
Homework 9

Problem 1

a

Bias (f̂n(t)) = E(f̂n(t))− f(t) = E(
1

nhn

∑n
i=1K(

t−Xi

hn
))− f(t) = E(

1

hn

∑n
i=1K(

t−X1

hn
))−

f(t), Let u =
t−X1

hn
, we get the bias is equal to∫ ∞

−∞
K(u)[f(t− uhn)− f(t)]du.

By Taylor’s expansion,
f(t) = f(t− uhn) + uhnf

′
(t) + o(hn)

So bias
(f̂n(t)) = −hnf

′
(t)

∫ ∞
−∞

K(u)udu+ o(hn) = −hnf
′
(t)µk + o(hn);

V ar(f̂n(t)) =
1

n
{E[ 1

h2n
k2(

t−X1

hn
)]− [E(

1

hn
K(

t−X1

hn
))]2}

=
1

n
{
∫ ∞
−∞

1

hn
K2(u)[f(t)− uhn]du− [

∫ ∞
−∞

K(u)f(t− uhn)du]2}

=
1

n
{
∫ ∞
−∞

1

hn
K2(u)[f(t)− o(1)]du−O(1)}

=
1

n
{ 1
hn
f(t)||K||2 + o(

1

hn
)−O(1)}

=
1

nhn]
f(t)||K||2 + o(

1

nhn
) +O(

1

n
)

Thus, mean square error:

Bias(f̂n)
2 + var(f̂n) = hn

2µk
2(f

′
(t))2 + o(hn

2) +
1

nhn
f(t)||K||2 + o(

1

nhn
) +O(

1

n
)

b
Taking derivative of MSE w.r.t. hn and set it to 0.

C1hn −
c2
nh2n

= 0

C1 and C2 are constant and hn � (
1

n
)1/3, so α =

1

3

1



c
MSE(f̂n) � n−2/3, V ar(f̂n) � n−2/3 and

E(f̂n) = f(t) +Bias(f̂n) = −hnµkf
′
(t) + o(hn) + f(t) � n−1/3

d
hn = o(n−

1
3 ) is equivalent to h3n → 0

f̂n(t)− f(t) = (f̂n(t)− E(f̂n(t))) +Bias(f̂n)

By (a), Bias(f̂n) = O(hn).

⇒ limn→∞
√
nhn(Bias(f̂n)) = limn→∞O(

√
nh3n) = 0

By (a)

E[
√
nhn(f̂n − E[f̂n(t)])]2 = f(t)||K||2 + nhno(

1

nhn
) + nhnO(

1

n
)

→ f(t)||K||2asn→∞
By CLT we know that √

nhn( ˆfn(t)− f(t))
D−→ N(0, f(t)||K||2)

e
limn→∞E

∫ b
a
f̂n(t)dt = limn→∞

∫ b
a
E[f̂n(t)]dt

= limn→∞

∫ b

a

∫ ∞
−∞

K(u)f(t− hnu)dudt

=

∫ b

a

∫ ∞
−∞

K(u)f(t)dudt =

∫ b

a

f(t)dt

For s 6= t,

E[f̂n(s)f̂n(t)] =
1

n2h2n
E[

n∑
i=1

n∑
j=1

K(
t−Xi

hn
)K(

t−Xj

hn
)]

=
1

nh2n
E[K(

t−X1

hn
)K(

s−X1

hn
)] +

n− 1

nh2n
E[K(

t−X1

hn
)]E[K(

t−X1

hn
)]

=
1

nhn

∫ ∞
−∞

K(
t− s+ hny

hn
)K(y)f(s−hny)dy+

n− 1

n

∫ ∞
−∞

k(y)f(t−hny)dy
∫ ∞
−∞

K(y)f(s−hny)dy

→ f(t)f(s), n→∞, nhn →∞,
n− 1

n
→ 1

So limn→∞E[
∫ b
a
f̂n(t)dt]

2 = limn→∞E[
∫ b
a
f̂n(t)dt][

∫ b
a
f̂n(s)ds]

= limn→∞

∫ b

a

∫ b

a

E[f̂n(s)f̂n(t)]dtds

= limn→∞

∫ b

a

∫ b

a

f(t)f(s)dtds
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= (

∫ b

a

f(t)dt)2 = (limn→∞E

∫ b

a

f̂n(t)dt)
2

So limn→∞var(
∫ b
a
f̂n(t)dt)→ 0 ∫ b

a

f̂n(t)dt
p−→

∫ b

a

f(t)dt

Problem 2

f̂n(t) =
F̂n(t+ hn)− F̂n(t− hn)

2hn

||f̂n(t)− f(t)||∞ ≤ ||f̂n(t)− fn(t)||∞ + ||fn(t)− f(t)||∞

By definition of f(t), limn→∞||fn(t)− f(t)||∞ = 0

||f̂n(t)− f(t)||∞ ≤
1

2hn
(||F̂n(t+ hn)− F (t+ hn)||∞ + ||F̂n(t− hn)− F (t− hn)||∞)

So by DKW inequality

P (||f̂n − f ||∞ > ε) ≤ 2P (
1

2hn
||F̂n − F ||∞ > ε) = P (||F̂n − F ||∞ > εhn) ≤ Ce−2nh

2
nε

2

= Ce−o(log(n))ε
2

= c[o(
1

n
)]ε

2 → 0

Since
nh2n
log(n)

→ 0⇒ nh2n = o(log(n)), By Borel Cantelli lemma:

supt∈R|f̂n − f(t)|
a.s.−−→ 0
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