bayes action is

o0 —n—1 -1
/ Xon 0—"=1do n

3 Prob3
3.1

For a given 6, T has the gamma distribution with shape parameter # and scale parameter 1. Hence,
the joint probability density of (7', 6) is

f(t,0) = @ _1 1)|t9*16 (1 — p)ft
and N . y
F6 =3 ft,0) =pet S (A—pt"
6=1 —~ (0-1!
Then,
N 0— ’ >, £9-1 O 0-1 © .91
BT =1 =t 3 D g0y = S rae e S S ety
=1 o—1 — £
=1+¢—2a+(1—e*a®)/¢
3.2

Since E[L(0,a)|T = t] is a quadratic function of a, the Bayes estimator is 6(7") = (1 — p)T/(1 —
e~(1=P)T) The posterior expected loss when T=t is

et =
EILO,§W)IT = 1] =1~ ‘ _5:1_5;216 ¢

— €

3.3

As shown in part (i) of the solution, the marginal density of Tis Y .-, f(t,0) = pe ", which is the
density of the exponential distribution with scale parameter p~.



34
The Bayes risk of §(7') is

E[E[L(0,5(T)|T)] =1p[(1—p)T Y e P =1-(1-p)p>_ / T permti-ntg-m gy

= 1
=1-a _p)p,,; [m(1 —p) + p)?

, where the first equality follows from the result in (ii) and the second equality follows from the
result in (iii)

4 Prob4

4.1

assume 0 (x) is a location invariant estimator. Denote the location parameter to be 6, the variance is
Varg(3(X)) = Eo(6(X)*) — (Ep(3(X)))* = Eo(3(X = 0)*) — (Eo(6(X +6)))* = Vary(6(X))

where the second equality follows by the invariance of the family and the third follows by the
equivariance of the estimator. Thus the variance is independent of 6.

4.2
The risk is

Ey(L(0,6(X))) = Eo(L(0,5(X +0))) = Eo(L(0,0(X) +0)) = Eo(L(0,6(X)))

where the first equality follows by the invariance of thr family, the second by the equivariance of
the estimator, and the third by the invariance of the loss function. Thus the risk is independent of ¢

S Prob$S
5.1
By problem 4 in HW2, the risk R(6,0) = Ey(L(9)), let § = dp — u(D) it becomes
Eo(L(do(x) — u(D))) = E(Eo(L(do(z) — u(D))|D = d)) = Eo(L(do(x)) — u(d))
, for any d. Since R(0, ) is constant, we have thayt u(d) is constant. So R(9,6) = Eo(L(do(z))—u)

if u* = argmin,Fo(L(dy(x)) — u), then §* = dy — u* minimizes the risk R(4,6), By thm 4.3, §*
is location invariant. So 0* is MRIE. u* is constant and independent of the value of D.



5.2

5.3

Let D = (X; — X,,, ..., X;,_1 — X,,). Then the distribution of D does not depend on 6. Since X 1)
and D are independent and X ;) is location invariant, X ;) —u* is an MRIE of ¢, where u* minimizes
Eo[L(Xy — )] over p and Ej is the expectation taken under § = 0. since Ey[L(X) — p)] =
E0|X(1) — p], u* is the median of the distribution of X(1) when 6 = 0. Since X(;) has Lebesgue
density ne "Iy o) when 6 = 0,

*
*

1 u
- = n/ e dr=1—e "™
2 0

and hence u* = log2/n.



