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An Adaptive Resampling Test for Detecting the
Presence of Significant Predictors

Ian W. MCKEAGUE and Min QIAN

This article investigates marginal screening for detecting the presence of significant predictors in high-dimensional regression. Screening
large numbers of predictors is a challenging problem due to the nonstandard limiting behavior of post-model-selected estimators. There is
a common misconception that the oracle property for such estimators is a panacea, but the oracle property only holds away from the null
hypothesis of interest in marginal screening. To address this difficulty, we propose an adaptive resampling test (ART). Our approach provides
an alternative to the popular (yet conservative) Bonferroni method of controlling family-wise error rates. ART is adaptive in the sense that
thresholding is used to decide whether the centered percentile bootstrap applies, and otherwise adapts to the nonstandard asymptotics in the
tightest way possible. The performance of the approach is evaluated using a simulation study and applied to gene expression data and HIV
drug resistance data.

KEY WORDS: Bootstrap; Family-wise error rate; Marginal regression; Nonregular asymptotics; Screening covariates

1. INTRODUCTION

The problem of selecting significant predictors is a central
aspect of scientific discovery, and has become increasingly im-
portant in an era in which massive datasets are readily available
(Fan and Li 2006). Much of the modern statistical literature in
this area focuses on consistency of variable selection in high-
dimensional settings based on machine learning and data mining
techniques (e.g., Fan and Li 2001; Zou and Hastie 2005; Huang,
Ma, and Zhang 2008; Fan and Lv 2008; Genovese et al. 2012).
A major gap in this literature, however, has been the scarcity of
formal hypothesis testing procedures that take variable selection
into account; the oracle property enjoyed by many variable se-
lection methods in the presence of high dimensionality cannot
be applied directly for testing whether a post-model-selected
variable is significant. In bioinformatics, for example, variable
selection techniques based on penalization (such as lasso, scad,
etc.) are routinely used to produce lists of differentially ex-
pressed genes that are most related to disease risk, but few
methods for obtaining valid p-values have been developed.

A more traditional approach to the selection of significant
predictors is multiple testing to control either family-wise error
rate (FWER) or false-discovery rate (Benjamini and Hochberg
1995; Dudoit et al. 2003; Efron 2006; Dudoit and van der Laan
2008; Efron 2010). Procedures that control FWER (e.g., Bon-
ferroni, or Holm’s procedure) are often criticized as being too
conservative (in the sense of having low power). False-discovery
rate methods, on the other hand, although having greater power,
incur the cost of inflated FWER. Our aim in the present article
is to introduce a more powerful single test that can be used as an
alternative screening procedure to detect the presence of some
significant predictor while rigorously controlling FWER.

The proposed procedure uses marginal linear regression to
select the predictor (from among covariates X1, . . . , Xp) that
has maximal sample correlation with a scalar outcome Y (as
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in marginal screening or correlation learning, Genovese et al.
2012). The test is based on θ̂n, the estimated marginal regression
coefficient of the selected predictor. If there is a unique predictor,
say Xk0 , maximally correlated with the outcome, then the selec-
tion procedure consistently estimates k0, and θ̂n is asymptoti-
cally normal; if all predictors are uncorrelated with the outcome,
then the selected predictor does not converge (in probability) and
θ̂n has a nonnormal limiting distribution. In particular, the lim-
iting distribution is discontinuous (at zero) as a function of the
regression coefficient of Xk0 (where k0 is not identifiable), and
this “nonregularity” causes nonuniform convergence.

Breiman (1992) drew early attention to the issue of invalid
post-model-selection inference, calling it the “quiet scandal” of
statistics; even earlier references are mentioned in Berk et al.
(2013). Samworth (2003) gave a detailed account of the inac-
curacy of bootstrap methods applied to super-efficient estima-
tors. Leeb and Pötscher (2006) (and other articles by the same
authors) established that nonuniform limiting behavior of post-
model-selected estimators is at the root of the problem, and that
estimates of asymptotic null distributions in such settings can
give a misleading picture of finite-sample performance. In par-
ticular, calibrating a test based on θ̂n in a way that does not adapt
to the implicit post-model-selection will be extremely inaccu-
rate. This type of nonregularity occurs in various other settings
as well, for example, when a nuisance parameter is only de-
fined under an alternative hypothesis (Davies 1977), and when
the parameter of interest under the null hypothesis is on the
boundary of the parameter space (Andrews 2000). McCloskey
(2012) surveyed nonstandard testing problems in econometrics,
and introduced some Bonferroni-based size-correction methods
designed to improve power. As far as we know, however, there
is not yet a resolution of these issues for marginal screening.

In this article, we introduce an adaptive resampling test (ART)
for marginal screening that adapts to the small sample behavior
of θ̂n in terms of a local model. Under local alternatives, we find
an explicit representation of the asymptotic distribution of θ̂n and
construct a suitable bootstrap estimator of this distribution that
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is consistent, thus circumventing the nonregularity mentioned
above. Under nonlocal alternatives, we show that the critical
values obtained in this way agree asymptotically with those
used by the oracle (who is given knowledge of k0), so ART can
be expected to provide good power as well.

Several new approaches to post-model selection inference
for linear regression have been proposed in recent years. Mein-
shausen, Meier, and Bühlmann (2009) introduced a random
sample splitting procedure in the high-dimensional setting to
obtain (conservative) Bonferroni-adjusted p-values following
variable selection. Chatterjee and Lahiri (2011) developed a
modified bootstrap method that provides an asymptotically valid
confidence region for the regression parameters based on the
lasso estimator; this method depends on the presence of at least
one active predictor, so it is not applicable to marginal screening
(under the null hypothesis there is no active predictor).

More relevant to marginal screening, the covariance test re-
cently introduced by Lockhart et al. (2014) uses a forward step-
wise lasso procedure to test for active predictors entering a
sparse linear model under the assumption of normal errors. Also
in the sparse linear model setting with normal errors, but further
assuming that the predictors are nearly uncorrelated, Ingster,
Tsybakov, and Verzelen (2010) and Arias-Castro, Candès, and
Plan (2011) had studied the detection boundary and optimal-
ity properties of general classes of multiple testing procedures
(including Bonferroni and higher criticism). Berk et al. (2013)
developed a valid method of post-model selection inference that
is feasible for up to about p = 20 predictors, also assuming nor-
mal errors. In various sparse high-dimensional settings, Belloni,
Chernozhukov, and Hansen (2013), Bühlmann (2013), Zhang
and Zhang (2014), and Ning and Liu (2015) had established
asymptotically valid confidence intervals for a preconceived re-
gression parameter after variable selection on the remaining
predictors, but this does not apply to marginal screening (where
no regression parameter is singled-out a priori).

This article is organized as follows. We formulate the problem
and discuss the issue of nonregularity in Section 2. In Section 3,
we develop the ART procedure and establish the consistency of
the underlying bootstrap. Simulation studies and applications to
gene expression data and HIV drug resistance data are presented
in Section 4. Concluding discussion appears in Section 5, and
proofs are collected in the Appendix.

2. MARGINAL REGRESSION AND NONREGULARITY

Consider a scalar outcome Y and a p-dimensional vector of
covariates X = (X1, . . . , Xp)T such that the marginal variance
of each covariate is finite and nonzero. Marginal regression
consists in using separate linear models to predict Y from each
Xk . Let k0 be the label of a covariate that maximizes the absolute
correlation with Y:

k0 ∈ arg max
k=1,...,p

|Corr(Xk, Y )|,

and let α0 + θ0Xk0 be the best linear predictor based on Xk0 , that
is,

(α0, θ0) = arg min
α,θ∈R

E(Y − α − θXk0 )2

=
(

EY − θ0EXk0 ,
cov(Xk0 , Y )

var(Xk0 )

)
. (1)

We are interested in testing whether at least one of the covariates
is correlated with Y , for which it suffices to check whether Xk0

and Y are correlated. This is equivalent to testing

H0 : θ0 = 0 versus Ha : θ0 ̸= 0.

Given an iid sample of size n, let α̂n, θ̂n, and k̂n be the least-
square estimates of α0, θ0, and k0, respectively:

α̂n = PnY − θ̂nPnXk̂n
, θ̂n =

ĉov(Xk̂n
, Y )

v̂ar(Xk̂n
)

,

k̂n ∈ arg max
k=1,...,p

∣∣Ĉorr(Xk, Y )
∣∣ ,

where Pn is the empirical distribution, and the hats indicate
sample versions. It is natural to base the test on θ̂n, but cali-
bration is problematic because the distribution of

√
n(θ̂n − θ0)

does not converge uniformly with respect to θ0, as mentioned
in the Introduction. The nonuniformity occurs in the neighbor-
hood of θ0 = 0. Specifically, there exists a bounded continuous
function h : R → R such that fn(θ0) ≡ Eh(

√
n(θ̂n − θ0)) does

not converge uniformly in any neighborhood of θ0 = 0, despite
converging pointwise. To see this, first note that under mild
conditions

√
n(θ̂n − θ0)

d→ U ≡
{

Zk0/Vk0 if θ0 ̸= 0,

ZK/VK if θ0 = 0,

where Vk = var(Xk), K = arg maxk=1,...,p Z2
k/Vk , and

(Z1, . . . , Zp)T is a mean-zero normal random vector with
covariance matrix depending on parameters of the full linear
model (this is a special case of Theorem 1). From the form of
the distribution of U, we can choose h so that f∞(θ0) ≡ Eh(U )
is discontinuous at θ0 = 0 (i.e., the nonregularity mentioned
in the Introduction). If fn were to converge uniformly to f∞
on some compact neighborhood of zero, we would have a
contradiction because each fn is continuous, and the uniform
limit of a sequence of continuous functions on a compact
interval is continuous.

To address this problem, in the next section we develop
a formal test procedure (ART) inspired by work of Cheng
(2008, 2015) concerning robust confidence intervals for nonlin-
ear regression parameters in the presence of weak-identifiability.
Other variations of this approach have been used by Laber and
Murphy (2011) to construct a confidence interval for the clas-
sification error, by Laber et al. (2014) in a sequential decision-
making problem, and by Laber and Murphy (2015) to provide
robust confidence intervals for adaptive lasso. As already noted,
the distribution of

√
n(θ̂n − θ0) does not converge uniformly in

the neighborhood of θ0 = 0, so its small sample behavior can be
very far from normal when the true parameter is close to zero.
Therefore, an understanding of the asymptotic behavior of θ̂n
under local alternatives plays a crucial role in devising a suitable
test, or more generally in providing robust confidence intervals
for θ0.

3. ADAPTIVE RESAMPLING TEST

In this section, we develop the proposed ART procedure for
detecting the presence of a significant predictor. The idea is
to adapt to the inherent nonregular behavior of the post-model-
selected estimator θ̂n in a way that accurately captures its asymp-
totic behavior in

√
n-neighborhoods of the null hypothesis.
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We frame the problem in terms of the general local linear
model

Y = α0 + XT βn + ϵ, (2)

where α0 ∈ R, βn ∈ Rp, the noise ϵ has mean 0, finite variance,
and is uncorrelated with X, and βn = β0 + n−1/2b0, where b0 ∈
Rp is the local parameter. The distributions of ϵ and X are
assumed to be fixed, so only the distribution of Y depends on
n (although we suppress n in the notation for Y). The relevant
hypotheses are now

H0 : θn = 0 versus Ha : θn ̸= 0,

where θn = cov(Xkn
, Y )/var(Xkn

) and kn is the label of a com-
ponent of X that maximizes absolute correlation with Y .

Our first result gives the asymptotic distribution of θ̂n. To state
the result, we need the notation

k̄(b) ≡ arg max
k=1,...,p

|Corr(Xk, XT b)|

for any b ∈ Rp. Note that kn = k̄(βn) under the local model.
If k0 ≡ k̄(β0) is unique (so β0 ̸= 0), then kn → k0, and θn is
asymptotically bounded away from zero (a nonlocal alterna-
tive). On the other hand, if β0 = 0 and k̄(b0) is unique, then
kn = k̄(b0); also θn is in the neighborhood of zero and repre-
sents a local alternative. Finally, if β0 = b0 = 0, then kn is not
well-defined and the null hypothesis θn = 0 holds. We need the
uniqueness of the most active predictor k0 (away from the null
hypothesis), but this seems to be a very mild condition because
the likelihood that there would be two or more predictors having
exactly the same maximal correlation with Y seems remote in
practice. Even in practice, as we will see in the simulation study,
nonuniqueness of the maximally correlated predictor does not
adversely affect power.

Theorem 1. Suppose that k0 = k̄(β0) is unique when β0 ̸= 0,
and k̄(b0) is unique when β0 = 0 and b0 ̸= 0. Then, under the
local model (2),

√
n(θ̂n − θn)

d→
{

Zk0 (β0)/Vk0 if β0 ̸= 0,

ZK (0)/VK + (CK/VK − Ck̄(b0)/Vk̄(b0))T b0 if β0 = 0,

where K = arg maxk=1,...,p[Zk(0) + CT
k b0]2/Vk , Ck =

cov(Xk, X), and (Zk(β))pk=1 is a mean-zero normal random
vector with covariance matrix$(β) given by that of the random
vector with components
(

(X − EX)T β − (Xk − EXk)CT
k β/Vk + ϵ

)
(Xk − EXk),

for k = 1, . . . , p, and $(β0) is assumed to exist.

The nonregularity at β0 = 0 is explained by the dependence
of the limiting distribution on the (nonidentifiable) local param-
eter b0. The limiting distribution is nevertheless continuous as a
function of b0 ∈ Rp into the space of distribution functions (this
is a simple consequence of Lemma A.3 in the Appendix), and
the convergence is uniform over compact subsets of Rp, unlike
the limiting behavior discussed in the previous section, so finite-
sample accuracy should be less of an issue when designing a
screening test using this result. On the other hand, naive resam-
pling methods that do not take into account the local asymptotic

behavior will fail to provide consistent estimates of the distri-
bution of

√
n(θ̂n − θn), as discussed in the Introduction for the

nonlocal case.
To get around this problem, we decompose

√
n(θ̂n − θn) in a

way that isolates the possibility that β0 ̸= 0 by comparing |Tn|
to some threshold λn (to be specified later), where Tn = θ̂n/sn

is the post-model-selected t-statistic and sn is the standard error
of the slope estimator when regressing Y on Xk̂n

. Specifically,
√

n(θ̂n − θn) =
√

n(θ̂n − θn)1|Tn|>λn or β0 ̸=0

+
√

n(θ̂n − θn)1|Tn|≤λn,β0=0

=
√

n(θ̂n − θn)1|Tn|>λn or β0 ̸=0

+
[

Zn,k̂n
+ ĉov(Xk̂n

, XT b0)

v̂ar(Xk̂n
)

−cov(Xkn
, XT b0)

var(Xkn
)

]
1|Tn|≤λn,β0=0, (3)

where Zn,k = Gn[ϵ(Xk − PnXk)], Gn =
√

n(Pn − Pn) is the
empirical process, and Pn is the distribution of (X, Y ). It is
clear that the nonparametric bootstrap is consistent for the first
term in (3) if λn = o(

√
n) and λn → ∞, since it is easily shown

that P(|Tn| > λn) → 1β0 ̸=0. The second term is more problem-
atic though because k̂n does not converge in probability to k0

when β0 = 0. Denote the term in the square brackets by Vn(b),
indexed by b = b0 ∈ Rp. Note that when this term is active
(under β0 = 0), k̂n = Kn(b0) and kn = K̄(b0), where

Kn(b) = arg max
k=1,...,p

[
Zn,k + ĉov(Xk, XT b)

]2

v̂ar(Xk)

and

K̄(b) = arg max
k=1,...,p

[cov(Xk, XT b)]2

var(Xk)
,

so

Vn(b) = Zn,Kn(b) + ĉov(XKn(b), XT b)
v̂ar(XKn(b))

−
cov(XK̄(b), XT b)

var(XK̄(b))
. (4)

All parts of Vn(b) are now seen to be smooth functions of Pn,
so it is reasonable to expect that a consistent bootstrap can
be constructed by replacing Pn by its nonparametric bootstrap
P ∗

n , and replacing Pn by Pn. In such a construction, the event
indicated in the second term of (3) is naturally replaced by the
event that |T ∗

n | ≤ λn and |Tn| ≤ λn.
Here and throughout the article, a superscript ∗ is used to in-

dicate the nonparametric bootstrap (sometimes called “bootrap-
ping in pairs” in regression settings, to distinguish it from the
residual bootstrap). The above arguments lead to our main re-
sult showing that

√
n(θ̂n − θn) can indeed be consistently boot-

strapped under the general local model. The precise definition
of V ∗

n is given at the start of the proof.

Theorem 2. Suppose all assumptions in Theorem 1 hold, and
the tuning parameter λn satisfies λn = o(

√
n) and λn → ∞ as

n → ∞. Then, under the local model (2),
√

n(θ̂∗
n − θ̂n)1|T ∗

n |>λn or |Tn|>λn
+ V ∗

n (b0)1|T ∗
n |≤λn, |Tn|≤λn
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converges to the limiting distribution of
√

n(θ̂n − θn) condition-
ally (on the data) in probability.

ART procedure. ART provides a bootstrap calibration for the
test statistic

√
nθ̂n based on a special case of the above theorem.

Under H0 we have the simplification V ∗
n (b0) = V ∗

n (0). For some
nominal level γ , let cl and cu be the lower and upper γ /2
quantiles, respectively, of

A∗
n =

√
n(θ̂∗

n − θ̂n)1|T ∗
n |>λn or |Tn|>λn

+ V ∗
n (0)1|T ∗

n |≤λn, |Tn|≤λn
.

If
√

nθ̂n falls outside the interval [cl, cu], then we reject H0 and
conclude that there is at least one significant predictor.

Before applying ART, it is advisable to standardize all the
variables Xk and Y (by sample mean and standard deviation),
which has the advantage of making the procedure scale invariant
(θ̂n is then the maximal sample correlation); our results naturally
extend, but we develop the theory only for the unstandardized
variables to keep the presentation simple.

Robust confidence intervals. The above theorem also allows
the construction of a robust confidence interval for θn by treating
b0 as unknown, then finding the widest bootstrap quantiles over
all b0. Here by “robust” we mean asymptotically valid uniformly
over b0. For testing purposes, however, this approach would be
too conservative and also computationally intensive (grid search
over Rp is needed); for this reason, in ART we set b0 = 0 under
the null, so the critical values can be readily computed from A∗

n.
In contrast, Laber and Murphy (2015) proposed using almost
sure bounds over their local parameter b0 to find robust confi-
dence intervals for adaptive lasso; this involves less computation
than distributional bounds, but is still computationally intensive,
and it produces more conservative confidence intervals than the
distributional approach.

Choice of the tuning parameter λn. The above theorem
requires that λn = o(

√
n) and λn → ∞ as n → ∞. Under

this condition, the thresholding provides a consistent pretest
(for θn = 0) with asymptotically negligible Type I error rate:
limn→∞ P(|Tn| > λn|θn = 0) = 0. On the other hand, if λn in-
creases too quickly, the pretest will be conservative. One simple
choice would be to set λn =

√
a log n, for some constant a > 0,

but it is also desirable that λn increase with p, see Section 5
for discussion about the null limiting behavior of Tn as both p
and n → ∞. To that end, note that by Theorem 1 in the special
case that ϵ and X are independent, under θn = 0 (or b0 = 0 and

β0 = 0) we have Tn
d→ Z̃K , where K = arg maxk=1,...,p Z̃2

k , and
(Z̃1, . . . , Z̃p)T is a vector of standard normal random variables.
Thus, for any fixed λ > 0,

P
(
|Tn| > λ

∣∣∣θn = 0
)

→ P
(

max
k=1,...,p

|Z̃k| > λ

)

≤
p∑

k=1

P
(
|Z̃k| > λ

)
.

Hence, the pretest Type I error rate can be asymptotically
controlled below level γ , without sacrificing consistency, by
choosing

λn = max
{√

a log n, upper γ /(2p)-quantile of N (0, 1)
}

. (5)

In the simulation study below, we describe a way of specifying
the constant a via the double bootstrap, and this is used whenever
we refer to ART in the sequel.

Forward stepwise ART. If we find a significant predictor us-
ing ART, it would be reasonable to continue applying the pro-
cedure in a forward stepwise fashion until no more significant
predictors are detected. That is, in successive stages the resid-
ual Y − α̂n − θ̂nXk̂n

is treated as a new outcome variable and
marginal regression carried out on the remaining predictors.
Although it would be challenging to extend our theoretical re-
sults to this procedure, we find that in real data applications it
performs well, and in a similar way to the covariance test of
Lockhart et al. (2014), as we discuss in the HIV drug resistance
example considered in the next section.

4. NUMERICAL STUDIES

In this section, we study the performance of the proposed
ART procedure using simulated data and give illustrations of
the approach in two real data examples.

4.1 Finite Sample Simulations

We compare the performance of ART with four procedures
that are commonly used for detecting the presence of a signifi-
cant predictor:

Likelihood ratio test (LRT). This test is based on assuming
a full linear model involving all of the covariates, and is
applicable when n > p. Under the null hypothesis, all the
regression coefficients are zero. The reduction in the residual
sum of squares is compared to the residual sum of squares for
the full model using an F-ratio (see, e.g., sec. 7.4 of Johnson
and Wichern 2007). When the full linear model holds, it can
be seen that both null and alternative hypotheses are identical
to those used in ART.
Multiple testing with Bonferroni correction. As in ART,
marginal linear models are used to predict Y from each Xk . A
t-test with Bonferroni correction is then carried out to detect
whether each regression coefficient is nonzero. The intersec-
tion of the p null hypotheses coincides with the null used in
ART.
Centered percentile bootstrap (CPB). This procedure is simi-
lar to ART, except

√
n(θ̂∗

n − θ̂n) is used to estimate the upper
and lower quantiles of

√
n(θ̂n − θ0), providing critical values

for the test statistic
√

nθ̂n, see Efron and Tibshirani (1993).
Higher criticism (HC). This is a test originally proposed by
John Tukey for determining the overall significance of a col-
lection of independent p-values. We apply the statistic HC+

N

developed by Donoho and Jin (2004, 2015), which is expected
to perform well if the predictors are nearly uncorrelated.

We consider three examples for the data-generating model: (i)
Y = ϵ, (ii) Y = X1/4 + ϵ, and (iii) Y =

∑p
k=1 βkXk + ϵ, where

β1 = · · · = β5 = 0.15, β6 = · · · = β10 = −0.1, and βk = 0 for
k = 11, . . . , p. In the first example, there is no active predic-
tor, in the second there is a single active predictor, and in the
third there are 10 active predictors and the maximally correlated
predictor is not unique. The covariate vector X is distributed as
p-dimensional normal with each component Xk ∼ N (0, 1), an
exchangeable correlation structure Corr(Xj,Xk) = ρ for j ̸= k,



[Review Copy Only]
[ D

at
e:

  M
ay

 1
2,

 2
01

6 
R

ec
ei

ve
d 

by
 P

ro
fe

ss
or

 T
od

d 
Al

an
 K

uf
fn

er
  f

or
 re

vi
ew

in
g 

pu
rp

os
es

 o
nl

y 
] [ D

ate:  M
ay 12, 2016 R

eceived by Professor Todd Alan Kuffner  for review
ing purposes only ]

[Review Copy Only]

1426 Journal of the American Statistical Association, December 2015

Figure 1. Empirical rejection rates based on 1000 samples generated from models (i), (ii), and (iii) as the dimension ranges from p = 10 to
p = 200, for n = 100 (top row) and n = 200 (bottom row), and ρ = 0.8.

where ρ takes values 0, 0.5, and 0.8, and the noise ϵ ∼ N (0, 1)
is independent of X.

We consider two sample sizes (n = 100 and 200), and five
values of the dimension (p = 10, 50, 100, 150, and 200). A
nominal 5% significance level is used throughout. The bootstrap
sample size is taken as 1000. To specify the threshold λn in
ART, the double bootstrap is implemented by generating 1000
bootstrap estimates θ̂∗

n , then choosing λn so that 5% of the ARTs
(based on 1000 nested bootstrap samples) with test statistic√

n(θ̂∗
n − θ̂n) reject.

Empirical rejection rates based on 1000 Monte Carlo repli-
cations are reported in Figures 1–3. For model (i), the figures
provide Type I error rates, which should be compared with the
5% nominal rate; for models (ii) and (iii), the figures provide
the power of each test. The ART procedure has good control
of the Type I error rate throughout (compared to all the other
methods), while consistently maintaining relatively high power.
Comparing the results of models (ii) and (iii), nonuniqueness of
the maximally correlated predictor has no adverse effect on the
power of ART.

Bonferroni is highly conservative when ρ = 0.5 and 0.8, see
the left panels of Figures 1 and 2. The CPB method is highly
anti-conservative, with empirical Type I error rates exceeding
15% for both sample sizes (and thus out of range for most
of the panels on the left). The LRT effectively controls the
Type I error rate at around the nominal 5% level when it is
applicable, but it has very low power compared with all the

other methods, except under model (iii) in the “classical case”
of small numbers of predictors that are not highly correlated,
see the right panels of Figures 2 and 3. Higher criticism fails to
control Type I error except when the predictors are independent
(Figure 3), in which case it is slightly anti-conservative and has
excellent power under model (iii), but very poor under model
(ii). That is, HC performs well (under zero correlation) when
there are multiple active predictors, but not in the sparse case
of only one active predictor. Except in the case of independent
predictors, when Bonferroni is slightly better, ART outperforms
all the competing procedures when both Type I error and power
are taken into account, and the improvement increases with the
correlation between predictors.

4.2 Asymptotic Power

In this section, we carry out a simulation study to assess the
asymptotic power of ART compared with that of the Bonferroni
procedure. The computational expense of implementing ART
is high because of the double bootstrap, so our full simulation
study of the previous section is only feasible for small sample
sizes. Nevertheless, we are able to assess asymptotic power by
making use of our results on the local model in Section 3.

Consider the local model Y = (n−1/2b0)X1 + ϵ, where
b0 ∈ R. Here X and ϵ are generated in the same way as
Section 4.1, but now we only consider ρ = 0.5. The local pa-
rameter b0 takes the special form (b0, 0, . . . , 0)T , and we allow
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Figure 2. Empirical rejection rates as in Figure 1 except with lower correlation between predictors: ρ = 0.5.

Figure 3. Empirical rejection rates as in Figure 1 except for independent predictors.
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Figure 4. Asymptotic Type I error and power of ART (boxplots) compared with Bonferroni (circles) as a function of the local parameter b0,
for p = 10 and 50, ρ = 0.5, calculated using Steps 1–3 in Section 4.2.

b0 to vary over a grid in [0, 5], in increments of 0.5. We set
β0 = 0, b0 = (b0, 0, . . . , 0)T and make use of the given covari-
ance structure of X and the explicit form of the limiting dis-
tribution in Theorem 1 to generate draws from the asymptotic
distribution of

√
nθ̂n. Specifically, we carry out the following

steps:

1. For each value of b0 on the grid, take 5000 draws
from the limiting distribution of

√
n(θ̂n − θn) given in

Theorem 1 (this distribution only depends on b0 and the
given distribution of (X, Y )), then add b0 to obtain draws
from the limiting distribution of

√
nθ̂n. Based on these

draws, we can obtain the (approximate) rejection rate of
the test statistic

√
nθ̂n for any given rejection region. In

particular, the asymptotic rejection rate of ART (for any
given b0 on the grid) can be calculated by referring to
the rejection rate corresponding to the particular critical
values cl and cu generated by ART.

Figure 5. Asymptotic Type I error and power of ART compared with Bonferroni for p = 1000 and ρ = 0.5, where ART is implemented
using a fixed threshold λn specified by a = 2, 4, 5, 8, and each boxplot is based on 20 independent replications with n = 10,000.
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Figure 6. Gene expression example. Left panel: histogram of
√

n(θ̂∗
n − θ̂n) showing that the two-sided CPB p-value is 3.2%. Right panel:

histogram of A∗
n showing that the two-sided ART p-value is 17.2%.

2. To assess the asymptotic power of ART at each given
b0, we generate 10 independent large samples (with n =
5000) from the local model, find cl and cu for each sample,
and display in a boxplot the corresponding asymptotic
rejection rates (using the results of Step 1).

3. For comparison, we also plot the asymptotic power of the
Bonferroni procedure, which is approximated using 1000
samples each of size n = 5000.

The results are presented in Figure 4 for p = 10 and 50. The
main source of variation within each boxplot is due to random-
ness over the 10 independent samples drawn from the local
model, rather than bootstrap randomness (in view of bootstrap
consistency and the large sample size n = 5 000). The median
of each boxplot provides a suitable reference point to compare
with the asymptotic power of Bonferroni (indicated by the cir-
cle). Note that ART provides accurate control of asymptotic
Type I error, and, as expected, Bonferroni is slightly conser-
vative. In terms of median power, ART always outperforms
Bonferroni, and can provide an additional 25% power (e.g., at
b0 = 3 for p = 10, and at b0 = 3.5 for p = 50).

The cost of implementing the double bootstrap part of ART
makes it prohibitive to extend the results in Figure 4 to larger
p, but if we fix λn, then it becomes practical to run the simula-
tions for p = 1000. Figure 5 shows how the asymptotic power
of ART compares with Bonferroni as the constant a used to
specify λn takes values 2, 4, 5, and 8 (the corresponding λn are
4.3, 6.1, 6.8, and 8.6). Note that as a increases (going from one
panel to the next), ART becomes more stable and provides more
accurate Type I error control, but the overall power decreases.
At small values of a, ART behaves like the CPB, which is anti-
conservative (as we have already seen in the previous section),
whereas at larger values the influence of CPB is diluted. For the
CPB (which corresponds to setting λn = 0), the plot (not shown)
appears very similar to that for a = 2; also, for a > 8 the plots
appear very similar to a = 8. The best choice of a, therefore,
is a trade-off between Type I error control and power; com-
paring with Figure 4, ART with double bootstrapping appears
to achieve a satisfactory balance in this regard. Also note that,
even at the largest value a = 8, ART can provide an additional
20% power over Bonferroni, and thus outperform Bonferroni
by a considerable margin in high-dimensional settings as well,

Figure 7. HIV drug resistance example. Left panel: training set p-values (mean ± SD) over 50 random splits of the data for forward stepwise
ART (solid line), standard forward stepwise regression (dash-dot line), and the 0.05 alpha level (dotted). Right panel: test set error for the
corresponding models (including all previously selected variables); the two lines are almost indistinguishable.
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at least when there is a high degree of correlation among the
components of X.

4.3 Gene Expression Example

We consider gene expression profiles from the tumors of
n = 156 patients diagnosed with a common type of adult brain
cancer (glioblastoma), collected as part of the Cancer Genome
Atlas pilot project (TCGA 2008). Our analysis is based on log
gene expression levels X at p = 181 loci along chromosome
1. We are interested in detecting the presence of a gene that is
significantly related to log-survival time Y .

We compare the results from applying the Bonferroni, CPB,
and ART procedures; LRT is not applicable since p > n. The
three methods yield very different p-values. The smallest Bon-
ferroni adjusted p-value is 40.8%, suggesting that no gene is
significantly related to Y . The CPB and ART p-values are 3.2%
and 17.2%, respectively, from 1000 bootstrap samples. Figure 6
shows how these p-values are calculated. Thus, the CPB method
suggests the presence of a significant genetic effect, whereas
ART does not.

4.4 HIV Drug Resistance Example

Our second example uses data from the HIV Drug Resistance
Database (2014), an important public resource for understanding
how HIV-1 mutation patterns cause resistance to antiretroviral
drugs (Rhee et al. 2002). We will compare our results with those
of Lockhart et al. (2014), who applied their covariance test to
data on the susceptibility (a measure of drug resistance) of the
nucleotide reverse transcriptase inhibitor lamivudine (3TC). We
code susceptibility on a log-scale (Y), and each predictor Xj is
taken as indicating the presence/absence of a mutation at a given
sequence position. The viral sequence positions are indexed by
j. Excluding missing data and rare mutations resulted in data on
p = 103 positions and a total of 1266 isolates.

We randomly split the data 50 times into a training set of
size n = 126 and a test set of size 1140. For each split, we
carry out 20 steps of forward stepwise ART and standard for-
ward stepwise regression using the training data, and calculate
the corresponding prediction error (including all previously se-
lected variables) using the test data. The left panel of Figure 7
shows the training data p-values (mean ± SD) for the newly en-
tered predictor at each step, over the 50 random splits, and the
right panel shows the corresponding prediction errors (mean ±
SD). Forward stepwise ART detects one very highly significant
mutation, but no more, as confirmed by the test set error plot,
and this result is roughly consistent with the findings of Lock-
hart et al. (2014). Standard forward stepwise regression picks
out at least 10 mutations, but there is no improvement in test
set error after the first predictor enters the model; moreover, the
test error almost exactly coincides with ART.

5. DISCUSSION

In this article, we have developed an adaptive resampling test
(ART) for detecting the existence of a significant predictor, Xk0 ,
from among predictors X1, . . . , Xp. The procedure is designed
to adjust to the nonregular limiting behavior of the estimated
marginal regression coefficient θ̂n of the selected predictor. This
is done by using a thresholded version of the bootstrap that
adapts to the nonregularity: if there is at least one significant

predictor, it reduces to a centered percentile bootstrap, other-
wise it mimics the local (nonuniform) asymptotic behavior of
θ̂n. We have shown that in simulation studies, ART performs
favorably compared with standard methods such as Bonferroni,
but also compared with more sophisticated methods such as
higher criticism. The advantage of ART may stem from it being
designed to take into account correlations between predictors,
while also avoiding distributional assumptions (the nonpara-
metric bootstrap steps in ART are essentially distribution free).
We have restricted attention to linear models, but our approach
has much wider applicability (e.g., generalized linear models,
quantile regression, and censored time-to-event outcomes), and
these will be studied in future articles.

Although our simulation results suggest that ART is use-
ful and remarkably stable in “large p, small n” settings, the
asymptotic theory that we have used to calibrate ART relies
on assuming a fixed p, with n tending to infinity. In view of
the conservative nature of the Bonferroni procedure in high-
dimensional settings, there is a pressing need for more powerful
tests in this area. In future work, it would be of interest to
develop the asymptotic theory of ART for the case of p grow-
ing with n, although this would be very challenging. As far
as we know, formal testing procedures that provably control
FWER and adjust to nonregularity under diverging p are not
yet available, except for higher criticism in the case that the
predictors are nearly uncorrelated, as established by Ingster,
Tsybakov, and Verzelen (2010) and Arias-Castro, Candès, and
Plan (2011). In the only other instance we know of, under the
strong assumption that X1, . . . , Xp, Y are iid N (0, 1), results
of Cai and Jiang (2012) can be used to find the weak limit of
ρ̂n = maxk=1,...,p |Ĉorr(Xk, Y )| and thus devise an asymptoti-
cally correct calibration: if p = pn → ∞ at subexponential rate,

log(p)/n → 0, then ρ̂n →p 0 and nρ̂2
n − 2 log p + log log p

d→
F , where F (y) = e−e−y/2/(2

√
π). In the super-exponential case,

log(p)/n → ∞, then ρ̂n →p 1 and there is a similar weak limit.
Another interesting direction for future work would be to

study the forward stepwise version of ART discussed in Section
3. Modifications to ART when applied stepwise in this way
would be needed to adjust for the implicit dependence among
the new outcomes. By repeating such a procedure until no more
significant predictors are detected, the aim would be to correctly
identify all active predictors.

APPENDIX: PROOF

Proof of Theorem 1. For k = 1, . . . , p, let (α̂k, θ̂k) =
arg min(α,θ) Pn(Y − α − θXk)2. Then k̂n = arg mink=1,...,p Pn(Y −
α̂k − θ̂kXk)2 and (α̂n, θ̂n) = (α̂k̂n

, θ̂k̂n
). It is easy to verify that

α̂k = Pn(Y − θ̂kXk),

√
nθ̂k =

√
nĉov(Xk, Y )

v̂ar(Xk)

=
√

nĉov(Xk, XT )βn + Gn[ϵ(Xk − PnXk)]
v̂ar(Xk)

= (GnXkXT − PnXkGnXT − GnXkPnXT )βn

v̂ar(Xk)

+Gn[ϵ(Xk − PnXk)] − PnϵGnXk +
√

ncov(Xk, XT )βn

v̂ar(Xk)
,

(A.1)
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where Pn is the distribution of (Y, X), and the mean residual squared
error

R̂k ≡ Pn[Y − α̂k − θ̂kXk]2 = v̂ar(Y ) − v̂ar(Xk)θ̂2
k . (A.2)

The result then follows immediately from the following two lemmas.
The first lemma verifies the oracle property for marginal regression
under the assumption that there is at least one active predictor; the proof
is included for completeness. The second lemma gives the (nonregular)
asymptotic behavior of θ̂n when there are no active predictors.

Lemma A.1. If all conditions in Theorem 1 hold and β0 ̸= 0, then

k̂n
a.s.→ k0 and

√
n(θ̂n − θn)

d→ Zk0 (β0)/Vk0 , where Zk0 (β0) is defined
in Theorem 1.

Proof. Denote R̂ ≡ (R̂1, . . . , R̂p)T . When β0 ̸= 0, var(XT β0) > 0.
By the strong law of large numbers (SLLN)

v̂ar(Y ) − R̂
var(XT β0)

a.s.→
(

Corr2(X1, XT β0), . . . , Corr2(Xp, XT β0)
)T

.

Since k̂n = arg maxk=1,...,p[v̂ar(Y ) − R̂k]
/

var(XT β0) and
Corr2(Xk, XT β0) is maximized at k = k0, it follows immediately that
k̂n

a.s.→ k0.
Next, denote X̂ = Xk̂n

and Xn = Xkn . Since Pn[Y − PnY − θ̂n(X̂ −
PnX̂)]X̂ = 0 and Y = α0 + XT βn + ϵ, we have

√
n(θ̂n − θn)v̂ar(X̂)
=

√
nĉov(X̂, XT )βn +

√
nPn

(
ϵ(X̂ − PnX̂)

)
−

√
nv̂ar(X̂)

× cov(Xn, X)T βn + cov(Xn, ϵ)
var(Xn)

=
√

nĉov(Xk0 , XT )βn +
√

nPn

(
ϵ(Xk0 − PnXk0 )

)

−
√

nv̂ar(Xk0 )
cov(Xk0 , X)T βn + cov(Xk0 , ϵ)

var(Xk0 )
+ oPn (1)

= Gn

[(
ϵ + (X − PnX)T β0 − cov(Xk0 , X)T β0

var(Xk0 )
(Xk0 − PnXk0 )

)

×(Xk0 − PnXk0 )
]

+ oPn (1),

where the second equality uses k̂n
a.s.→ k0 and kn → k0 as n → ∞,

and the third equality follows from the law of large numbers (LLN)

and cov(ϵ, Xk0 ) = 0. Similarly, v̂ar(X̂)
Pn→ Vk0 ≡ var(Xk0 ). The proof

is completed using Slutsky’s lemma and the central limit theorem
(CLT). !

Lemma A.2. If all conditions in Theorem 1 hold and β0 = 0, then
√

n(θ̂n − θn)
d→ ZK (0)/VK + (CK/VK − Ck̄(b0)/Vk̄(b0))T b0.

Proof. Since (Z1(0), . . . , Zp(0))T is a normal random vector and
|Corr(Xj , Xk)| < 1 for j ̸= k, it is easy to see that

(Zj (0) + CT
j b0)2

Vj

̸= (Zk(0) + CT
k b0)2

Vk

for any j ̸= k a.s. (A.3)

So K is unique a.s.
Denote θ̂ = (θ̂1, . . . , θ̂p)T . Note that when β0 = 0,

√
nβn = b0. By

the CLT and Slutsky’s lemma, we see from (A.1) that

√
nθ̂

d→
(

Z1(0) + CT
1 b0

V1
, . . . ,

Zp(0) + CT
p b0

Vp

)T

.

From (A.2), we have

n
[
v̂ar(Y ) − R̂

]
= (

√
nθ̂ ) ⊙ (

√
nθ̂ ) ⊙

(
v̂ar(X1), . . . , v̂ar(Xp)

)T
,

where ⊙ denotes the elementwise (Hadamard) product, so, by the
continuous mapping theorem and Slutsky’s lemma,

( √
nθ̂

n
[
v̂ar(Y ) − R̂

]
)

d→

⎛

⎝

(
(Z1(0) + CT

1 b0)/V1, . . . , (Zp(0) + CT
p b0)/Vp

)T

(
(Z1(0) + CT

1 b0)2/V1, . . . , (Zp(0) + CT
p b0)2/Vp

)T

⎞

⎠ .

Define h(t) = (1arg maxk tk=1, . . . , 1arg maxk tk=p)T , where
t = (t1, . . . , tp)T ∈ Rp . Note that h is continuous at t if arg maxk tk is

unique. Thus, using (A.3) and since
√

nθ̂n =
√

nθ̂
T
h
(
n[v̂ar(Y ) − R̂]

)
,

the result follows by applying the continuous mapping theorem to the
above display. !

Lemma A.3. Let Z be a p-dimensional random vector and f :
R2p → Rp a function such that f (z, ·) is continuous for every z ∈
Rp , and f (Z, b)j ̸= f (Z, b)k a.s. for all j ̸= k and b ∈ Rp . Then
K(b) ≡ arg maxk=1...,p f (Z, b)k is unique a.s. Also, if bl → b0, then
K(bl) = K(b0) for l sufficiently large a.s.

The proof is omitted. An immediate consequence of this lemma is
the continuity of the limiting distribution in Theorem 1 as a function
of b0; this is seen by setting f (z1, . . . , zp, b)k = (zk + CT

k b)2/Vk for
k = 1, . . . , p, and using (A.3).

Proof of Theorem 2. The notation θ̂∗
n and k̂∗

n means that θ̂n and
k̂n are based on n iid observations taken from Pn. The bootstrapped
process V ∗

n (b) in the statement of the theorem is defined by reexpressing
(4), along with K̄(b) and Kn(b), in terms of Pn and Pn operating on
functions of (X, Y ), then replacing Pn by Pn and Pn by P ∗

n throughout.
In the case of Zn,k in which ϵ is not observed, we also replace ϵ by
ϵ̂n = ϵ̂n(X, Y ) ≡ Y − α̂n − θ̂nX̂, resulting in

Z∗
n,k = G∗

n[ϵ̂n(Xk − P ∗
n Xk)] = G∗

n[ϵ̂nXk] − [G∗
n ϵ̂n][P ∗

n Xk], (A.4)

where G∗
n =

√
n(P ∗

n − Pn) is the bootstrapped empirical process. As is
conventional in empirical process theory, P ∗

n , Pn, and Pn are assumed
to operate only on functions that are defined on (X, Y ), explaining why
P ∗

n Xk can be separated in the above display.
Let EM denote expectation conditional on the data, and let

P M be the corresponding probability measure. We will show that

1|T ∗
n |>λn or |Tn|>λn

PM

→ 1β0 ̸=0 and 1|T ∗
n |≤λn 1|Tn|≤λn

PM

→ 1β0=0 conditionally
(on the data) in probability. This together with Lemmas A.4 and A.5
implies the result.

For k = 1, . . . , p, the bootstrapped marginal regression coefficient
θ̂∗
k satisfies

√
nθ̂∗

k =
√

n[P ∗
n XkY − (P ∗

n Xk)(P ∗
n Y )]

P ∗
n X2

k − (P ∗
n Xk)2

= G∗
nXkY − G∗

nXkP ∗
n Y − (PnXk)(G∗

nY ) +
√

n[PnXkY − (PnXk)(PnY )]
P ∗

n X2
k − (P ∗

n Xk)2

= G∗
nXkY − G∗

nXkP ∗
n Y − (PnXk)(G∗

nY ) +
√

nθ̂k[PnX
2
k − (PnXk)2]

P ∗
n X2

k − (P ∗
n Xk)2

.

(A.5)

When β0 = 0, by Lemma A.2 and the condition that

λn → ∞ as n → ∞, we have T ∗
n /λn

PM

→ 0 in probability. When
β0 ̸= 0, it is easy to verify that |θn| → |CT

k0
β0|/Vk0 , which is positive

under the condition that k0 is unique. Thus,

P M (|T ∗
n | ≤ λn) =P M (|(θ̂∗

n − θ̂n) + (θ̂n − θn) + θn| ≤ λns
∗
n)

≤P M
(
|θn| ≤ λns

∗
n + |θ̂∗

n − θ̂n| + |θ̂n − θn|
)

tends to zero in probability when β0 ̸= 0, where the convergence fol-
lows from Lemma A.1, Lemma A.4, and the condition thatλn = o(

√
n).
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Hence,

EM |1|T ∗
n |≤λn − 1β0=0| = EM |1|T ∗

n |>λn − 1β0 ̸=0|
= P M (|T ∗

n | > λn, β0 = 0)
+P M (|T ∗

n | ≤ λn, β0 ̸= 0)
= P M (|T ∗

n | > λn|β0 = 0)1β0=0

+P M (|T ∗
n | ≤ λn|β0 ̸= 0)1β0 ̸=0

tends to zero in probability. This implies that 1|T ∗
n |>λn

PM

→ 1β0 ̸=0 and

1|T ∗
n |≤λn

PM

→ 1β0=0 conditionally in probability. Since 1|Tn|≤λn converges
to 1β0=0 in probability, the result follows from Slutsky’s lemma.

Lemma A.4. If the conditions in Theorem 1 hold and β0 ̸= 0,

then k̂∗
n

PM

→ k0 conditionally (on the data) a.s. and
√

n(θ̂∗
n − θ̂n)

d→
Zk0 (β0)/Vk0 conditionally (on the data) in probability.

Proof. It follows from (A.5), the SLLN and Slutsky’s lemma that,
when β0 ̸= 0,

v̂ar∗(Xk)θ̂∗
k = n−1/2[G∗

nXkY − G∗
nXkP ∗

n Y − (PnXk)(G∗
nY )

]

+θ̂k[PnX
2
k − (PnXk)2]

PM

→ CT
k β0

and θ̂∗
k

PM

→ CT
k β0/Vk a.s. for k = 1, . . . , p. Denote the bootstrap mean

squared error

R̂∗
k ≡ P ∗

n [Y − α̂∗
k − θ̂∗

k Xk]2 = v̂ar∗(Y ) − (θ̂∗
k )2v̂ar∗(Xk),

where v̂ar∗(Y ) = P ∗
n Y 2 − (P ∗

n Y )2 and v̂ar∗(Xk) = P ∗
n X2

k − (P ∗
n Xk)2.

Then we can write

k̂∗
n = arg max

k=1,...,p

v̂ar∗(Y ) − R̂∗
k

var(XT β0)
= arg max

k=1,...,p

(θ̂∗
k )2v̂ar∗(Xk)
var(XT β0)

since the denominator plays no role. By Slutsky’s lemma

(θ̂∗
k )2v̂ar∗(Xk)
var(XT β0)

PM

→ Corr2(Xk, XT β0)

a.s. for k = 1, . . . , p, so we obtain

P M (k̂∗
n ̸= k0) =P M

⎛

⎝
⋃

k:k ̸=k0

{
(θ̂∗

k0
)2v̂ar∗(Xk0 )

var(XT β0)
≤ (θ̂∗

k )2v̂ar∗(Xk)
var(XT β0)

}⎞

⎠

≤
∑

k:k ̸=k0

P M

(
(θ̂∗

k0
)2v̂ar∗(Xk0 )

var(XT β0)
≤ (θ̂∗

k )2v̂ar∗(Xk)
var(XT β0)

)

→ 0 a.s.,

where the convergence follows from the condition that k0 is unique
when β0 ̸= 0.

Recall that ϵ̂n ≡ Y − α̂n − θ̂nX̂, where X̂ ≡ Xk̂n
. Note that Pnϵ̂n =

0. By the definition of θ̂∗
n , we have

√
n(θ̂∗

n − θ̂n)[P ∗
n X2

k̂∗
n
− (P ∗

n Xk̂∗
n
)2]

=
√

n[P ∗
n Xk̂∗

n
Y − (P ∗

n Xk̂∗
n
)(P ∗

n Y ) − θ̂n(P ∗
n X2

k̂∗
n
− (P ∗

n Xk̂∗
n
)2)]

=
√

n(P ∗
n Xk̂∗

n
ϵ̂n − P ∗

n Xk̂∗
n
P ∗

n ϵ̂n)

+
√

nθ̂n

[
(P ∗

n Xk̂∗
n
)2 − P ∗

n X2
k̂∗
n
+ P ∗

n Xk̂∗
n
X̂ − (P ∗

n Xk̂∗
n
)(P ∗

n X̂)
]

= G∗
n ϵ̂n(Xk̂∗

n
− PnXk̂∗

n
) − G∗

nXk̂∗
n
(P ∗

n − Pn)ϵ̂n
−G∗

n ϵ̂n(Pn − Pn)Xk̂∗
n

+
√

nθ̂n

[
(P ∗

n Xk̂∗
n
)2 − P ∗

n X2
k̂∗
n
+ P ∗

n Xk̂∗
n
X̂ − (P ∗

n Xk̂∗
n
)(P ∗

n X̂)
]
.

(A.6)

The last term in (A.6) is oPM (1) a.s. because the first and last terms
within the square bracket cancel asymptotically, similarly for the sec-

ond and third terms, due to k̂∗
n

PM

→ k0 and k̂n → k0 a.s. We next show

that the first term in (A.6) converges in distribution to Zk0 (β0) condi-
tionally (on the data) in probability. By Lemma A.1, it is easy to verify

that θ̂n
Pn→ θ0 " CT

k0
β0/Vk0 and α̂n

Pn→ α0 + EXT β0 − θ0EXk0 . Denote
ϵ̄ = ϵ + (X − EX)T β0 − θ0(Xk0 − EXk0 ). Then the first term can be
decomposed as

G∗
n ϵ̂n[(Xk̂∗

n
− PnXk̂∗

n
− (Xk0 − PnXk0 )] + G∗

n[(ϵ̂n − ϵ̄)(Xk0 − PnXk0 )]
+G∗

n[ϵ̄(Xk0 − PnXk0 )]. (A.7)

The first term in (A.7) is oPM (1) a.s. since k̂∗
n

PM

→ k0. The second term
in (A.7) can be written as

[(α0 + EXT β0 − θ0EXk0 ) − α̂n]G∗
n(Xk0 − PnXk0 )

+(P ∗
n − Pn)[(Xk0 − PnXk0 )XT b0]

+(θ0 − θ̂n)G∗
n[Xk0 (Xk0 − PnXk0 )]

−θ̂nG∗
n[(X̂ − Xk0 )(Xk0 − PnXk0 )],

which is oPM (1) in probability by bootstrap consistency of the sample
mean (see, e.g., Theorem 23.4 of van der Vaart 1998), and the fact that
X̂ = Xk0 for n sufficiently large a.s. Bootstrap consistency of the sample
mean also gives that the third term in (A.7) converges in distribution to
Zk0 (β0) conditionally (on the data) in probability.

Similarly, the second and third terms in (A.6) and P ∗
n X2

k̂∗
n
−

(P ∗
n Xk̂∗

n
)2 − var(Xk0 ) can be shown to be oPM (1) in probability. The

result then follows from Slutsky’s lemma. !
Lemma A.5. If all conditions in Theorem 1 hold and β0 = 0, then

V ∗
n (b0) converges to the same limiting distribution as

√
n(θ̂n − θn)

conditionally (on the data) in probability.

Proof. Define Zn, Mn(b), and M ′(b) to be p-vectors with kth com-
ponents given by Zn,k = Gn[ϵ(Xk − PnXk)],

[ĉov(Xk, XT b) + Zn,k]2

v̂ar(Xk)
and

[cov(Xk, XT b)]2

var(Xk)
,

respectively. Let Wn(b) be a p × p matrix with the (j, k)th component
given by

ĉov(Xk, XT b) + Zn,k

v̂ar(Xk)
− cov(Xj , XT b)

var(Xj )
.

Also, let Dn(b) and D′(b) be p-vectors of zeros, apart from a 1 in the
entry that maximizes Mn(b) and M ′(b), respectively. Then

Vn(b) = D′(b)T Wn(b)Dn(b).

Similarly, define M(b), W (b), and D(b) (without indexing by n) to be
processes of the same form as Mn(b), Wn(b), and Dn(b), except with
Zn,k replaced by Zk(0), and the sample variances/covariances replaced
by their population versions.

Referring to the notation in (4), it is clear that when β0 = 0,
√

n(θ̂n − θn) = Vn(b0) = D′(b0)T Wn(b0)Dn(b0)
d→ D′(b0)T W (b0)D(b0).

Moreover, the second equality in the above display also holds for the
bootstrap version. Writing the bootstrapped version of Zn,k in (A.4) as

Z∗
n,k = G∗

n[ϵ(Xk − PnXk)] + G∗
n[(ϵ̂n − ϵ)(Xk − PnXk)]

+[(Pn − P ∗
n )Xk][G∗

n ϵ̂n],

and using arguments similar to those in the proof Lemma A.4 for

handling (A.7), we have Z∗
n

d→ (Z1(0), . . . , Zp(0))T conditionally (on

the data) in probability. As a result, (D̂′
n(b0), W ∗

n (b0), M∗
n(b0))

d→
(D′(b0), W (b0), M(b0)) conditionally (on the data) in probability,
where D̂′

n(b) is the sample version of D′(b), and W ∗
n (b) and M∗

n(b)
are the bootstrap versions of Wn(b) and Mn(b), respectively. Finally,
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using similar arguments to those at the end of the proof of Lemma A.2,
along with the continuous mapping theorem, we conclude that

V ∗
n (b0) = D̂′

n(b0)T W ∗
n (b0)D∗

n(b0)
d→ D′(b0)T W (b0)D(b0)

conditionally (on the data) in probability. !

[Received May 2014. Revised September 2015.]
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Comment
A. CHATTERJEE and S. N. LAHIRI

1. INTRODUCTION

This is an interesting article dealing with the important issue
of consistency of bootstrap approximations for distributions of
nonregular estimators under local asymptotics. Our discussion
of the article (referred to as [MQ] in the following to save
space) will focus on two aspects: (1) the use of bootstrap on
a nonregular test statistic and (2) an alternative solution to the
present testing problem where the issue of nonregularity can be
bypassed, allowing the naive bootstrap to be used without any
modification. Since the nonregular behavior of the test statistic
is present only in a neighborhood of β0 = 0 in model (2) of
[MQ], we shall set β0 = 0 and restrict attention to the local
asymptotic structure:

Yi = α0 + X′
i

!
n−1/2b0

"
+ ϵi , i = 1, . . . , n (1)

for α ∈ R and b0 ∈ Rp, where Yi , ϵi and Xi are as in [MQ]
and where A′ denotes the transpose of a matrix A. On (2), it is
observed that the alternative test has attractive power properties
particularly under diffuse alternatives, that is, when the compo-
nents of b0 in model (1) are small nonzero numbers. Further, the
alternative test is computationally simple and it can be easily
extended to the high-dimensional case. On the other hand, the
ART is better suited to identify the most significant predictor
which the alternative test cannot do.

The rest of the discussion is organized as follows. In Section
2, we discuss some important aspects of the ART methodol-
ogy and its implications in the general context of bootstrapping
nonregular estimators. In Section 3, we describe a simple alter-
native solution to the testing problem dealt with in the article. In
Section 4, we compare the adaptive resampling test (ART) and
the alternative test in a simulation study. Finally, some conclud-
ing remarks are given in Section 5.

2. BOOTSTRAPPING A NONEGULAR ESTIMATOR

It has been known for a long time (see Andrews 2000; Sam-
worth 2003) that for nonregular estimators, such as the Hodges’
estimator, a naive application of the bootstrap method fails to
capture their limit distributions. The present article considers
one such example where the test-statistic of interest is nonreg-
ular and also, its limit distributions over the parameter space

A. Chatterjee, Stat-Math Unit, Indian Statistical Institute, New Delhi, India
(E-mail: cha@isid.ac.in). S. N. Lahiri, Department of Statistics, North Carolina
State University, Raleigh, NC 27695-8203 (E-mail: snlahiri@ncsu.edu). Re-
search partially supported by NSF grant DMS 1310068.

Color versions of one or more of the figures in the article can be found online
at www.tandfonline.com/r/jasa.

has a discontinuity at the origin. The naive Bootstrap method
that resamples randomly and with replacement from the ob-
servables {(Xi , Yi) : i = 1, . . . , n} has a random variation of
the order n−1/2 around the true joint distribution of (X1, Y1). As
a result, defining the Bootstrap version of a nonregular statistic
by simply replacing the {(Xi , Yi) : i = 1, . . . , n} with the re-
sampled values {(X∗

i , Y
∗
i ) : i = 1, . . . , n} (say) propagates this

n−1/2-order random fluctuations into the distribution of a non-
regular estimator. This, in turn, makes it impossible for the
naive bootstrap approach to recover the discontinuous limit
laws of the nonregular estimator with probability tending to
1. One of the major contributions of the article is to propose
a novel approach toward dealing with this issue which is ap-
plicable more generally in similar inference problems involv-
ing bootstrapping nonregular estimators. Existing approaches to
dealing with inconsistency of the bootstrap include: (1) resam-
pling from especially constructed distribution estimators (e.g.,
weighted empirical distribution function in place of the em-
pirical distribution function in linear regression models (see
Lahiri 1992), (2) resampling fewer observations than the orig-
inal sample size or the ‘m out of n Bootstrap’ (see Athreya
1987; Bickel, Götze, and van Zwet 1997), among others. In
contrast, the approach proposed here is strikingly different from
existing approaches—it seeks to overcome the inconsistency of
the naive bootstrap by carefully modifying the definition of the
bootstrapped estimator itself, keeping the resampling scheme
(in this case, the paired bootstrap—see Freedman (1981)) un-
changed. Specifically, denoting the resampled observations as
{(X∗

i , Y
∗
i ) : i = 1, . . . , n}, generated by simple random sam-

pling with replacement from {(Xi, Yi) : i = 1, . . . , n}, the naive
bootstrap version of

√
n(θ̂n − θ ) is
√

n
#
θ̂∗
n − θ̂n

$

where θ̂∗
n is obtained by replacing {(Xi, Yi) : i = 1, . . . , n} with

{(X∗
i , Y

∗
i ) : i = 1, . . . , n}. As discussed earlier, since θ̂n is a

nonregular estimator (see Theorem 1 of [MQ]), this naive ver-
sion of the bootstrap fails. The approach developed by [MQ]
is to carefully redefine the bootstrap version of

√
n(θ̂n − θ ) so

that it is able to recognize and adapt to the discontinuity in the
limit laws of

√
n(θ̂n − θ ). The modified bootstrap version of

Rn ≡
√

n(θ̂n − θ ), given in Theorem 2 of [MQ], is

R∗[MQ]
n =

%√
n(θ̂∗

n − θ̂n) if max{|T ∗
n |, |Tn|} > λn

Vn(b0) if max{|T ∗
n |, |Tn|} ≤ λn.

© 2015 American Statistical Association
Journal of the American Statistical Association
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Table 1. Empirical probability of rejecting H0 by the ART test at
different choices of b1 and corresponding standard deviation (in

parentheses). Here, n = 200 and p = 10 and ϵ1 ∼ χ 2
1 − 1

b1

λn 0 1/4 1 2 5 10

0 0.013 0.007 0.008 0.08 0.715 1
(0.02) (0.01) (0.01) (0.1) (0.24) (0)

1 0.063 0.058 0.138 0.389 0.867 1
(0.07) (0.05) (0.14) (0.3) (0.22) (0)

2.5 0.027 0.049 0.209 0.577 0.989 1
(0.03) (0.04) (0.13) (0.19) (0.02) (0)

5 0.035 0.066 0.265 0.663 0.996 1
(0.03) (0.05) (0.12) (0.14) (0) (0)

Here, the truncation of Tn and T ∗
n at (a suitable level) λn is

used for capturing the different limit behaviors of Rn in two
scenarios—(1) away from the origin (i.e., for β0 ̸= 0) and (2)
in n−1/2-compact neighborhoods of the origin (i.e., for β0 = 0
and βn = n−1/2b0 in (2) of [MQ]). It is important to note that
the definition of R∗

n depends on the (local) parameter b0 which
would be known in testing problems with simple null hypothe-
ses, for example, as in the ART for H0 : θn = 0 or equivalently,
for H0 : b0 = 0.

The choice of the truncation level λn plays a crucial role
in determining the performance of the ART in finite samples.
While the asymptotic results are valid for any sequence {λn} with
λ−1

n + λn/
√

n = o(1), data-based choices of λn are preferable.
In their article, [MQ] suggests a double-bootstrap method for
choosing λn. Although this would provide a reasonable choice,
computationally simpler alternatives such as the jackknife-after-
bootstrap method of Efron (1992) may also be used to find the
desired quantiles (see Lahiri 2005). In particular, the JAB can
be used to generate computationally simpler estimates of the
MSE of the bootstrap quantiles corresponding to a set of λn

values which would then be minimized to produce a choice
of λn.

3. TESTING H0 : θn = 0

We now formulate an alternative test procedure for testing
H0 : θn = 0, that is, if any of the p predictors is relevant. Here,

Table 2. Empirical probability of rejecting H0 by the ART test at
different choices of % and corresponding standard deviation (in

parentheses). Here, n = 200 and p = 10 and ϵ1 ∼ χ 2
1 − 1

%

λn 0 1/4 1 2 5 10

0 0.012 0.008 0.005 0.024 0.533 0.996
(0.02) (0.01) (0.01) (0.04) (0.28) (0.03)

1 0.062 0.057 0.09 0.238 0.777 0.996
(0.06) (0.05) (0.09) (0.22) (0.31) (0.03)

2.5 0.027 0.041 0.128 0.364 0.969 1
(0.03) (0.04) (0.09) (0.18) (0.07) (0)

5 0.036 0.056 0.168 0.444 0.989 1
(0.03) (0.04) (0.09) (0.15) (0.01) (0)

Table 3. Empirical probability of rejecting H0 by the ART test at
different choices of % and corresponding standard deviation (in

parentheses). Here, n = 200 and p = 150 and ϵ1 ∼ χ 2
1 − 1

%

λn 0 1/4 1 2 5 10

0 0.076 0.054 0.016 0.01 0.318 0.972
(0.09) (0.07) (0.03) (0.02) (0.3) (0.08)

1 0.177 0.146 0.098 0.137 0.52 0.988
(0.18) (0.14) (0.09) (0.21) (0.39) (0.04)

2.5 0.074 0.077 0.119 0.276 0.875 0.995
(0.17) (0.16) (0.18) (0.23) (0.24) (0.03)

5 0.117 0.137 0.231 0.45 0.973 1
(0.25) (0.26) (0.27) (0.26) (0.06) (0)

θn is as in [MQ], that is, θn = ηkn
where ηk = Cov(Xk,Y )

Var(Xk) and
kn = argmaxk|ηk|. Note that

H0 : θn = 0 is equivalent to H0 : η1 = · · · = ηp = 0. (2)

The test in [MQ] is based on the maximum of the sample
versions of the ηk’s, which targets the ℓ∞ norm of (η1, . . . , ηp).
We can, alternatively, consider the ℓγ norm of (η1, . . . , ηp) for
any γ ∈ (0,∞), as testing H0 : θn = 0 is equivalent to testing
H0 : ∥(η1, . . . , ηp)′∥γ = 0 where ∥ · ∥γ denotes the ℓγ norm of
a vector. For simplicity, we restrict attention to γ = 2, corre-
sponding to the standard Euclidean norm. Let η̂k = !cov(Xk,Y )

"var(Xk) =
n−1 #n

i=1(Xi,k−X̄k )(Yi−Ȳ )

n−1
#n

i=1 (Xi,k−X̄k)2 where a bar ¯ over a symbol denotes aver-

aging over its n-values. We define the test statistic

)n =
p$

j=1

t2
j

where tj = η̂j /sj is the t-statistic for the jth marginal regression

with s2
j = n−1 #n

i=1 (Yi−Ȳn)2

#n
i=1 (Xi,j −X̄n,j )2 . Here, we would reject H0 in (2) for

large values of)n, Note that calibration of the test statistic)n is
straightforward. Indeed, it is easy to check that the limit distribu-
tion of )n is given by a weighted sum of p chi-squared random
variables, where the weights are determined by the covariance
structure of (X1, . . . , Xp) that can be well approximated by the
naive bootstrap.

We now point out some of the advantages of the above testing
procedure. Note that the test statistic)n is regular and unlike θ̂ ,
its limit distributions do not suffer from noncontinuity issues.
Second, the naive bootstrap method can be used without any
modifications to find the critical points of the test. Third, it
is computationally simple and does not require selection of
the truncation parameter λn. Indeed, the test based on )n has
a natural extension to the high-dimensional setting, as given
by Gregory et al. (2015). Compared with the LRT that has a
poor performance in high dimensions as demonstrated by the
simulation results of [MQ], the )n-based test does not suffer
from this problem, as it completely avoids inversion of a high-
dimensional covariance matrix. See Gregory et al. (2015) for
more details on the properties of the )n-based test in high
dimensions.
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Figure 1. n = 200 and p = 50. Error df = χ 2
1 − 1. Power of the ART with different choices of " (denoted as D in the x-axis) at λn ∈

{0, 1, 2.5, 5}. Boxplots are based on 100 samples. Horizontal blue line denotes the 5% level.

Figure 2. n = 200 and p = 150. Error df = χ2
1 − 1. Power of the ART with different choices of b1 at λn ∈ {0, 1, 2.5, 5}. Boxplots are based

on 100 samples. Horizontal blue line denotes the 5% level.
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Figure 3. n = 200 and p = 150. Error df = χ 2
1 − 1. Power of the ART with different choices of " (denoted as D in the x-axis) at

λn ∈ {0, 1, 2.5, 5}. Horizontal blue line denotes the 5% level.

In the next section, we report results from a simulation study
that compares the ART and the $n-based test.

4. NUMERICAL RESULTS

We considered model (1) with iid (0, 1) errors ϵi such that
X = (X1, . . . , Xp) and ϵ are independent. The covariate vectors
Xi are iid realizations from Np(0,!), where ! = (1 − ρ)Ip +
ρ11′, for ρ = 0.8. We considered two possible choices of the
error distribution.

(E1) ϵi are iid N (0, 1).
(E2) ϵi are iid χ2

1 − 1.

Further, we considered two specific choices of b.

1. b = (b1, 0, . . . , 0)′, with b1 ∈ {0, 1/4, 1, 2, 5, 10}, and
2. b = p−1" · 1, with " ∈ {0, 1/4, 1, 2, 5, 10} where 1 is a

p-vector of 1s.

Note that in the first case, the alternative is a spiked signal
while in the other case, it is a diffuse signal. Choices of (n, p)
were given by (n, p) = (200, 10), (200, 50), (200, 150). For the
ART, we also considered several values of λn, given by λn ∈
{0, 1/4, 1/2, 1, 2, 5, 10}. The last one is not shown in the plots
due to similarity with λn = 5.

Tables 1 and 2 show the mean and standard deviations (sd-s)
for the power computed over 100 samples (i.e., simulation runs)
at p = 10 for the two alternatives driven by b1 (spiked sig-
nal) and " (diffuse signal), respectively. The same is shown in
Table 3 for p = 150 for the diffuse case. In all three cases, the

error distribution is χ2(1) − 1. Table 1 suggest a good perfor-
mance of the ART procedure in case of the spiked signal with
a correct choice of λn. As seen from Table 2, the performance
is slightly worse for the diffuse signal compared to the spiked
signal. Table 3 for p = 150 shows a clear increase in the sd’s of
the power values.

Figure 1 shows that the variability of the empirical power of
the ART increases rapidly when p = 50, even though a large
choice of λn seemingly improves the performance for the same
choice of ". Figures 2 and 3 show that the ART procedure
is quite erratic when p = 150, especially in the diffuse case.
Also, the Type I error rate can go much higher than the nominal
value of 0.05. The high variability is an important concern while
applying this test for moderately large values of p. The plot in
Figure 4 shows the power curve for the alternative test procedure
suggested in Section 3, at p = 150. The plots for p = 10 and
p = 50 are not shown, since they are very similar. Besides
the computational ease, the test maintains good power even
for alternatives very close to the null, with a slightly worse
performance under the χ2(1) − 1 error distribution compared to
the N(0,1) case for all three choices of p.

5. CONCLUDING REMARKS

[MQ] presents a novel approach to dealing with inconsistency
of the bootstrap for nonregular estimators. Although the devel-
opment here is given in the specific context of a testing problem
in a regression model, the same approach can be applied more
generally to other problems involving nonregular estimators.
For the specific testing problem considered here, the $n-based
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Figure 4. n = 200 and p = 150. Power of the alternative test procedure at different values of b and ! for both N (0, 1) and (χ2
1 − 1) errors.

The values of b and ! are {0, 1/4, 1, 2, 5, 10}. Plots are based on 10,000 samples. Horizontal dotted line at bottom denotes the 5% level.

test given in Section 3 provides a simple alternative and seems
to have some desirable properties, at least in the case of diffuse
alternatives. However, it must be noted that the#n-based test is
not suitable for some of the other uses of the ART outlined in the
article, such as identification of the most significant predictor,
variable selection based on forward stepwise ART, etc.

[Received September 2013. Revised July 2014.]
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Comment
Rajen D. SHAH and Richard J. SAMWORTH

1. INTRODUCTION

We are grateful for the opportunity to discuss this new test,
based on marginal screening, of a global null hypothesis in lin-
ear models. Marginal screening has become a very popular tool
for reducing dimensionality in recent years, and a great deal of
work has focused on its variable selection properties (e.g., Fan
and Lv 2008; Fan, Samworth, and Wu 2009). Corresponding
inference procedures are much less well developed, and one of
the interesting contributions of this article is the observation
that the limiting distribution (here and throughout, we use the
same notation as in the article) of n1/2(θ̂n − θ0) is discontinu-
ous at θ0 = 0. Such nonregular limiting distributions are well
known to cause difficulties for the bootstrap (e.g., Beran 1997;
Samworth 2003). Although in some settings, these issues are
an artefact of the pointwise asymptotics of consistency usu-
ally invoked to justify the bootstrap (Samworth 2005), there are
other settings where some modification of standard bootstrap
procedures is required. Two such examples include bootstrap-
ping Lasso estimators (Chatterjee and Lahiri 2011) and certain
classification problems (Laber and Murphy 2011), where thresh-
olded versions of the obvious estimators are bootstrapped, in an
analogous fashion to the approach in this article.

2. STANDARDIZED OR UNSTANDARDIZED
PREDICTORS?

Theorem 1 of the article reveals that the limiting distribution
of n1/2(θ̂n − θ0) may be quite complicated, even under the global
null. To see this, consider a setting where p = 2, where X1 and
X2 are highly correlated, but var(X1) ≪ var(X2). In this case,
it is essentially a coin toss as to which predictor has the greater
sample correlation with Y , but if k̂n = 1 then |θ̂n| will be tend
to be large, while if k̂n = 2 then |θ̂n| will be tend to be small.
The unfortunate consequence for the power of the procedure is
that even for large sample sizes, we will only have a reasonable
chance of rejecting the global null if we select X1 (in particular,
the power will be not much greater than 50% even when the
signal is relatively large). For instance, consider the situation
where n = 100, p = 2, X1 ∼ N (0, 1), X2 = 20X1 + η, where

This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0),
which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited. The moral rights of the named
author(s) have been asserted.

Rajen D. Shah (E-mail: r.shah@statslab.cam.ac.uk) and Richard J. Sam-
worth (E-mail: r.samworth@statslab.cam.ac.uk), Statistical Laboratory, Uni-
versity of Cambridge, Cambridge CB2 1TN, United Kingdom. The second
author is supported by an Engineering and Physical Sciences Research Council
Fellowship and a grant from the Leverhulme Trust.

Color versions of one or more of the figures in the article can be found online
at www.tandfonline.com/r/jasa.

η ∼ N (0, 1) is independent of X1, and

Y = X1 + ϵ, (2.1)

where ϵ ∼ N (0, 1) is independent of X1 (and η). Instead of us-
ing adaptive resampling test (ART) to obtain the critical value
for the test of size α = 0.05, we simply simulated from the null
model where (X1, X2) are as above, but Y = ϵ ∼ N (0, 1). A
density plot of the values of θ̂n computed over 10,000 repeti-
tions is shown in the top-left panel of Figure 1; note that the spike
around 0 is due mainly to the 5017 occasions where X2 hap-
pened to have higher absolute correlation with Y (i.e., k̂n = 2).
The critical value for the test was taken to be the 100(1 − α)th
quantile of the realizations of |θ̂n|, namely, 0.171. Under the al-
ternative specified by (2.1), θ̂n has a highly bimodal distribution
as illustrated in the bottom-left panel of Figure 1. The only oc-
casions when we were able to reject the null were when X1 had
higher absolute correlation with Y , yielding a power of 59.8%.

Fortunately, it is straightforward to construct a slightly mod-
ified test statistic that can yield great improvements. Indeed,
it is standard practice in variable selection contexts to stan-
dardize each predictor Xk so that Ê(Xk) = 0 and !var(Xk) = n,
and likewise to standardize the response so that Ê(Y ) = 0 and
!var(Y ) = n. This amounts to using the test statistic |θ̃n|, where

θ̃n = "Corr(Xk̂n
, Y ).

Note that the definition of θ̃n does not depend on whether the
predictors and the response have been standardized or not, and
that we have the simple expression

|θ̃n| = max
j=1,...,p

|"Corr(Xj, Y )|.

For the example above, the top-right panel of Figure 1 gives
a density plot of θ̃n under the null; the critical value for our
modified test was 0.198. Under the alternative, θ̃n tends to be
inflated, regardless of whether k̂n = 1 or k̂n = 2; in fact, we
obtain an empirical power of 100%.

We emphasize that the problems described in this section
are not observed in the simulation study of the article because
there all of the predictors have equal variance. In the next sec-
tion, we consider predictors and response standardized as above,
and consider alternative approaches to calibrate the test statistic
n1/2|θ̃n|, as well as another test statistic proposed in Goeman,
van de Geer, and van Houwelingen (2006).

© R. D. Shah and R. J. Samworth
Journal of the American Statistical Association

December 2015, Vol. 110, No. 512, Theory and Methods
DOI: 10.1080/01621459.2015.1102142
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Figure 1. Top row: density plots of θ̂n (left) and θ̃n (right) under the global null hypothesis for the example in Section 2. Bottom row:
corresponding density plots of θ̂n (left) and θ̃n (right) under the alternative specified in (2.1).

3. ALTERNATIVE APPROACHES

Although the nonregularities in the problem considered here
make the construction of a confidence interval for θ0 a chal-
lenging task, the particularly simple form of the global null
hypothesis makes the testing problem amenable to several other
approaches. Under the global null, X and Y are independent, so
by the central limit theorem,

n1/2

⎛

⎜⎝
Ĉorr(X1, Y )

...
Ĉorr(Xp, Y )

⎞

⎟⎠
d→ Np(0,"),

as n → ∞, where"jk = Corr(Xj,Xk). Then by the continuous
mapping theorem,

n1/2|θ̃n|
d→ max

j=1,...,p
|Zj |,

where (Z1, . . . , Zp)T ∼ Np(0,"). Since the distribution on the
right does not depend on the distribution of Y , we can simu-
late n1/2|θ̃n| under the distribution of Y being (a) the empirical
measure of the data Y1, . . . , Yn, or (b) N (0, 1), for example, to
calibrate the test statistic. Figures 2 and 3 display the results
of using these approaches in the numerical experiments of Sec-
tion 4.1 in the article. Method (a) appears to yield a test with
size not exceeding its nominal level and with similar power to

the ART procedure. When the error distribution is normal, the
size of the test from method (b) is exactly equal to the nominal
level, up to Monte Carlo error; again the power in similar to that
of ART.

An alternative approach to calibration is via permutations.
Making the dependence of θ̃n on Y1, . . . , Yn explicit, we
note that the law of θ̃n(Y1, . . . , Yn) is the same as that of
θ̃n(Yπ(1), . . . , Yπ(n)) for any permutation π of {1, . . . , n}. The
permutation test has the advantage over (a) and (b), of having its
size not exceeding the nominal level regardless of the distribu-
tion of Y . Its power performance also seems close to that of ART.

Although it may seem natural to base test statistics on θ̃n,
there are other possibilities. For example, Goeman, van de Geer,
and van Houwelingen (2006) constructed a locally most power-
ful test for high-dimensional alternatives under the global null.
We compare the power of their globaltest procedure with the
approaches discussed above, in Figures 2 and 3. Overall, its
performance is similar to that of ART, though in certain set-
tings it seems to have a slight advantage and in others a slight
disadvantage.

4. EXTENSIONS

In our view, the main attraction of ART is that it can be used
to construct confidence intervals for θn. It would be interesting
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Figure 2. The same graphs as in Figure 1 (ρ = 0.5) of the original article but for globaltest (black circles), method (a) (green crosses), method
(b) (red plus signs), and the permutation test (blue triangles). Note model (i) is the null model. (For interpretation of the references to color in
this caption and that of Figure 3, the reader is referred to the web version of the article.)

Figure 3. The same graphs as in Figure 2 (ρ = 0.8) of the original article but for globaltest (black circles), method (a) (green crosses), method
(b) (red plus signs), and the permutation test (blue triangles).
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to study empirically the coverage properties and lengths of these
intervals. Another interesting related question would be to try
to provide some form of uncertainty quantification for the vari-
able having greatest absolute correlation with the response. The
ideas of stability selection (Meinshausen and Bühlmann 2010;
Shah and Samworth 2013) provide natural quantifications of
variable importance through empirical selection probabilities
over subsets of the data. However, it is not immediately clear
how to use these to provide, say, a (nontrivial) confidence set of
variable indices that with at least 1 − α probability contains all
indices of variables having largest absolute correlation with the
response (in particular this would be set full set {1, . . . , p} of
indices under the global null).

Although understanding marginal relationships between vari-
ables and the response is useful in certain contexts, in other
situations, the coefficients from multivariate regression are
of more interest. It would be interesting to see whether the
ART methodology can be extended to provide confidence
intervals for the largest regression coefficients in absolute
value.

[Received September 2013. Revised July 2014.]
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Comment
Emre BARUT and Huixia Judy WANG

We congratulate Ian McKeague and Min Qian for a stim-
ulating, timely, and interesting article on the important topic
of hypothesis testing and post-selection inference in high-
dimensional regression.

The authors developed an adaptive resampling test (ART)
procedure for detecting the presence of significant predictors
through marginal regression. In statistical applications, identi-
fying the important predictors is at least as important as detect-
ing their significance. For this purpose, the authors suggested
a forward stepwise ART method, where in after identifying the
first significant predictor, the ART procedure is successively ap-
plied by treating residuals from the previous stage as the new
response until no more significant predictors are detected. The
authors showed that this stepwise method performs very well
in the cross-validation study of the HIV drug data. In the first
section of our discussion, we carry out a small-scale simulation
experiment to compare the performance of the forward stepwise
ART method with other procedures built for high-dimensional
inference. In these simulation experiments, it is seen that, unsur-
prisingly, the performance of ART (as well as other inference
procedures) declines as the correlation between covariates in-
creases.

Emre Barut is Assistant Professor (E-mail: barut@gwu.edu) and Huixia
Judy Wang (E-mail: judywang@gwu.edu) is Associate Professor, Department of
Statistics, George Washington University, Washington, DC 20052. The research
is partially supported by the NSF CAREER Award DMS-1149355.

It is well known in the literature that increased correlation
between the variables can deteriorate the performance of vari-
able selection procedures. However, we speculate that the per-
formance of ART can be improved by extending ART to for-
ward regression, in which the coefficients of already included
variables are refit at each step. This would yield different re-
sults than the current forward stepwise ART procedure, which
uses the residuals as the response at each stage; and hence is
more susceptible to problems due to high correlation. This new
forward-regression-based ART procedure will certainly require
new theoretical developments as well as changes to the boot-
strapping procedure.

As correlation between the important and the nonimpor-
tant variables increases, marginal-regression-based methods are
known to be susceptible to the problem of ”unfaithfulness”
(Genovese et al. 2012): high correlation between the inactive
variables and the active variables can cause (1) marginal co-
efficients of active variables to be close to zero and hence
much harder to detect, (2) the marginal coefficients of inac-
tive variables might be large because of their correlation to
other important active variables. In the second section of our
discussion, we argue that conditional marginal regression (e.g.,

© 2015 American Statistical Association
Journal of the American Statistical Association

December 2015, Vol. 110, No. 512, Theory and Methods
DOI: 10.1080/01621459.2015.1100619
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forward regression) may help alleviate some of the issues due to
faithfulness.

1. FORWARD STEPWISE ART

In this section, we carry out a small-scale simulation study to
compare the performance of the forward stepwise ART method,
with the single sample splitting method (denoted by “sSplit”) of
Wasserman and Roeder (2009), and the multiple sample split-
ting method (denoted by “mSplit”) of Meinshausen, Meier, and
Bühlmann (2009). Both sSplit and mSplit use the three-stage
stepwise regression, where data are randomly split into three
parts to be used for screening, cross-validation and cleaning,
respectively. The p-values from the mSplit method are calcu-
lated using 50 random sample splitting. All three methods are
based on marginal regression of responses or residuals on each
covariate separately in each step.

We generate data from the model Yi =
∑100

k=1 Xikβk + ϵi ,
i = 1, . . . , n, where ϵi ∼ N (0, 1). Four cases are considered.
The coefficients are set as β1 = β2 = β3 = 1 in Cases 1 and 3,
(β1,β2,β3) = (1, 2/3, 1/3) in Cases 2 and 4, and βk = 0 for
k = 4, . . . , 100. The covariates Xik, k = 1, . . . , 100 are inde-
pendent standard normal random variables in Cases 1 and 2,
and they are from a multivariate normal with mean zero, vari-
ance 1, and an exchangeable correlation of 0.5 in Cases 3 and
4.

Table 1 summarizes the simulation results for n = 99 and
n = 300. In Cases 1–2 with independent covariates, the ART
method is the most effective one; it shows higher chance to
identify the correct model while controlling the false positive
rate close to the nominal level of 0.05. When covariates are
correlated, all three marginal-regression-based methods have
difficulty identifying the correct model especially for situations
with small sample sizes or weak signals. For instance in Case
4, all three methods have difficulty selecting the third covariate
with weaker coefficient β3 = 1/3 even with larger sample size
n = 300. Relatively speaking, in Cases 3 and 4, the ART method
is competitive to mSplit and both work better than sSplit for
smaller samples.

2. FAITHFULNESS AND CONDITIONAL MARGINAL
REGRESSION

In this section, in an effort to understand the effects of cor-
relation on forward stepwise ART’s performance, we study the
variable selection properties of forward regression. More specif-
ically, we provide sufficient conditions for consistent variable
selection of forward regression assuming some set C has already
been recruited. We compare these conditions to those of Lasso
and show that there are strong similarities.

We consider the setting in which the responses are generated
from the following model,

Y = Xβ⋆ + ε,

and Y is a n-dimensional vector, X is an n × p matrix and ε ∼
N (0n, σ

2In). We do not place any distributional assumptions on
X. Instead, we assume that it is deterministic, and the columns
of X, Xj , are normalized and each column has mean zero and
variance 1. We define the Gram matrix G as G := n−1XT X.

For clarity, we do not use any notation based on n, although the
variables, for example, Y, G, all depend on n.

We consider conditional marginal regression (Barut, Fan, and
Verhasselt 2015), in which a predetermined set of conditioning
variables C ⊂ {1, 2, . . . , p} are included with each marginal
regression. We let P = {1, . . . , p} and define

β̂C
j = arg min

β̂C
j

(
min
β̂C

∥∥Y − XC β̂
C − Xj β̂

C
j

∥∥2

2

)
, for j ∈ P\C.

After the conditional marginal coefficients are estimated, one
can perform screening by recruiting variables for which the
conditional marginal coefficient is above a threshold value, t,
that is, by screening out the set {j : |β̂C

j | < t}. In the forward
regression framework, one adds the variable with the highest
coefficient to the set C (after adjusting for correlation) and re-
peats this over several iterations. Therefore, consistency results
on conditional marginal screening can be extended to forward
regression.

We assume that Xij are bounded, although generalizations
can be made to nonbounded but concentrated Xij as in Fan and
Song (2010). By the sub-Gaussanity of noise, using simple con-
centration arguments (Boucheron, Lugosi, and Massart 2013),
it holds with high probability that

∥∥βC
j − β̂C

j

∥∥
∞ ≤ c1σ

2

√
|C| log (p − |C|)

n
, (1)

where βC
j are the noiseless (population) conditional marginal

regression (CMR) coefficients, |C| is the cardinality of the set C
and c1 is a constant. The constant c1 is inversely proportional to
the minimum eigenvalue of the |C| + 1 sized sub-blocks of G.

To make the following presentation better, we introduce
variable-specific partitions of the set P . For a given C and j,
we denote the set of other covariates by O:

O = P\ (C ∪ j ) .

Furthermore, the Gram matrix G is partitioned as

G =

⎡

⎢⎣

GCC GCj GCO

GT
Cj Gjj GjO

GT
CO GT

jO GOO

⎤

⎥⎦ ,

where GAB = 1
n
XT

AXB . In addition, due to standardization, it
holds that Gkk = 1 for all k ∈ {1, . . . , p}.

It is trivial to show that the noiseless CMR coefficients βC
j are

given by

βC
j = β⋆j + 1

κ2
j

(
GjO − GT

Cj G−1
CC GCO

)
β⋆O, (2)

where κ2
j = 1 − GT

Cj G−1
CC GCj < 1, that is, the conditional vari-

ance of Xj given XC . The second term in βC
j can be expressed

as the “correlation of j and O, conditional on C.” That is, con-
ditional on C, if the jth variable is not significantly correlated
to other variables, the second term will be small. This is not a
surprising result, since any active variables that are not included
in C will not “disrupt” the estimation of βC

j if they do not have
any correlation with Xj conditional on C.

We next present the conditions for which, given some set C,
forward regression recruits an active variable with high prob-
ability. We use S to represent the set of active variables, that
is, S = {j ∈ P : β⋆j ̸= 0}, and we use N = P\S to denote the
complement of S.
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Table 1. Simulation results for three stepwise regression methods

n = 99 n = 300

Case Method OracleP FP TP1 TP2 TP3 OracleP FP TP1 TP2 TP3

1 ART 1.00 0.05 1.00 1.00 1.00 1.00 0.05 1.00 1.00 1.00
sSplit 0.71 0.00 0.87 0.86 0.88 1.00 0.01 1.00 1.00 1.00
mSplit 0.99 0.00 0.99 1.00 1.00 1.00 0.00 1.00 1.00 1.00

2 ART 0.31 0.04 1.00 1.00 0.31 0.98 0.04 1.00 1.00 0.98
sSplit 0.02 0.00 0.97 0.62 0.03 0.46 0.00 1.00 1.00 0.46
mSplit 0.00 0.00 1.00 0.71 0.00 0.57 0.00 1.00 1.00 0.57

3 ART 0.49 0.01 0.83 0.83 0.83 1.00 0.00 1.00 1.00 1.00
sSplit 0.25 0.10 0.58 0.60 0.58 1.00 0.00 1.00 1.00 1.00
mSplit 0.75 0.01 0.92 0.90 0.92 1.00 0.00 1.00 1.00 1.00

4 ART 0.01 0.06 1.00 0.88 0.07 0.16 0.00 1.00 1.00 0.16
sSplit 0.00 0.06 0.79 0.36 0.03 0.25 0.01 1.00 0.98 0.26
mSplit 0.00 0.01 0.98 0.50 0.02 0.23 0.00 1.00 1.00 0.23

Notes: OracleP is the proportion of selecting the correct active covariates, FP is the false positive rate (i.e., the proportion of selecting at least one inactive covariates), and TP1, TP2,
and TP3 are the proportions of selecting the first three active covariates, respectively.

Condition 1 (Beta-min). For the active variables it holds that,

min
j∈S

!!β⋆j
!! > cβmin > 0.

The constant cβmin can depend on n and/or p. In the literature,
cβmin is often assumed to be on the order of

√
log p/n.

Condition 2 (Beta-max). Active variables that are not in-
cluded in C are bounded above in magnitude, that is

max
j∈S\C

!!β⋆j
!! =

""β⋆S\C
""

∞ ≤ cβmax.

Remark 1. Although the Beta-min condition is plausible, and
almost always necessary in a high-dimensional framework, the
Beta-max condition is much more restrictive as it requires that
all of the variables with large coefficients are contained in the set
C. However, in practice, one would expect that bigger variables
are easier to “spot,” and the Beta-max condition is not very re-
strictive for such situations. Note that, there are no assumptions
about the other elements of C. The conditioning set can include
nonactive variables and the results continue to hold as long as
the largest active coefficients are included in C.

The variables recruited with the conditional set C will be in
the active set, if it holds that

min
j∈S\C

!!β̂C
j

!! > max
j /∈S∪C

!!β̂C
j

!! .

Conditioning on the high probability set in which Equation (1)
holds, we can write sufficient conditions as

min
j∈S\C

!!!!!β
C
j ± Cσ 2

#
|C| log (p − |C|)

n

!!!!!

> max
j /∈S∪C

!!!!!β
C
j ± Cσ 2

#
|C| log (p − |C|)

n

!!!!! ⇐

min
j∈S\C

!!βC
j

!! > max
j /∈S∪C

!!βC
j

!!+ 2 Cσ 2

#
|C| log (p − |C|)

n$ %& '
$C,n,p

. (3)

If condition (3) holds, then with high probability, forward re-
gression recruits an active variable, one that is in S.

Plugging in the expression for βC
j in (2), we rewrite the condi-

tion (3). First, we create matrix A ∈ Rq×q , where q = p − |C|,
and set Ajj = 0 for all j. The remaining terms in the jth row of
A are given by

Aj,−j =
(

1
κ2

j

)
GjO − GT

CjG
−1
CCGCO

*
+

,

where O is implicitly dependent on j. Entries of matrix A can
be thought as the conditional covariances (conditional on C)
between covariates not in C. It then follows that, condition (3)
is equivalent to

min
j∈S\C

!!β⋆j + AT
j,−jβ

⋆
O
!! > max

j /∈S∪C

!!AT
j,−jβ

⋆
O
!!+$C,n,p. (4)

Next, we obtain a lower bound for the LHS, and an upper
bound for the RHS of the equation. The LHS of (4) can be
bounded below as,

min
j∈S\C

!!β⋆j + AT
j,−jβ

⋆
O
!! ≥ min

j∈S\C

)!!β⋆j
!!−

!!AT
j,−jβ

⋆
O
!!*

≥ cβmin − max
j∈S\C

!!AT
j,−jβ

⋆
O
!! . (5)

With Condition 2, the last term in Equation (5) can be bounded
above by

max
j∈S\C

!!AT
j,−jβ

⋆
O
!! = max

j∈S\C

!!AT
j,(S\(C∪j ))β

⋆
(S\(C∪j ))

!!

≤ max
j∈S\C,∥ν∥∞≤cβmax

!!AT
j,(S\(C∪j ))ν

!!

≤ cβmax
""A(S\C),(S\C)

""
∞ ,

where the norm ∥·∥∞ is defined as the maximum of the absolute
sum of the rows of the matrix. Similarly, the other term in (4)
can be bounded with the same norm

max
j /∈S∪C

!!AT
j,−jβ

⋆
O
!! ≤ max

j∈N \C,∥ν∥∞≤cβmax

!!AT
j,(S\(C∪j ))ν

!!

≤ cβmax
""A(N \C),(S\C)

""
∞ .
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We now state our main result.

Lemma 1. Given some conditioning set C, the forward re-
gression recruits an active variable with high probability if Con-
ditions 1 and 2 hold and

cβmin > cβmax
!""A(N \C),(S\C)

""
∞ +

""A(S\C),(S\C)
""

∞
#

+"C,n,p. (7)

Remark 2. A stronger statement can be made: if the condi-
tions hold, the first |S\C| coefficients selected by conditional
marginal regression will be active. If the conditional correla-
tion coefficient to other active variables is small, one can work
with much more general conditions. In fact, if conditional on
C, none of the active variables are correlated (for instance in an
equal correlation design in which C includes one element), the
condition (6) simply becomes

cβmin >
""A(S\C),(S\C)β

⋆
S\C
""

∞ +"C,n,p = 0 +"C,n,p = "C,n,p.

As given in Genovese et al. (2012), three sufficient conditions
for the variable selection consistency of Lasso are:

• Minimum eigenvalue condition: λmin(GS,S ) ≥ c2 > 0,
• Irrepresentability condition: ∥GNSG−1

SS∥∞ < 1,
• Tuning parameter condition: cβmin > λ∥G−1

S,S∥∞,

where λ is the tuning parameter for the penalty term in Lasso and
needs to be taken on the order of

√
log p/n. For ease of com-

parison, we rewrite the sufficient condition (6) of our Lemma as
follows:

cβmin > η1cβmax
""A(N \C),(S\C)

""
∞ ,

cβmin > η2cβmax
""A(S\C),(S\C)

""
∞ ,

cβmin > η3"C,n,p,

where η1 + η2 + η3 ≤ 1. We compare the condition (6) to re-
construction conditions for Lasso in Table 2. As can be seen
from Table 2, the conditions are comparable. The minimum
eigenvalue condition is replaced by a minimum eigenvalue con-
dition on the submatrices of G. This condition is necessary to
ensure that the conditional coefficients converge to their true
(population) values.

The irrepresentability condition of Lasso is also replaced with
a very similar condition. The Lasso condition limits the co-
variance of the active and nonactive variables, while the same

Table 2. Comparison of variable selection consistency conditions for
Lasso and conditional marginal screening.

Lasso condition Related condition for conditional screening

λmin(GS,S ) ≥ c2 > 0 minj∈P\C λmin(GS∪j,S∪j ) > 1
c1""GNSG−1

SS
""

∞ < 1 η1

""A(N \C),(S\C)

""
∞ <

cβmin
cβmax

cβmin > λ
""G−1

S,S
""

∞ cβmin > η2cβmax

""A(S\C),(S\C)

""
∞

condition for conditional screening limits the conditional covari-
ance of the active and nonactive variables, conditioned on C. If
conditioning helps reduce some of the correlation between the
variables, conditional covariance will be significantly smaller.
Hence, in practical applications with highly correlated variables,
one would expect this condition to be easier to satisfy than the
irrepresentability condition of Lasso.

Finally, the tuning parameter condition is analogous to the
condition on A(S\C),(S\C). The tuning parameter λ is generally
taken on the order of O(

√
log p/n). If the conditioned set can

be chosen to ensure cβmax = O(
√

log p/n), which will happen
if large variables are easily recognizable, these two conditions
are very similar. In addition, by conditioning on more variables,
one would expect ∥A(S\C),(S\C)∥∞ to decrease. Therefore, as is
the case with the other conditions, the recovery conditions for
conditional regression are often less stricter than those of Lasso.

These results suggest that forward regression can be a very
powerful method for variable selection. In fact, forward regres-
sion can overperform Lasso, if in the early stages forward re-
gression recruits variables that are large in magnitude (so that
cβmax is small) and/or if recruited variables have high correlation
with others.

3. CONCLUSION

We would like to once again congratulate the authors for their
timely and beautiful results on this important topic. We expect
that some readers may be cautious in implementing ART, think-
ing that unfaithfulness causes issues with marginal regression.
To ease such concerns, we have shown forward regression will
select important variables under conditions that are comparable
to those of Lasso. It would be very interesting to see an adapta-
tion of ART for forward regression, and we hope that the results
presented in this discussion are encouraging for such a method.
We conclude by thanking the authors for this inspirational and
stimulating article.

[Received September 2013. Revised July 2014.]
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Comment
Lawrence D. BROWN and Daniel MCCARTHY

1. INTRODUCTION

The following comments relate to material in McKeague and
Qian (2015) (henceforth referred to as M&Q). We have found
this material to be very worthwhile reading and we thank the
organizers for the opportunity to provide these comments.

M&Q study a maximum statistic, θ̂n, that can be used to test
for the null hypothesis of no effect of covariates in a linear-model
analysis. Their major focus is on the development of a bootstrap
style procedure that serves the dual purpose of estimating the
distribution of θ̂n and then using this estimate as the basis for a
test of the null hypothesis. Our perspective is that their procedure
is composed of two almost separate components—a simulation
of the distribution under the null and a bootstrap estimate that
is valid away from the null. Our comments focus on the testing
component of their procedure, and on alternate tests for this
hypothesis.

The first part of our discussion deals with this perspective
of their formulation. It points to concerns that are treated in
the remainder of our discussion and, at the end, raises a few
questions for the authors. Section 2 of our discussion sketches
a generalization of their basic statistical model that we have
treated elsewhere in more detail, and suggests that a modifica-
tion of their test may be suitable also for this generalization.
Section 3 discusses a related, though different, test of their null
hypothesis that is embedded in Berk et al. (2013). Section 4
describes bootstrap ideas that do yield a valid test of the null
hypothesis without attempting to estimate the distribution of θ̂n.
That section concludes with some prospective remarks about
our ongoing research into bootstrap methods for this and related
problems.

1.1 Formulation

The essential structure of the observed data is implicit in the
first sentence of Section 2 and in Equation (2) of McKeague and
Qian (2015) (henceforth referred to as M&Q). The observations
are a sample {Xi , Yi : i = 1, . . . , n} from a population whose
distribution has the property that

Y = α0 + XT β + ε. (1.1)

Here X is a p-vector of covariates and β is a p-vector of parame-
ters. Since X is random we refer to this formulation as having a
random-covariate structure in contrast to the traditional structure
in which the elements of each Xi are viewed as fixed constants.
The marginal distribution of X is not known or constrained (ex-
cept that it is assumed to have a finite covariance matrix). The

Lawrence Brown (E-mail: lbrown@wharton.upenn.edu) and Daniel
McCarthy (E-mail: danielmc@wharton.upenn.edu), Department of Statistics,
The Wharton School, University of Pennsylvania, 3730 Walnut St., Philadel-
phia, PA 19104-6340.

residual variables {εi : i = 1, . . . , n} are an iid sample and in-
dependent of {Xi}. Their distribution is not specified in advance,
except that they are assumed to have a finite variance, and hence
be homoscedastic.

A primary goal of M&Q is to develop a test of the null hy-
pothesis H0 : β = 0 in (1.1) that is based on a maximal statistic
drawn from simple regressions rather than from the multiple
regression analysis. In order to describe this statistic, and to
prepare for further discussion, some additional notation may
be helpful. The following quantities are discussed in M&Q but
not given explicit notations. The population and the sample
slope coefficients from the simple (one-dimensional, marginal)
regressions are

β1
k = cov (Xk, Y )

var (Xk)
, β̂1

k = !cov (Xk, Y )
"var (Xk)

, k = 1, . . . , p.

The corresponding t-statistics are

T 1
k = β̂1

k

"SE
#
β̂1

k

$ ,

where"SE
2
(β̂1

k ) =
%

(Yi − Ȳ − β̂1
k (Xki − X̄k))

2
/
%#

Xki − X̄k

$2.
M&Q then define

k̂n = arg max |!corr (Xk, Y )| = arg max
&&T 1

k

&& , (1.2)

where the last equality results from standard textbook manipu-
lations. They then consider the statistic

θ̂n = β̂1
k̂n

=
!cov

#
Xk̂n

, Y
$

"var
#
Xk̂n

$ . (1.3)

As M&Q aptly point out, direct bootstrap methods are not
appropriate if one wishes to use this statistic to test H0 (the
flaw in attempting to use a bootstrap here is evident in the
simulations in Section 4: The conventional bootstrap procedure
leads to a strongly anti-conservative test of H0.) For a test of
H0 one needs the null distribution of θ̂n. This null distribution
cannot accurately be obtained via a standard bootstrap since
the distribution of θ̂n does not converge uniformly in a 1

'√
n

neighborhood of the null. But it is possible to simulate the dis-
tribution of θ̂n under the null. The simulated random variable is
given in the paper as V∗

n (0). This random quantity depends on
an independent simulation of a mean-zero multivariate normal
random vector, Z (0), whose covariance matrix is described in
a display in Theorem 1. (The covariance matrix for this vector
could be estimated directly from the data. In their computer

© 2015 American Statistical Association
Journal of the American Statistical Association

December 2015, Vol. 110, No. 512, Theory and Methods
DOI: 10.1080/01621459.2015.1099536
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code (which they have kindly shared with us) M&Q appear to
use a bootstrap to estimate this covariance matrix. This may
be more accurate in practice than a direct estimate of the co-
variance, but the paper provides no evidence on this secondary
issue.)

The more general bootstrap result in Theorem 2 is the basis
for the author’s ART procedure. This should be viewed as a
marriage of the simulation described above and a more standard
bootstrap estimate of the distribution of

√
n
!
θ̂n − θn

"
. The boot-

strap is used when the data convincingly reject the null hypothe-
sis (whenmax

!
|Tn| ,

##T ∗
n

##" > λn) and otherwise the simulation
at b0 = β0 = 0 is used. Theorem 2 should not be interpreted
as providing a reliable bootstrap estimate for the distribution
of

√
n
!
θ̂n − θn

"
at every true parameter (which M&Q correctly

remark does not exist). Such a global bootstrap based on this
theorem (and hence without knowledge of b0) would require a
consistent estimate of b0, but such an estimate does not exist.
(One would also need to know, or assume, a priori that β0 sat-
isfies the special assumption of Theorem 1 as expressed in the
paragraph above the Theorem. This would not, for example, be
the case if the true β in (1.1) were sparse.)

We have two additional questions about the formal results.
(i) The ART simulation and test is based on the distribution

of the selected slope statistic in (1.3). But selection is based
on the maximal |t|-statistic as in (1.2). The maximal |t|-statistic
is
###T 1

k̂n

###, and, in general,
###T 1

k̂n

### ̸= θ̂n. Such a test statistic would
have the advantage of being invariant under coordinate-wise
affine transformations of the X-variables, whereas the statistic
in (1.3) is not. Did you investigate the performance of such a
procedure? In the simulations of Section 4 there would be very
little difference in numerical value or performance since the
X-coordinates there are independent with equal variance, but
differences might be more noticeable in other settings.

(ii) Theorems 1 and 2 are proved within a formulation in
which p remains fixed as n → ∞. Yet, the simulations in Section
4 address some cases in which p is comparable to n, or even
larger. (It is an advantage of the ART procedure over more
familiar procedures based on inference about the full vector
β in (1.1) that it can numerically deal with such situations.)
The ART procedure appears to perform satisfactorily even in
these large p cases. Is this perhaps only because the choice
of standard normality for the distributions of X and ε are so
favorable to ART, or is this a more general phenomenon? Is
there any asymptotic theory to justify the simulation at the heart
of ART when p → ∞ along with n?

2. ASSUMPTION-LEAN MODELS

Buja et al. (2015) contains a detailed exposition of an
“assumption-lean” regression formulation. In such a formula-
tion one need only assume that the observed variables are a
random sample {Xi , Yi : i = 1, . . . , n} from a joint distribution
possessing low-order moments. The target of inference is the
population slope; this can be defined in any one of several equiv-
alent ways. A straightforward version is to define the population
slope vector via β• = arg minγ E (Y − Xγ )2. An alternate form
that is more analogous to (1.1) involves writing

Y = α0 + XT β• + ε where cov (X, ε) = 0. (2.1)

(We use the notation β• here, rather than just β in order to
distinguish this formulation from that of (1.1). (2.1) is more
general that (1.1), but if the assumptions of (1.1) hold and the
population model is full-rank then β• = β and β•1 ̸= β1.)

This formulation shares with (1.1) the feature that X is a
random vector whose marginal distribution is unknown (except
for the existence of low order moments). But it is otherwise
much broader and assumption-lean. The randomness of X (in
both (1.1) and (2.1)) has an important side benefit in that in
general it justifies the asymptotic use of an X-Y bootstrap such
as that in Theorem 2 when β• is not in a

√
n neighborhood of 0,

and otherwise satisfies the assumptions in that theorem. But, as
noted above, the core of the ART procedure as a test is really a
simulation of the null distribution of the statistic θ̂n. We believe
that this simulation should also be valid in the assumption-
lean setting of (2.1), and should hence lead to a useful test of
H0 : β• = 0. Here’s why.

Buja et al. (op. cit.) describes interpretations and inference
for β• from data as in (2.1), and several other aspects of such a
formulation. The sandwich estimator of Huber (1967) and White
(1980a,b; 1982) plays a key role in such inference. For M&Q a
key ingredient of the simulation in ART is the covariance matrix
in Theorem 1 at β = 0. This relates to a form of the sandwich
estimator for the covariance matrix of the vector of marginal
sample slopes, β̂1. The appropriate sandwich estimator would
be
$
diag ({%var (Xk)})

&−1 M
$
diag ({%var (Xk)})

&−1 where

Mkℓ = n−1
'

i

!
Yi − Ȳ − β̂1

k

!
(Xi)k − X̄k

""2 !!
(Xi)k − X̄k

""2
.

(2.2)

(If β1 is assumed to lie in a 1
(√

n neighborhood of 0 then
the term β̂1

k

!
(Xi)k − X̄k

"
in (2.2) is asymptotically negligi-

ble and can be ignored.) The matrix M is very similar to the
covariance matrix described in Theorem 1; we believe they
are asymptotically equivalent when β1 is assumed to lie in a
1
(√

n neighborhood of 0. (The inverse diagonal matrix terms
do not appear in the covariance expression described in Theo-
rem 1, but are instead accommodated in the first denominator
of (4).)

In summary, we believe that the simulation idea embodied
within ART can be directly applied to testing the null hypoth-
esis H0 : β• = 0. Thus the simulation component in ART may
turn out to be more flexible and robust than appears from the
specific formulation via (1.1). (The bootstrap idea in M&Q for
the distribution of

√
n
!
θ̂n − θn

"
away from the null and other

special points excluded by the assumptions of Theorem 1 is also
almost automatically valid under (2.1).)

3. POSI

Berk et al. (2013) provided a simultaneous confidence inter-
val procedure for estimates of slope coefficients in a setting like
that of (1.1), but with the elements of X treated as fixed con-
stants, rather than as random variables. To be more precise, the
setting for that paper involves observation of an n × 1 vector Y
satisfying

Y = α01 + Xn×pβ
◦ + ε where ε ∼ Nn

!
0, σ 2Ip×p

"
. (3.1)
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Here, the design matrix, Xn×p, is composed of observed con-
stants.

Primary interest in Berk et al. (2013) focuses on finding simul-
taneous confidence levels for the slope coefficients in the family
of all possible submodels composed of subsets of columns of
X. However, that paper also discusses cases in which the family
or the targeted slope coefficients are restricted in some fash-
ion. One possibility is to restrict the sub-models to consist of
only one predictor at a time (see possibility (2) in Section 4.4
of that paper). The family of confidence intervals is thus com-
posed of confidence intervals for simple, marginal regression
coefficients. These coefficients can be combined into a vector
β◦1, where the notation is analogous to that used following (1.1).
Hence, the POSI procedure provides a valid test of H ◦

0 : β◦1 = 0
relative to the model (3.1).

This POSI test is also valid for testing the null hypothesis of
M&Q—H0 : β1 = 0 within the model (1.1) with Gaussian er-
rors (see comment (iii) below on this issue). In most cases results
within (1.1) and (3.1) do not transfer so directly. But in the case
of this null hypothesis the direct carryover is justified because
under the null hypothesis (but not otherwise) the distribution of
X is an ancillary statistic. Thus a test that is conditionally valid
(i.e., is valid under (3.1)) is also unconditionally valid (i.e., un-
der (1.1)). Buja et al. (2015) contains an extensive discussion of
ancillarity issues in random design models like (1.1) and (2.1).

The POSI test described here is not a clone of the test provided
by the simulation in ART because the critical value in Berk et al.
(2013) is drawn from the distribution of

!!!T 1
k̂n

!!! rather than from

the distribution of θ̂n as defined in (1.3) (see our comment 1(i)).
In other respects the simulations in the two procedures are very
similar. Comment (ii) below points to one additional structural
difference but otherwise there seem to be only minor technical
differences that are asymptotically insignificant.

Some additional comments may be helpful.
(i) R-code is available for computing the critical constant for

the POSI test. This code has an explicit option for the restriction
to marginal submodels as described above. See Buja (2015).

(ii) The POSI test involves an estimate for the residual vari-
ance, σ 2, in (3.1). The POSI software and the theory supporting
it draw this estimate from the full model Sum of Squares for
Error. The simulation portion of ART draws an estimate for the
analogous purpose via the sandwich style expression in Theorem
1 at β = 0 combined with (4). This is asymptotically equivalent
(under suitable assumptions) to what would appear at the cor-
responding step of the POSI algorithm if one were to draw the
estimate of σ 2 under the assumption that H0 is true (i.e., from
the restricted model rather than from the full model). The POSI
software can be modified to proceed in this fashion. Unless n
– p is small we would not recommend proceeding in this fash-
ion because the resulting test will not be similar (even under
assumptions of normality). But for small or negative values of
n – p such a path would be desirable.

(iii) The residual distributions in (1.1) are more general than
in (3.1); in (3.1) they are required to be Gaussian whereas in (1.1)
they need only be iid (with finite variance). Berk et al. (2013)
does not explicitly discuss such an extension of the model in
(3.1). However, in retrospect, after reading M&Q we realize that
the considerations in the POSI paper appear to be asymptotically

valid under such an iid assumption for the coordinates of ε in
(3.1). We conjecture that this is so, and hence that the POSI test
of H ◦

0 and H0 is asymptotically valid.

4. A BOOTSTRAP TEST

A too casual reading of M&Q might incline one to feel that
a bootstrap test of their H0 is not possible unless the test also
includes a simulation component, as does their ART. This is
not so. What is true is that a pure bootstrap estimate of the
distribution of a statistic like their θ̂n would be flawed, and this
would also be the case for a statistic like

!!!T 1
k̂n

!!! discussed above.
A valid bootstrap test of H0 requires a different structure.

Here is an outline of a simple bootstrap test of H0 that is
(asymptotically) valid under the model (1.1). Consider a family
of confidence sets for β1 of rectangular form:

RectC
"
β̂1# =

$
β1 :

!!β1
k − β̂1

k

!! ≤ C, k = 1, . . . , p
%
. (4.1)

Use a bootstrap to determine the constant, Cboot, for which
these rectangles have the desired estimated coverage, 1 − α.
Then reject H0 if 0 /∈ RectCboot

. This procedure has the desired
asymptotic coverage as n → ∞ for fixed p, and provides asymp-
totically satisfactory performance. (There is no claim here of any
optimality for this test. The particular form for the rectangles in
(4.1) is suggested here only for expositional convenience, and
as a parallel to the focus of M&Q on θ̂n.) In this simple setting,
the asymptotic properties follow from standard bootstrap theory,
but see Buja and Rolke (2015—and earlier) for a full, general
treatment of such procedures.

Although this procedure does not attempt to discover the
true distribution of a maximum statistic like θ̂n it does involve
the distribution of θ̂n − θn. The form of the rectangles in (4.1)
was chosen because of its relation to the simulation in ART.
Other forms of confidence region may yield more satisfactory
performance. For example, one could choose the sides of the
rectangle to be proportional to the values of sandwich estimates
of SD

"
β̂1

k

#
. This bootstrap procedure can be converted to create

yield an asymptotically valid statement about the distribution of
θ̂n − θn under the null hypothesis. As such, it could be used in
place of the simulation in ART involving V∗

n (0).
Along with collaborators including K. Zhang, we are prepar-

ing a methodological study of bootstrap confidence intervals
for the slope coefficients in the assumption-lean model (see
McCarthy et al. 2015). The bootstrap estimator we are propos-
ing is a double bootstrap, with the second level of bootstrap
improving the calibration of intervals provided by the first level.
Asymptotic theory in our study suggests that such a double
bootstrap can have better performance than a single bootstrap.
(Based on helpful dialog with M&Q we note that that our pro-
posal involves a more sophisticated, and more computer inten-
sive, style of bootstrap than the CPB bootstrap used in their
simulations—of course, this does not negate the objection to
using a bootstrap of any sort to estimate the distribution of a
statistic such as θ̂n.) Our research to date has been focused on
intervals for prechosen coordinates β•

k (or β•1
k ). But, after read-

ing M&Q, we realize that the methodology in our study can be
adapted to the simultaneous confidence problem described here,
and can also yield more evolved forms of confidence rectangles
than those in (4.1). We intend to pursue such issues in future.
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Both space and time constrain us from going into further detail
here. But we are indebted to M&Q for indirectly providing
the motivation to study such an issue as well as for the very
interesting treatment and results involving their ART procedure.

[Received 20Aug2015. Revised 14Sep2015.]
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Comment
Alexandre BELLONI and Victor CHERNOZHUKOV

Professors McKeagan and Qian provided us with an inter-
esting, thought-provoking article on detecting the presence of
significant predictors in high-dimensional settings which is an
important issue in modern applications. They contributed to an
emerging literature on formal hypothesis testing that takes into
account variable selection. In addition to the results presented
in the article they are also to be congratulated for bringing forth
two important messages: (1) the importance of procedures that
are valid uniformly over a substantial region of the parame-
ter space, and (2) the key role that subsampling (in particular
bootstrap) procedures can play in high-dimensional estimation.

Much of the research in detecting significant predictors in
linear models focuses on consistency of variable selection. This
approach relies on having enough data to separate signal from
noise and implicitly requires a high signal-to-noise ratio. Al-
though this could describe data-generating processes from sig-
nal processing and other engineering applications, this seems
less suitable to represent data-generating processes from biol-
ogy and economics. In those settings, where the signal and noise
can be of similar order of magnitude, model selection mistakes
are to some extent unavoidable.

In the article, the authors face the challenges of dealing with
nonstandard limit behavior of estimators that arise from mis-
specification due to model selection mistakes. In model selection
settings, we typically observe a discontinuity of the limit distri-
bution for the values of the parameter vector with zero compo-
nents (precisely the components we would like to exclude from
the model). However, such discontinuity is not revealed in point-
wise asymptotic analysis, where βn = β0 is fixed as n → ∞. (It
is important to stress that this occurs in low-dimensional cases,

Alexandre Belloni, Fuqua School of Business, Duke University, 100 Fuqua
Drive, Durham, NC 27708 (E-mail: abn5@duke.edu). Victor Chernozhukov,
Department of Economics, Massachusetts Institute of Technology, 50 Memorial
Drive, Cambridge, MA 02142 (E-mail: vchern@mit.edu).

where the dimension p is fixed, and in high-dimensional cases
where the dimension p > n.) This motivates the authors to con-
sider a local asymptotic analysis in a

√
n-neighborhood of the

null hypothesis, of the form βn = β0 + n−1/2b0, to provide a
better approximation for the finite sample behavior of the esti-
mator. An alternative approach would be to pursue results that
are valid for any sequence of βn in a region"n so that results are
valid uniformly over all the data-generating processes induced
by "n.

It has been documented that asymptotic results that are uni-
formly valid are more reflective of finite sample behavior than
results that are valid only pointwise. Broadly speaking uni-
formly valid procedures rely less on the specific data-generating
process which in turn translates into higher reliability in finite
sample. Somewhat counterintuitive at first, a sequence of nega-
tive results derived by Leeb and Pötscher (2008) established that
procedures that achieve pointwise model selection consistency
lack of uniform validity. A direct consequence is that to construct
a uniformly valid procedures one needs (necessarily) to violate
the model selection consistency which has been actively advo-
cated in the early literature of model selection. (As a side note,
these negative results also imply that there are no procedures
that can achieve model selection consistency uniformly over the
set of models induced by "n = {βn ∈ IRp : ∥βn∥ ≤ C}.)

The article considers the use of marginal screening for de-
tecting the presence of significant predictors in a linear mod-
els of the form Y = Xβn + ε, in a local asymptotic regime
where βn = β0 + n−1/2b0 for some fixed p-dimensional vectors
β0 and b0, and ε independent of X. The authors distinguish

© 2015 American Statistical Association
Journal of the American Statistical Association

December 2015, Vol. 110, No. 512, Theory and Methods
DOI: 10.1080/01621459.2015.1098545
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two cases of main interest: (i) k̄(β0) being unique (in partic-
ular β0 ̸= 0); and (ii) β0 = 0 with k̄(b0) being unique; where
k̄(b) = arg maxj=1,...,p |Corr(Xj,X

T b)|. Their test is adaptive
as it attempts to discover which regime we are facing. There are
several important features associated with this approach. The
approach does not rely on model selection consistency. The lo-
cal asymptotic regime considered by the authors yields a limit
distribution that is continuous with respect to b0. Finally, they
rely on a (thresholded version of the) bootstrap procedure to
estimate the limiting distribution under the null hypothesis of
βn = 0. Such approach should provide a better approximation
to the finite sample behavior relative to (classical) pointwise
asymptotic analysis (where βn = β0) and (asymptotic) analytic
approximations.

This work contributes to a growing literature on the con-
struction of valid hypothesis testing after model selection that
does not rely on model selection consistency. In a variety of
different settings Belloni et al. (2012), Belloni, Chernozhukov,
and Hansen (2013, 2014), and Belloni, Chernozhukov, and Kato
(2014) have proposed the use of orthogonal score functions to
estimate some target parameters of interest in high-dimensional
settings, building upon the classical orthogonalization ideas of
Neyman (1979). Alternative approaches have been proposed by
Zhang and Zhang (2014), Geer et al. (2014), Javanmard and
Montanari (2014) and others.

To illustrate the use of orthogonal score functions consider
the high-dimensional linear regression model

yi = x ′
iβn + ϵi , E[ϵixi] = 0,

where xi contains a constant and the observations (yi, x
′
i)

are iid for simplicity. Consider the partition of regressors
x ′

i = (di, z
′
i) and the parameter values β ′

n = (µn,ϑ
′
n). Here, di

is the regressor of interest whose regression coefficient µn we
would like to estimate and construct confidence intervals. By
Frisch–Waugh–Lovell theorem,

yi − z′
iηn = µn(di − z′

iγn) + ϵi , E[ϵi(di − z′
iγn)] = 0,

and therefore µn can be recovered in population from the bi-
variate regression of ỹi = yi − z′

iηn on d̃i = di − z′
iγn, where

ηn ∈ arg min
η

E[(yi − z′
iη)2], γn ∈ arg min

γ
E[(di − x ′

iγ )2].

Note that ỹi and d̃i are the “residuals” that are left after par-
tialling out the effects of zi from yi and di . The projection
parameters ηn and γn are the nuisance high-dimensional param-
eters.

A score function ψ for the target parameter value µn, which
is orthogonal with respect to the nuisance parameters, is

ψ(wi, µ, η, γ ) = (yi − z′
iη − µ(di − z′

iγ ))(di − z′
iγ ),

where wi = (yi, di, z
′
i)

′. Note that the following conditions hold

E[ψ(wi, µn, ηn, γn)] = 0

and

∂η,γE[ψ(wi, µn, η, γ )]|η=ηn,γ=γn
= 0,

where the former yields identification of µn and the latter is the
orthogonality property with respect to the nuisance parameters
ηn and γn. The orthogonality condition reduces sensitivity of
the estimation of µn with respect to the nuisance parameters,

which must be estimated by nonregular estimators in very high-
dimensional problems.

Provided that the vectors ηn and γn are approximately sparse,
we can obtain their estimates η̂ and γ̂ using ℓ1-penalized meth-
ods (e.g., lasso or square-root lasso) and post-ℓ1-penalized es-
timators (e.g., post-lasso). We apply any of these estimation
methods to data (yi, z

′
i)

n
i=1 and (di, x

′
i)

n
i=1 to estimate ηn and γn,

respectively. The resulting estimator µ̂ of µn, minimizes over µ

the criterion function
!

1
n

n"

i=1

ψ(wi, µ, η̂, γ̂ )

#2

.

Under mild conditions µ̂ obeys

)−1/2J
√

n(µ̂ − µn) ⇒ N (0, 1),

for J = E[d̃2
i ] and ) = E[ϵ2

i d̃
2
i ]. Under homoscedasticity, µ̂

is actually semiparametrically efficient, achieving the known
semiparametric efficiency bounds for estimating µn; as pointed
out in Belloni, Chernozhukov, and Hansen (2014, 2013).

The score given above for the linear model is also known
as “doubly robust score,” which arise in treatment effect anal-
ysis. In the context of heterogeneous treatment effects, linear
model is no longer appropriate, but doubly robust scores, which
involve propensity score and regression functions as nuisance
parameters, are available and could be used for treatment effect
evaluation in high-dimensional setting, where adjustment for
covariates is needed either to reduce variance or gain identifica-
tion. The papers by Belloni, Chernozhukov, and Hansen (2014)
(Section 5) and Belloni et al. (2013) developed the estimation
and inference theory based on the use of “doubly robust scores”
(see Robins and Rotnitzky 1995; Hahn 1998).

Belloni, Chernozhukov, and Kato (2014) investigated the use
of orthogonal score functions for generic (possibly nonsmooth)
Z-estimators. Moreover, they construct joint (rectangle) confi-
dence regions for all p parameters of a vector βn, essentially
by applying the orthogonal scores to each of the coefficients of
interest. In similar spirit to the work of McKeague and Qian,
the confidence regions are uniformly valid and are constructed
based on a multiplier bootstrap procedure for the calculation
of correct critical values (provided technical conditions and
log7 p = o(n) hold). The procedure is computationally fast be-
cause it only involves resampling the estimated scores.

The articles above intend to construct approximate (but
nonconservative) confidence intervals for the coefficients of
βn. In contrast, the work of McKeague and Qian aims to
test the hypothesis of H0 : θn = 0 versus Ha : θn ̸= 0 where
θn = maxj |cov(Xj, Y )|/var(Xj ). That is, they aim to design a
single test to detect the presence of some significant predictor
while controlling for familywise error rate. Although the ques-
tions are related, the former needs to avoid collinearity while in
the former avoiding collinearity is not necessary. This is crucial
for the validity of marginal regressions as described above. In
fact by exploiting correlations among the covariates the marginal
regression approach can have more power when coefficients βn

are small. Therefore providing an interesting complimentary
approach to the literature above.

It is clear that several extensions of the adaptive resampling
test (ART) are interesting. As mentioned by the authors, a nat-
ural extension is to allow p to grow with the sample size. This
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regime can shed further light on the finite sample behavior of
the estimator. Although not covered by the theory, their sim-
ulation results already suggest that ART can be useful in the
p > n setting (as shown in the simulations for p = 200 and
n = 100). Another important direction would be to consider the
generalization of the results to achieve uniform validity over
!n = {βn : ∥βn∥ ≤ C}. This includes the local asymptotic re-
sults discussed here but encompasses cases in which two compo-
nent βnj are βnk are close, for example, |βnj − βnk| = O(n−1/2).
Finally, it would be interesting to understand how the results
would carry over to more general models. For example, the case
of Z-estimators which have been considered in the post-model
selection discussed above. A natural starting point would be a
logistic model, where the outcome Y is binary.

The recent literature on formal hypothesis testing accounting
for misspecification that arise from model selection mistakes is
still in its initial stages. For instance, several procedures that
have been recently proposed are asymptotically equivalent but
enjoy very different finite sample performances. Clearly, much
research is still needed to better understand the finite sample
behavior of estimators. Although it is unlikely one procedure
will dominate others in all regimes it is important to better
characterize their performance. Indeed, the wealth of different
asymptotic regimes and different uniformity guarantees can be
used as potential guidance for practitioners on which estima-
tors they should focus on. The work of McKeague and Qian
definitely contribute to this debate and will certainly stimulate
future research.

[Received 20Aug2015. Revised 14Sep2015.]
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1. INTRODUCTION

We thank the editors for organizing this discussion of a timely
and thought-provoking article. We congratulate McKeague and
Qian (hereafter, M&Q) for illustrating and offering an effec-
tive solution to an important technical problem associated with
marginal screening in high-dimensional linear regression. We
believe that their work will serve as a catalyst for new statisti-
cal methodologies for screening and inference with nonregular
functionals. In our discussion, we present two potential screen-
ing procedures constructed by modifying the adaptive resam-
pling test (ART): (1) a “parametric bootstrap” analog of ART;
and (2) an ART-inspired adaptive testing procedure designed to
be more powerful against dense, weak alternatives. The para-
metric bootstrap procedure avoids the tuning parameter used in
ART and thus eliminates potentially computationally burden-
some tuning. Furthermore, we show that the proposed para-
metric bootstrap procedure has a desirable invariance property

Yichi Zhang (E-mail: yzhang52@ncsu.edu), and Eric Laber (E-mail:
laber@stat.ncsu.edu), Department of Statistics, North Carolina State University,
2311 Stinson Drive, SAS Hall, Raleigh, NC 27695.

under local alternatives. However, we show that both ART and
our proposed parametric bootstrap analog can have poor power
against dense, weak alternatives. We propose a class of adaptive
procedures that reduce to our parametric bootstrap version of
ART under strong, sparse signals and reduce to a sum of squares
criteria under weak, dense signals.

The proposed modifications to ART are not intended as im-
provements or as criticisms but rather as a demonstration of the
potential of the framework proposed by M&Q. We conclude the
article with a short philosophical point about the nonregularity
associated with the ART procedure.

2. PARAMETRIC BOOTSTRAP ANALOG OF ART

As in M&Q we consider the local linear model

Y = a0 + n−1/2X!b0 + ϵ, (1)

where α0 ∈ R, b0 ∈ Rp, X ∈ Rp, Y ∈ R, and ϵ ∈ R is inde-
pendent of X, mean zero, and has finite variance σ 2

ϵ . Let &X
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denote the variance–covariance matrix of X, and Vk denote the
variance of Xk , k = 1, . . . , p. For k = 1, . . . , p let !ρk denote
the sample correlation coefficient between Xk and Y , !Vk the
sample variance of Xk , and!σ 2

Y the sample variance of Y . Then,
!βk = "cov(Xk, Y )/!Vk is the estimated slope in the marginal re-
gression of Y on Xk . The test statistic proposed by M&Q is

!θn =
p#

k=1

!βkI

$
|!ρk| ≥ max

j
|!ρj |

%
,

where I {·} denotes an indicator function, and we assume that
arg maxk !ρk is a singleton. Theorem 1 of M&Q showed that
under the null hypothesis b0 = 0,

√
n!θn converges in dis-

tribution to ZK/VK where (Z1, . . . , Zp)! is normally dis-
tributed with mean zero and covariance %Z = σ 2

ϵ %X, and
K = arg maxk Z2

k/Vk . Thus, given an estimator !%Z of %Z, one
approach to approximate the null distribution of

√
n!θn is to con-

struct values ZK/VK using draws from a normal distribution
with mean zero and variance–covariance !%Z. We prove in the
Appendix that distribution of ZK/VK is a smooth function of
%Z.

The preceding parametric bootstrap procedure is computa-
tionally simple and avoids having to use the double bootstrap
to select a tuning parameter. We now suggest a slight modifi-
cation that avoids estimation of the residual variance σ 2

ϵ and
adds a scale-invariance property that is not present in ART nor
the preceding parametric bootstrap procedure. Let!tk denote the
t-statistic

√
n!βk

&
!σ 2

Y /!Vk − !β2
k

'−1/2
for testing βk = 0. We base

our modified procedure on the statistic

!ξn =
p#

k=1

!tkI
$
|!ρk| ≥ max

j
|!ρj |

%

=
p#

k=1

!tkI
$
|!tk| ≥ max

j
|!tj |
%

, (2)

where the second inequality follows from!t2
k = !ρ2

k /(1 − !ρ2
k ). A

slight modification of the proof of Theorem 1 in M&Q shows
that under the local linear model (1)

√
n!ξn converges in distri-

bution to (ZK + C!
Kb0)/(σϵV

1/2
K ), where (Ck)j = Cov(Xk,Xj )

j = 1, . . . , p, and K = arg maxk(Zk + C!
k b0)2/Vk . Thus, the

limiting distribution of
√

n!ξn is scale-invariant, that is, replac-
ing Xk with ςXk and (b0)k with (b0)k/ς for some ς > 0 does
not change the limiting distribution of

√
n!ξn. On the other hand,√

n!θn converges in distribution to (ZK + C!
k b0)/VK which is

not scale-invariant as replacing Xk with ςXk and (b0)k with
(b0)k/ς scales the limiting distribution by 1/ς . Note that the
estimators in the preceding expression have not been centered
and thus take a slightly different form than the (centered) limits
presented by M&Q. Because %Z = σ 2

ϵ %X, it can be seen that
under the null H0 : b0 = 0, the limiting distribution of

√
n!ξn

does not depend on the residual variance σ 2
ϵ . Thus, the null

distribution of
√

n!ξn can be approximated by constructing val-
ues ZK/VK from random draws taken from a normal distri-
bution with mean zero and variance–covariance matrix !%X,
where !%X is the estimator of %X. In simulation experiments,
this parametric bootstrap procedure provides similar power to
ART while being orders of magnitude faster to compute (see
Section 3).

3. ADAPTING TO DENSE AND WEAK SIGNALS

From (2), it follows that!ξ 2
n = maxj!t 2

j . Test statistics based on
the maximum of marginal test statistics are well-studied in high-
dimensional testing problems (e.g., Donoho and Jin 2004; Cai,
Liu, and Xia 2014); however, while such methods are powerful
for strong, sparse, and weakly correlated signals, they may fail
to detect dense but weak signals. On the other hand, a sum of
squares statistic,!ζn =

(
k
!t2
k , has the capability of aggregating

many small signals and thereby might perform well for dense
but weak signals while losing power to detect sparse signals. In
this section, we use a numerical study to investigate the effect of
sparsity on the power of tests based on!ξn and!ζn. This numerical
study motivates a new test that attempts to adapt the unknown
sparsity level of the signal.

3.1 Numerical Study

We use the asymptotic distributions of !ξn and !ζn under the
local linear model (1) to compare their power. Under the lo-
cal linear model, nζn converges in distribution to σ−2

ϵ (Z +
%Xb0)!D−1(Z +%Xb0), where D = diag(V1, . . . , Vp). We set
σϵ = 1 and Vk = 1 for k = 1, . . . , p so that the signal is %Xb0.
Thus, both the covariance structure of the predictors and the
regression coefficients contribute to the sparsity level. We
consider the following covariance structures: (I) independent,
(%X)ij = I {i = j}; (A) autoregressive, (%X)ij = (0.8)|i−j |; and
(E) equicorrelated, (%)ij = (1 + I {i = j}) (see Figure 2 of
M&Q). For each covariance structure, we consider three co-
efficient settings: (S) sparse, (b0)i = γ I {i = 1}; (M) moder-
ate, (b0)i = γ I

&
i mod ⌊√p⌋ = 0

'
; and (D) dense, (b0)i =

γ I {i ≤ ⌊p/3⌋} − (γ /3)I {i ≤ ⌊2p/3⌋}, where ⌊u⌋ is the great-
est integer below u and γ ∈ R controls the size of nonzero
components of b0. For each combination of covariance ma-
trix and regression coefficients we generate data of dimension
p = 10, 100, 500, and 1000; furthermore, for each covariance
matrix and regression coefficient combination we select γ so
that the maximum power across all dimensions and both tests is
0.8.

Table 1 shows the asymptotic power for!ξn and!ζn. In settings
with a large, sparse signal, for example, models IS and AS, the
test based on!ξn has markedly better power. On the other hand,
in settings with a weak, dense signal, for example, models ID,
AD, and ED, the test based on !ζn has more power. A heuris-
tic justification for this trend is as follows. Both!ξn and!ζn are
functions of!t = (!t1, . . . ,!tp)!. For the purpose of exposition,
assume that!t is drawn from its asymptotic distribution. We also
assume that p diverges with n, the smallest eigenvalue of %X is
bounded away from zero, and the largest eigenvalue of %X is
bounded above. Under the null,!ξ 2

n is the maximum of p depen-
dent χ2

1 random variables, thus, n!ξ 2
n − 2 log(p) + log {log(p)}

converges in distribution to an extreme-value distribution as
p diverges (Cai et al. 2014, Theorem 1). Thus, for the test
based on !ξn to be powerful, ||%Xb0||∞ should be of order
{log(p)}1/2. In contrast, n!ζn has mean ||%Xb0||22 + tr (%X),
and variance 4(%!

Xb0)!%X(%Xb0) + 2 tr
)
%2

X

*
. Thus, provided

lim infp p−1||%Xb0||22 is nonzero, !ζn will be able to separate
the null from the alternative as p diverges. In settings with
weak, dense signals ||%Xb0||22 may be considerably larger than
||%Xb0||∞; in such cases,!ζn may yield higher power than!ξn.
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Table 1. Asymptotic power of ξ̂n and ζ̂n under the local linear model
(1)

p = 10 p = 50 p = 200 p = 1000

#X b0 ξ̂n ζ̂n ξ̂n ζ̂n ξ̂n ζ̂n ξ̂n ζ̂n

S 0.80 0.69 0.65 0.33 0.51 0.16 0.36 0.09

I M 0.48 0.59 0.49 0.70 0.46 0.75 0.44 0.80
D 0.07 0.08 0.09 0.14 0.10 0.30 0.11 0.80
S 0.80 0.69 0.63 0.35 0.47 0.17 0.32 0.10

A M 0.64 0.73 0.55 0.80 0.29 0.66 0.18 0.58
D 0.05 0.05 0.08 0.10 0.15 0.29 0.20 0.80
S 0.80 0.75 0.72 0.69 0.67 0.67 0.65 0.67

E M 0.06 0.06 0.09 0.10 0.20 0.23 0.75 0.80
D 0.05 0.05 0.05 0.05 0.08 0.08 0.75 0.80

3.2 Adaptive Parametric Bootstrap

The tests based on ξ̂n and ζ̂n are powerful under comple-
mentary sparsity signatures; it is of interest to see if they can be
combined to construct a test that is adaptive to the unknown level
of sparsity. Let t̂2

(1), . . . , t̂
2
(p) be the order statistics of t̂2

1 , . . . , t̂2
p

and for each k = 1, . . . , p define ψ̂n,k =
∑k

j=1 t̂2
(p−j+1). Thus,

ξ̂ 2
n = ψ̂2

n,1, ζ̂n = ψ̂2
n,p, and ψ̂2

n,k , k = 2, . . . , p − 1 are test statis-
tics that interpolate between these two extremes. The goal is to
use the data to choose k to maximize power. In our develop-
ments, we assume that p is fixed.

For any fixed k, ψ̂k,n is a continuous function of t̂. Let
U = (U1, . . . , Up)! be normally distributed with mean zero
and variance–covariance matrix D−1/2#XD−1/2 and define
U 2

(1), . . . , U
2
(p) to be the order statistics of U 2

1 , . . . , U 2
p . Using

the continuous mapping theorem, it can be seen that under the
null the limiting distribution of nψ̂k,n is equal in distribution to∑k

j=1 U 2
(p−j+1). For k = 1, . . . , p, define

ω̂n,k = P

⎛

⎝
k∑

j=1

U 2
(p−j+1) ≥ nψ̂n,k

∣∣ψ̂n,k

⎞

⎠ ,

and subsequently ψ̂n = mink ω̂n,k . The proposed adaptive test
rejects if ψ̂n is below a critical value.

We derive a critical value for ψ̂n as follows. Let hk(·) be
the cumulative distribution function of

∑k
j=1 U 2

(p−j+1) so that
ω̂n,k = 1 − hk{nψ̂n,k}. By the continuous mapping theorem, un-
der the null, nψ̂n is asymptotically equal in distribution to
mink[1 − hk{

∑k
j=1 U 2

(p−j+1)}]. We can simulate the distribution
of nψ̂n by generating draws U from a normal distribution with
mean zero and variance–covariance matrix D̂−1/2#̂XD̂−1/2,
where D̂, and #̂X are estimates of D and #̂X.

We examine the finite sample performance of ψ̂n, ξ̂n, ζ̂n, mul-
tiple testing with a Bonferroni correction, and ART with double
bootstrap tuning as proposed in M&Q. In our implementation
of the tests using ψ̂n, ξ̂n, and ζ̂n, we used the plug-in estimator
of #X. When p is large it is possible that the operating char-
acteristics of the proposed tests might be improved by using a
regularized covariance estimator. We use the same generative
models as proposed in Section 4.1 of M&Q with ρ = 0.5, so we
will not repeat them here. We fix the sample size at n = 100 and
set the nominal Type I error to 0.05. Estimated power is based

Table 2. Power comparisons for generative models in Section 4.1 of
M&Q with n = 100

Time Time
Model p ART Bonferroni ξ̂n ζ̂n ψ̂n (ART) (ψ̂n)

10 0.067 0.051 0.065 0.055 0.059 485 0.1
50 0.067 0.040 0.054 0.057 0.064 747 0.2

(i) 200 0.054 0.028 0.052 0.046 0.046 3289 0.5
1000 — 0.024 0.056 0.049 0.055 — 2.3

10 0.510 0.439 0.496 0.492 0.509 489 0.1
50 0.376 0.305 0.382 0.383 0.403 723 0.2

(ii) 200 0.376 0.277 0.380 0.398 0.403 4078 0.5
1000 — 0.239 0.363 0.408 0.392 — 2.3

10 0.496 0.461 0.501 0.505 0.526 502 0.1
50 0.366 0.310 0.375 0.386 0.399 717 0.2

(iii) 200 0.337 0.279 0.350 0.375 0.383 4824 0.5
1000 — 0.224 0.352 0.394 0.381 — 2.3

NOTES: Estimates are based on B = 1000 Monte Carlo replications. In model (i) the
null hypothesis is true. In models (ii) and (iii), the alternative is true and we highlight
methods with estimated power within one standard error (estimated conservatively as
1/

√
2B ≈ 0.022) of the highest observed power. The two rightmost columns denote the

average runtime (seconds) to conduct a single test.

on 1000 Monte Carlo replications. As noted by M&Q, results
for ART could not be computed for p = 1000 as the double
bootstrap is too computationally burdensome.

The results of the simulation are presented in Table 2. The
proposed adaptive procedure attains good power while control-
ling Type I error. The adaptive procedure has better power than
both ξ̂n and ζ̂n in all but two examples and better power than
ART in all but one example (where the difference is 0.001). The
table also shows the runtime in seconds of ART with double
bootstrap tuning and the test based on ψ̂n. Computing ψ̂n is sev-
eral orders of magnitude faster than ART and scales efficiently
to large p. Thus, we believe that adaptive algorithms built on the
framework of M&Q might be a fruitful research direction.

The adaptive testing procedure proposed here is one of many
possibilities. For example, one extension would be to consider
linear combinations of the order statistics of t̂ of which the
proposed procedure is a special case.

4. DISCUSSION

M&Q have made an important contribution to a challenging
and timely problem. We have used their framework to propose
a number of related tests that may reduce computation time or
adapt to the underlying sparsity of the signal. We hope that these
examples will serve to illustrate the large number of possible re-
search directions opened by the framework proposed by M&Q.
We would like to conclude our comment with a philosophical
note about nonregularity and testing in regression problems.
To streamline the discussion, we focus on a fixed (nonlocal)
alternatives model.

In the standard linear model, Y = X!β∗ + ϵ, the true regres-
sion coefficient, β∗, is a smooth functional of the generative
model. However, as is well-known, ||β∗||∞, is not a smooth
functional. Thus, as M&Q note, inference based on plug-in es-
timator ||β̂n||∞ is difficult because of nonuniform convergence
and special care must be taken to conduct hypothesis testing
using this statistic. In this setting, the nonregularity seems to be
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introduced by the choice of the sup-norm for testing β∗ ≡ 0,
rather than, say, some inherent nonsmoothness in the parameter
of interest; for examples, where the nonsmoothness appears to be
more entrenched in the estimand, see Hirano and Porter (2012);
Laber et al. (2014). One smooth alternative to the sup-norm
would be a soft-max ||β∗||τ = τ−1 log{1 +

!p
j=1 exp(τβ∗2

j )},
where τ > 0 is a tuning parameter. Under mild regularity con-
ditions, it is straightforward to derive the asymptotic distribution
of ||"βn||τ and use it to conduct inference. Thus, one might argue
for using the soft-max to avoid dealing with nonregular, com-
plex asymptotic arguments. This raises the question of whether
or not we should let our choice of estimand be dictated by the
subsequent difficulty of inference. Our own opinion is that an
estimand (or test statistic) should be selected for its operating
characteristics irrespective of the difficulty of inference, though
we would be interested in hearing the opinion of M&Q on this
matter.

APPENDIX

Suppose Z(#) = {Z1(#), . . . , Zp(#)}T is normal with mean zero
and covariance#. Let Vj (#) be the jth diagonal element of#, K(#) =
arg maxj Z2

j (#)/Vj (#), ZK (#) = ZK(#)(#), and VK (#) = VK(#)(#).
If λmin(#), the smallest eigenvalue of #, is bounded away from zero
and λmax(#), the largest eigenvalue of #, is bounded above, then the
distribution of ZK (#)/VK (#) depends on # continuously. That is,

sup
α∈R

####P
$

ZK (#)
VK (#)

≤ α

%
− P

$
ZK (∼ #)
VK (∼ #)

≤ α

%####

= O(∥#1/2− ∼ #1/2∥2).

Proof. Denote equality in distribution by =d . Let U be N (0, Ip).
Then, Z(#) =d #

1/2U and Z(∼ #) =d∼ #1/2U. For any j, we have

(∼ #1/2U)j = (#1/2U)j + {(∼ #1/2 −#1/2)U}j ,

|{(∼ #1/2 −#1/2)U}j | ≤ ∥(∼ #1/2 −#1/2)U∥2 ≤ ∥ ∼ #1/2

−#1/2∥2∥U∥2.

Hence, we obtain
#####
(#1/2U)2

j

Vj (#)
−

(∼ #1/2U)2
j

Vj (∼ #)

##### ≤ C1∥U∥2
2|Vj (#) − Vj (∼ #)|

+ C2∥U∥2|(#1/2U)j − (∼ #1/2U)j |
≤ C3∥#1/2− ∼ #1/2∥2∥U∥2

2,

where Ci’s are constants. Let J (#) = arg maxj (#1/2U)2
j /

Vj (#). Let set A be the event {J (#) = J (∼ #)} and set Bjk be
the event

&#####
(#1/2U)2

j

Vj (#)
− (#1/2U)2

k

Vk(#)

##### ≤ 2C3∥#1/2− ∼ #1/2∥2∥U∥2
2

'

.

Then we have

P (Ac) ≤ P (Bjk for some j < k) ≤
(

j,k

P (Bjk).

Because # is invertible, it can be shown that {(#1/2U)2
j /Vj (#) −

(#1/2U)2
k/Vk(#)}/∥U∥2

2 has bounded density. Thus, P (Bij ) ≤
C4∥#1/2− ∼ #1/2∥2 and P (Ac) ≤ C5∥#1/2− ∼ #1/2∥2.

Within the event A, let J = arg maxj (#1/2U)2
j /Vj (#) be the com-

mon maximizer. Using the techniques above, we have
####
(#1/2U)J
VJ (#)

− (∼ #1/2U)J
VJ (∼ #)

####

≤ max
j

####
(#1/2U)j
Vj (#)

− (∼ #1/2U)j
Vj (∼ #)

####

≤ C6∥#1/2− ∼ #1/2∥2∥U∥2.

Hence, by Chebyshev’s inequality, for any ε > 0, we have

P

$####
(#1/2U)J
VJ (#)

− (∼ #1/2U)J
VJ (∼ #)

#### > ε

%
≤ C7∥#1/2− ∼ #1/2∥2/ε.

Therefore, we obtain

P

$####
(#1/2U)J (#)

VJ (#)(#)
− (∼ #1/2U)J (∼#)

VJ (∼#)(∼ #)

#### > ε

%

≤ C5∥#1/2− ∼ #1/2∥2 + C7∥#1/2− ∼ #1/2∥2/ε.

We conclude the proof by noting that (#1/2U)J (#)/VJ (#)(#) =d

ZK (#)/VK (#) as well as (∼ #1/2U)J (∼#)/VJ (∼#)(∼ #) =d ZK (∼
#)/VK (∼ #). !

Remark. It is sufficient that ∼ # be positive semidefinite instead of
positive definite. Thus, the sample covariance matrix can be used even
if p > n.

[Received 20Aug2015. Revised 14Sep2015.]
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Comment
Sai LI, Ritwik MITRA, and Cun-Hui ZHANG

We congratulate McKeague and Qian on their interesting
and thought-provoking article. Modern statistics has seen rapid
growth of regularized estimation methods for complex and high-
dimensional problems. However, this development has not yet
been matched by a similar profusion of tools for statistical infer-
ence, especially bootstrap-based methods. The problem under
consideration is the inference of the marginal regression co-
efficient for the design variable having the highest population
correlation with the response variable in linear regression. As
is widely acknowledged, this is a very difficult problem, and
we congratulate McKeague and Qian on taking up the topic.
We have no doubt that the proposed test will be applied in real
life problems and McKeague and Qian’s ideas will be useful in
the development of adaptive bootstrap methods in more general
contexts.

Let µk and ρk be the population marginal regression and
correlation coefficients of the kth design variable in a linear
regression model. The parameter of interest in the article is

θ = µkmax , where kmax = arg max
k≤p

|ρk|.

Let!µk and!ρk be the sample marginal regression and correlation
coefficients associated with the kth design vector. The sample
version of kmax and θ and the sample-size normalized estimation
error are

!k = arg max
k≤p

|!ρk|, !θ = !µ!k and ξ =
√

n(!θ − θ ).

Let !µ∗
k and !ρ∗

k be bootstrapped !µk and !ρk . A naive bootstrap
scheme for ξ is

!k∗
naive = arg max

k≤p

|!ρ∗
k |, !θ∗

naive = !µ∗
!k∗

naive
and

ξ ∗
naive =

√
n(!θ∗

naive −!θ ).

This is fine when!k∗
naive =!k = kmax with large probability. How-

ever, the naive bootstrap scheme is not expected to work well
under the null hypothesis H0 : ρk = 0 ∀k. Let V ∗

k and W ∗
k be

bootstrapped
√

n(!µk − µk) and
√

n(!ρk − ρk), respectively. Un-
der the null, an appropriate bootstrap scheme is

!k∗
null = arg max

k≤p

|W ∗
k | and ξ ∗

null = V ∗
!k∗

null
.

Here the bootstrap method is generic and the centering of
estimates is symbolic as our focus is on methodologies for us-

Sai Li (E-mail: sl1022@scarletmail.rutgers.edu) is Graduate Student, and
Cun-Hui Zhang (E-mail: czhang@stat.rutgers.edu) is Distinguished Professor,
Department of Statistics and Biostatistics, Rutgers University, Piscataway, NJ
08854. Ritwik Mitra is Post-Doctoral Research Associate, Department of Op-
erations Research and Financial Engineering, Princeton University, Princeton,
NJ 08540 (E-mail: rmitra@princeton.edu). Research supported by NSF Grants
DMS-1129626 and DMS-1209014 and NSA Grant H98230-15-1-0040.

ing appropriately generated {!µ∗
k,!ρ∗

k , V ∗
k ,W ∗

k , 1 ≤ k ≤ p}. Ac-
tually, µk and ρk can be viewed as generic parameters in this
discussion. As thresholding sample correlation is equivalent to
t-test, McKeague and Qian’s V ∗

n (0) can be viewed as a version
of ξ ∗

null. We note that McKeague and Qian studied more general
V ∗

n (b), b ∈ Rp, for local models contiguous to H0.
Suppose that the null hypothesis and an alternative Ha guar-

anteeing P {!k∗
naive =!k = kmax} → 1 can be consistently tested

by thresholding maxk≤p |!ρk| at a level λ. A simple adaptive
bootstrap scheme is

ξ ∗
simple =

"
ξ ∗

naive, maxk≤p |!ρk| ≥ λ,

ξ ∗
null, maxk≤p |!ρk| < λ.

However, the performance of such a scheme is unclear in the
middle ground between the two hypotheses when the signal is
not as strong as Ha depicts. The proposed adaptive bootstrap
scheme is

ξ ∗
proposed =

"
ξ ∗

naive, maxk≤p

#
|!ρk| ∨ |!ρ∗

k |
$

≥ λ,

ξ ∗
null, maxk≤p

#
|!ρk| ∨ |!ρ∗

k |
$

< λ.

McKeague and Qian developed elegant theoretical results under
the null and alternative hypotheses and local models contiguous
to H0, and carried out simulation experiments for the size and
power of the proposed bootstrap test. They pointed out that a
robust confidence interval can be constructed based on V ∗

n (b),
and that such confidence intervals are conservative and requires
a grid search over Rp.

Our comments focus on the closely related problem of es-
timating the selected parameter and the coverage probability
of confidence intervals for the simple and proposed adaptive
bootstrap methods.

Statistical inference of the parameter of a selected population
is an interesting problem in and of itself. In the context of the
regression problem under consideration, the selected parameter
and its sample-size normalized estimation error can be written
as

%θ = µ!k and %ξ =
√

n
#!θ −%θ

$
,

and the naive, null, simple adaptive and proposed adaptive boot-
strap schemes can be written as

%ξ ∗
naive =

√
n
&
!µ∗
!k∗

naive
−!µ!k∗

naive
),

%ξ ∗
null = ξ ∗

null = V ∗
!k∗

null
,

%ξ ∗
simple =

'%ξ ∗
naive, maxk≤p |!ρk| ≥ λ,
%ξ ∗

null, maxk≤p |!ρk| < λ,

© 2015 American Statistical Association
Journal of the American Statistical Association

December 2015, Vol. 110, No. 512, Theory and Methods
DOI: 10.1080/01621459.2015.1106404
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Table 1. Coverage probabilities of bootstrap confidence intervals based on 1000 replications. The confidence interval is constructed with 0.025
and 0.975 sample quantiles of B = 1000 bootstrap samples for each replication. The threshold level λ is chosen by simulation to guarantee

approximately 5% Type I error, instead of double bootstrap, and ξ ∗
null = V ∗

n (0) as in McKeague and Qian’s simulation study. The vector µ gives
the population marginal regression coefficients

Coverage probability

Models and settings ξ ∗
proposed

!ξ ∗
proposed ξ ∗

simple
!ξ ∗

simple

Model p ρ λ µ θn θ̃n θn θ̃n

10 0 3.5 1100 0.900 0.934 0.953 0.953
200 0 4 12000 0.819 0.886 0.954 0.954

I 10 0.5 3.5 1100 0.891 0.922 0.944 0.944
200 0.5 4 12000 0.846 0.907 0.973 0.973
10 0.8 3.5 1100 0.898 0.925 0.943 0.943

200 0.8 4 12000 0.827 0.895 0.957 0.957

10 0 3.5 (0.25, 190) 0.839 0.931 0.839 0.939
200 0 4 (0.25, 11990) 0.623 0.925 0.624 0.976

II 10 0.5 3.5 (0.25, 190.125) 0.945 0.932 0.945 0.938
200 0.5 4 (0.25, 11990.125) 0.922 0.906 0.923 0.927
10 0.8 3.5 (0.25, 190.2) 0.944 0.939 0.944 0.941

200 0.8 4 (0.25, 11990.2) 0.939 0.935 0.942 0.936

10 ± 0.5 3.5 (0.25, 19(−0.125)) 0.201 0.945 0.203 0.947
II∗ 200 ± 0.5 4 (0.25, 1199(−0.125)) 0.048 0.902 0.048 0.920

10 0 3.5 (150.15, 15(−0.1)) 0.638 0.949 0.646 0.951
200 0 4 (150.15, 15(−0.1), 11900) 0.543 0.907 0.597 0.954

III 10 0.5 3.5 (150.2, 150.075) 0.881 0.939 0.884 0.944
200 0.5 4 (150.2, 150.075, 11900.125) 0.866 0.898 0.881 0.927
10 0.8 3.5 (150.23, 150.18) 0.921 0.939 0.922 0.940

200 0.8 4 (150.23, 150.18, 11900.2) 0.910 0.921 0.914 0.925

IV 10 0 3.5 (0.41, −0.40, 180) 0.484 0.949 0.484 0.949
200 0 4 (0.41, −0.40, 11980) 0.502 0.953 0.502 0.963

and

!ξ ∗
proposed =

"!ξ ∗
naive, maxk≤p

#
|$ρk| ∨ |$ρ∗

k |
%

≥ λ,
!ξ ∗

null, maxk≤p

#
|$ρk| ∨ |$ρ∗

k |
%

< λ.

Under the null hypothesis, the two problems are identical as θ =
!θ when ρk = 0 for all k ≤ p. When P {$k∗

naive =$k = kmax} → 1,
the two problems are nearly identical as P {!θ = θ} → 1. The
interesting place is the middle ground where the signal is weak.
We would like to point out that when the signal is nonzero but
not detectable, the sign of θ is not tractable from the data, so that
no bootstrap scheme will provide consistent estimation of the
distribution of ξ . However, the simple and proposed adaptive
schemes may still approximate the distribution of!ξ well under
proper assumptions, even when the signal is weak. It seems from
this point of view that statistical inference about the “strongest
population signal” θ is ideal but not attainable and inference
about the “selected signal” !θ is the best we can achieve. Of
course, the interpretation of the statistical inference about !θ is
more complicated as it is a random parameter.

We report some simulation results of the bootstrap cover-
age probability to demonstrate our point, although McKeague
and Qian’s study is focused on hypothesis testing. In

Table 1, models I, II, and III are identical to those consid-
ered by McKeague and Qian, and models II* and IV de-
pict situations where the estimation of the distribution of !ξ
is feasible but that of ξ is not. The design variables are
N (0, 1) with a common correlation ρ, except for model II∗

where Corr(X1, Xj ) = −|ρ| for 1 < j ≤ p and Corr(Xj,Xk) =
|ρ| for 1 < j < k ≤ p. The noise vector is N (0, In×n). The
coefficient vectors are β = 0, (0.25, 1p−10), (0.25, 1p−10),
(150.15, 15(−0.10), 1p−100), and (0.41,−0.4, 1p−20), respec-
tively, in models I, II, II∗, III, and IV. As var(Xk) = 1, µk =
cov(Y,Xk)/var(Xk) is proportional to ρk = Corr(Y,Xk), so that
the difficulty of selection is largely dependent on the separation
of the largest |µk| from the rest. While both bootstrap schemes
clearly cover the selected parameter !θ much better than the
ideal θ , the simple adaptive bootstrap seems to have somewhat
more accurate coverage probability in both problems in the ex-
periment. Moreover, as Model II∗ demonstrates, the reasonably
good coverage for θ in Model II in the case of ρ = 0.5 can be
easily destroyed with a change of Corr(X1, Xj ) to −0.5 for all
1 < j ≤ p, while the coverage of!θ is much more robust against
such changes. The same phenomenon is expected when Models
II and III are changed in a similar way for ρ = 0.8.
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Comment
Hannes LEEB

I congratulate Ian McKeague and Min Qian for this inspiring
and creative piece of work. It is a substantial contribution to the
development of inference procedures in a particularly important
and statistically challenging scenario. Their findings also pro-
vide illuminating insights into a class of inferential problems of
great contemporary interest, and they raise a couple of exciting
questions for future research.

1. WHY IS IT HARD?

For designing hypothesis tests or confidence sets, a natural
starting point is the cumulative distribution function (c.d.f.) of
the (scaled) estimation error. In Theorem 1, McKeague and Qian
derive the large-sample limit distribution of this quantity along
sequences of parameters βn of the form βn = β0 + b0/

√
n. The

limit always depends on β0. And for β0 = 0, the limit also
depends on the local parameter b0.

Phenomena like this occur in several challenging inferential
problems that share some common features: Consider a generic
parametric estimation problem where the underlying model is
locally asymptotically normal around zero (as in the present
case). Write ϕn(β) for the quantity to be estimated at sample
size n and under the true parameter β (here, the c.d.f. of the
scaled estimation error). (The estimand can depend on addi-
tional nuisance parameters, which is not shown explicitly in the
notation.) Assume that ϕn(β) converges in a local neighborhood
of zero, in the sense that, along sequences of parameters of
the form βn = b0/

√
n, we have ϕn(βn) = ϕn(b0/

√
n) → g(b0)

as n → ∞. Now if, as in the present case, the limit g(b0) is
not constant in b0, then no uniformly consistent estimator for
the estimand ϕn(β) exists. In other words, for any (possibly
randomized) estimator ϕ̂n for ϕn(β), we have

lim
n→∞

sup
β

Pn,β

!
d (ϕn(β), ϕ̂n) > δ

"
> 0 (1.1)

for sufficiently small δ > 0, and the lower bound approaches
1/2 as δ goes to zero. Moreover, if ϕ̂n is a sequence of con-
sistent estimators, then the expression on the left-hand side in
the preceding display actually equals 1. (Here, d(·, ·) is some
metric on the range-space of the estimand, like the absolute dif-
ference if the estimand is a c.d.f. at some point, or sup-norm of
the difference if the estimand is the whole c.d.f.) In short, the
problem is caused by the fact that the estimand and its large-
sample limit depend on a quantity, namely, b0 =

√
nβn, that

cannot be estimated with good accuracy at any sample size. See
Leeb and Pötscher (2006) for a more detailed analysis of prob-
lems of this kind. Phenomena like this occur in several scenarios

Hannes Leeb is Professor, Department of Statistics, University of Vienna,
1010 Wien, Austria (E-mail: hannes.leeb@univie.ac.at). Research supported by
FWF Projects P26354 and P28233-N32.

of contemporary interest, including inference problems involv-
ing post-model-selection estimators, shrinkage estimators, or
situations where the parameter is close to the boundary of the
identified region; see Leeb and Pötscher (2005).

In particular, for the finite-sample c.d.f. of the scaled esti-
mation error considered in the article, that is, for the c.d.f. of√

n(θ̂n − θn), we see that no uniformly consistent estimator can
exist.

2. WHY DOES IT WORK?

When testing a simple null hypothesis, like H0 : β = 0 as
in the present case with ART, the nonuniformity problem out-
lined in the preceding section is not an issue, however. Here, the
quantity of interest is the distribution of the (scaled) estimation
error under the null, and this distribution can often be estimated,
either directly or (as in the present article) by estimating or ap-
proximating the large-sample limit distribution under the null.
Indeed, in Theorem 1, the limit distribution in the case where
β0 = b0 = 0 provides an approximation to the finite-sample dis-
tribution of interest. And while this limit distribution depends on
nuisance parameters through the population variance/covariance
structure, these can be consistently estimated by using sample
versions as a plug-in.

Sampling from the limit distribution under the null (using
sample covariances to replace population covariances) provides
a simple and computationally efficient way to estimate critical
values, and the size of the resulting test converges to the nominal
size as sample size increases. This can be used instead of the
bootstrap procedure given in Theorem 2 and also instead of the
double bootstrap method used in the simulations, which both
are computationally more expensive. (More generally, for any
fixed β0 and b0, the finite-sample distribution along sequences of
parameters the form βn = β0 + b0/

√
n as in Theorem 1 can be

estimated by sampling from the corresponding limit distribution
given in that theorem after replacing population covariances by
estimates.) Also, if one insists on using the bootstrap, it is easy
to see that, under the assumptions of Theorem 2 and under the
null, also V ∗

n (0) converges to the limiting distribution of interest.
The considerations presented so far in this section rely on the

fact that the null hypothesis H0 : β = 0 is simple. For composite
null hypothesis, however, including those that occur in the step-
wise ART procedure discussed in the article, nonuniformity can
again become an issue. Consider a composite null hypothesis
of the form β ∈ B0. To control the size of a test of this null in
large samples, one requires an estimator for the distribution of

© 2015 American Statistical Association
Journal of the American Statistical Association

December 2015, Vol. 110, No. 512, Theory and Methods
DOI: 10.1080/01621459.2015.1109516
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interest that is consistent uniformly over B0. But if B0 contains
sequences of parameters of the form βn = β0 + b0/

√
n and if,

along such a sequence, the estimand converges to a limit that is
nonconstant in b0, then no estimator can be consistent uniformly
over B0: Using the assumptions and notation of Section 1, write
ϕn(β) and ϕ̂n for the quantity of interest and for some estima-
tor, respectively. If B0 contains sequences βn = β0 + b0/

√
n for

which limn→∞ ϕn(βn) = g(b0) is nonconstant in b0, then (1.1)
again holds with the supremum restricted to β ∈ B0. It is yet
to be seen whether the step-wise ART procedure suffers from
a nonuniformity phenomenon, but I think it is rather likely that
this is the case. For example, consider the case where B0 con-
tains a point β0 for which k0 is not unique, as well as a local
neighborhood of β0.

3. ON CONFIDENCE SETS

The confidence interval proposed in the article is obtained
by taking the limit distribution from Theorem 1 for β0 = 0 and
some fixed b0, estimating this limit distribution as in Theorem 2,
and by then finding the widest confidence interval over all b0.
In other words, the interval is obtained by taking the widest
from a collection of intervals, where each interval in the col-
lection corresponds to the limit distribution along a sequence
of parameters of the form βn = b0/

√
n as in Theorem 1. For

this procedure to be honest asymptotically, in the sense that the
actual minimal coverage probability converges to the nominal
one, one must consider all possible limit distributions along ar-
bitrary sequences of parameters. (This is an asymptotic version
of the simple idea of maximizing over unknown nuisance pa-
rameters. See, for example, Bickel and Doksum (1976, p. 170);
variations of this idea are also discussed in Leeb and Pötscher
(2015).)

In its current form, Theorem 1 does not provide accumula-
tion points for arbitrary sequences of parameters. Therefore, the
confidence sets proposed in the article are certainly more robust
than the naive construction, in particular in local neighborhoods
of zero, but it is not clear whether they actually are asymptoti-
cally honest. Asymptotically honest confidence intervals based
on choosing the widest interval from possible limiting distribu-
tions are analyzed by Andrews and Guggenberger (2009). The
methods proposed in that reference also provide conservative
tests in case the c.d.f. of the test statistic under the null cannot
be estimated in a uniformly consistent fashion (like in the sit-
uation discussed at the end of Section 2). A similar approach
is taken by Laber and Murphy (2011). If one can extend the
scope of Theorem 1 to cover arbitrary sequences of parame-
ters βn, then asymptotically honest confidence intervals can be
constructed in the setting of the present article.

4. COMPETITORS

In the setting supported by Theorems 1 and 2, that is, for
p ≪ n, the likelihood ratio test can also be used. Comparing
the two tests, it is tempting to expect that ART is more powerful
if the signal is “spiked,” in the sense that ∥βn∥ is concentrated
on a few components of βn, and that the likelihood ratio test
is more powerful if that is not the case. This is consistent with
the simulation results provided in the article, and it will be

interesting to compare the two methods in a more extensive
simulation study.

5. THE CASE WHERE p IS NOT SMALL RELATIVE
TO n

One attractive feature of the proposed test statistic, and also
of the proposed bootstrap estimator, is that they are computable
also if p > n, while the likelihood ratio statistic is trivial in this
case. The theory provided in the article, however, is based on
large-sample asymptotics where p is fixed and n → ∞ such
that p/n → 0, a situation that is not compatible with situations
where p/n is not small. It is encouraging to see that ART per-
forms well also if p/n is not small, and even if p/n > 1, at
least in the simulation scenarios analyzed in the article. Un-
fortunately, more extensive simulations become prohibitively
expensive if p is large, as there is a very high-dimensional pa-
rameter space to cover. This further underscores the need for
theoretical results that allow for situations where p is not small
relative to n. Such situations include scenarios where p/n → c

with either 0 < c < 1, with 1 < c < ∞, and even with c = ∞.
For the case where 0 < c < 1, Leeb (2009) found, in a different
inferential problem, that results from fixed-p-asymptotics can
be misleading, and that alternative approximations are needed.
Also, El Karoui and Purdom (2015) found that the bootstrap is
not reliable in the case where 0 < c < 1. It will be exciting to
analyze such scenarios in future work.

6. SITUATIONS WHERE kn IS NOT UNIQUE

Finally, I would like to comment on the case where kn is
not unique. With the exception of the case where β0 = b0 = 0,
this nonunique case is ruled out in Theorems 1 and 2. But it
is clear that new phenomenon will arise is the true parameter
is such that kn is not unique, or within a local neighborhood
of such a point in parameter space. Given the machinery de-
veloped in the article so far, I do not think that this case will
be difficult to deal with. In particular, one case where kn is not
unique is already covered, namely, the case where β0 = b0 = 0.
I suspect that other cases, where kn is not unique, can lead to
asymptotic distributions that combine the features shown by the
two types of limiting distributions shown in Theorem 1. For
the construction of asymptotically honest confidence intervals
outlined in Section 3, it will be instrumental to characterize
all possible accumulation points of the finite-sample distribu-
tions along arbitrary sequences of parameters, which includes
sequences along which kn is not unique (or local to a point of
nonuniqueness).
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Rejoinder
Ian W. MCKEAGUE and Min QIAN

We greatly appreciate all the hard work that the editors and
the discussants put into providing enlightening comments. Their
original perspectives on post-selection inference have led us to
a deeper understanding of the problem. We have organized our
rejoinder along the lines of their key questions. After recapping
the main ideas in the adaptive resampling test (ART), we address
the broad issues in order of increasing difficulty: the need for
scale-invariance, calibration via simulation, robustness to model
misspecification, the detection of weak dense signals, variable
selection, and the problem of finding “honest” confidence sets.

ART is based on finding a suitable calibration for the test
statistic

√
nθ̂n, where

θ̂n =
!cov(Xk̂n

, Y )

"var(Xk̂n
)

and k̂n = arg max
k=1,...,p

|!Corr(Xk, Y )|

is the asymptotically unique index of the maximally correlated
predictor. Our main result shows that it is possible to correct
for the failure of the centered percentile bootstrap (CPB, or
what many of the discussants call the “naive” bootstrap, Efron
and Tibshirani 1993) in the neighborhood of the null hypothe-
sis. This is achieved by adapting to evidence of nonregularity
by resampling from an observed process Vn that is indexed by
an (unidentifiable) local parameter b0 ∈ Rp representing uncer-
tainty in the regression parameters at the

√
n-scale.

The central idea of ART is to calibrate the test statistic
√

nθ̂n
by adaptive bootstrapping:

A∗
n =

√
n(θ̂∗

n − θ̂n)1reg∗ + V ∗
n (b0)1nreg∗ ,

where reg∗ = {max(|Tn|, |T ∗
n |) > λn} indicates that the post-

selected t-statistic along with its bootstrapped version exceed
a threshold, so draws that agree with the CPB are “acceptable.”
On the complementary event, nreg∗ = {max(|Tn|, |T ∗

n |) ≤ λn},
there is evidence of a nonregular limit and the more sophisti-
cated bootstrap V ∗

n (b0) is needed to take into account the local
asymptotic behavior of θ̂n.

Theorem 2 shows that A∗
n consistently estimates the limiting

distribution of
√

n(θ̂n − θn) under arbitrary
√

n-scale perturba-
tions of the regression parameters. At the null hypothesis we
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Color versions of one or more of the figures in the article can be found online
at www.tandfonline.com/r/jasa.

can set b0 = 0, so without having to cope with a function of b0,
critical values are readily obtained. Our contention is that the
problem of detecting the presence of significant predictors can
be handled in a similar fashion for more sophisticated classes
of marginal regression models; the tractability of the linear re-
gression case, however, makes it an ideal testbed for the general
approach.

1. SCALE-INVARIANCE

Several discussants raise the point that the test statistic
√

nθ̂n
used in ART is not scale invariant. To compensate for this, Shah
and Samworth (SS hereafter) recommend prestandardizing all
variables before applying ART. They note that failure to do so
could result in a substantial loss of power, as they show in a sim-
ple example. Although counterintuitive (since the fitting of lin-
ear regression is impervious to scale changes), scale-invariance
is crucial in variable selection problems. Indeed, the standard-
ization of predictors is routinely recommended when shrinkage
methods are applied in high-dimensional regression, (see, e.g.,
Hastie, Tibshirani, and Friedman 2009, p. 63).

Zhang and Laber (ZL hereafter) suggested that ART should
be based on the scale-invariant t-statistic Tn = θ̂n/sn, rather than√

nθ̂n, as did Brown and McCarthy (BM hereafter). ZL went on
to discuss how our approach can be readily modified to apply
to Tn (which they denoted ξ̂n), and noted that the resulting
procedure is almost identical to ART (when Y and Xk have
unit variance). Chatterjee and Lahiri (CL hereafter) suggested
an alternative scale-invariant test statistic (denoted $n) that we
discuss later.

The expedient to the lack of scale invariance in ART that
we prefer in practice is SS’s suggestion of prestandardizing all
variables. The reason we used the test statistic

√
nθ̂n (rather than

maximal sample correlation) in ART is that the theory is simpler
to explain (less cumbersome notation), the connection to robust
CIs for the slope parameter more direct, and to make our results
potentially relevant for more general marginal regression mod-
els. Our simulation studies used only standardized predictors, so
the conclusions are not affected. To address the invariance issue,
however, we have retrospectively added a comment in the article
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about the need to prestandardize (just after the description of
the ART procedure).

2. CALIBRATION VIA SIMULATION FROM
ESTIMATED NULL DISTRIBUTION

SS note that “under the global null that Y and X are indepen-
dent” the limiting distribution of

√
nθ̂n, after standardization of

variables, does not depend on the distribution of Y when it can be
assumed that ϵ and X are independent. In that case, simulation
of

√
nθ̂n using Y ∼ N (0, 1), Y ∼ its empirical distribution, or

Y-permutations, will indeed provide accurate calibration. Fur-
ther, this would provide substantial computational savings over
ART.

ZL had a similar suggestion: simulate from the estimated
null limiting distribution of Tn = ξ̂n = θ̂n/sn, which they called
a parametric bootstrap. This approach requires an estimate of
cov(X), and they propose that the sample covariance matrix
!cov(X) (without regularization) is adequate for this purpose
because the null limiting distribution of Tn is a smooth function
of cov(X).

We agree that these approaches provide substantial computa-
tional savings, but their validity depends on the highly restrictive
assumption that ϵ and X are independent. On the other hand, our
results justifying ART only require ϵ and X to be uncorrelated.

When ϵ and X are dependent, the null limiting distribution
of

√
nθ̂n can depend on the distribution of Y , in which case the

Y-permutation and other simulation methods suggested by SS
break down. The method of ZL also breaks down since it no
longer suffices to estimate cov(X). As we show later using a
simple simulation example, their approach can result in inflated
Type I errors when ϵ and X are dependent. Moreover, by a simple
extension of Theorem 1 of the article, to simulate draws from the
null limiting distribution of Tn, moments of the form Eϵ2XjXk

would need to be estimated. It is not clear how that could be
done when ϵ and X are dependent. In fairness to the discussants,
however, in the version of the manuscript that they initially saw,
we inadvertently made the assumption of independence between
ϵ and X, even though in fact we only needed zero correlation.

A further difficulty with the direct simulation approach, which
relies on having an accurate estimate of cov(X) (not needed in
ART), is that uncertainty about cov(X) is not taken into account,
and it is not clear how that could be done (although we admit
that in the simulation examples studied by ZL there does not
appear to be a problem in this regard). Another consideration is
that in more complex types of marginal regression models (such
as quantile regression), the limiting distribution can depend on
nuisance parameters that are hard to estimate, so a bootstrap
approach is desirable.

3. ROBUSTNESS TO MODEL MISSPECIFICATION

We are indebted to Brown and McCarthy (BM) for prompting
us to reexamine the proofs of our main results to confirm that
they still justify ART in the “assumption-lean” (Buja et al. in
press) setting of ϵ and X just being uncorrelated, as discussed
above. In reference to their query concerning sandwich estima-
tors (in Section 2 of their discussion), we agree that there is a
close parallel to our Theorem 1. Nevertheless, the Huber–White
sandwich formula for the asymptotic variance of M-estimators
only applies in regular settings, whereas our version also re-

Figure 1. Empirical rejection rates based on 1000 samples generated
from the heteroscedastic simulation model (1) as the dimension p ranges
from 10 to 200, for n = 100.

flects nonregularity. More specifically, from our Theorem 1,
the asymptotic variance of θ̂n when β0 = 0 does not reduce to
a sandwich formula because K is random, so V −1

K cannot be
factored out of the expression.

We agree, however, that this parallel suggests that ART is
much more flexible and robust to model misspecification than
we originally thought. To examine this question, we devised the
following simple simulation example in which we assess the
Type I error control of ART when ϵ and X are not independent,
just uncorrelated, and compare it with the “direct simulation”
tests statistics ξ̂n, ζ̂n, and ψ̂n proposed by ZL. The following het-
eroscedastic model has no linear effects, so H0 : θ0 = 0 holds:

Y = ϵ ≡ X1X2 + δ, (1)

where Xk ∼ N (0, 1), Corr(Xj,Xk) = 0.2, and δ ∼ N (0, 1).
Moreover, note that EϵXk = E((X1X2 + δ)Xk) = 0, so
cov(ϵ, X) = 0 and ART should provide adequate Type I error
control. Indeed, Figure 1 confirms this and shows that the direct
simulation approach has inflated Type I error.

4. DETECTION OF WEAK DENSE SIGNALS

ZL proposed a test statistic ζ̂n for detecting weak dense signals
(in contrast to a sparse signal), and provide simulation examples
showing that it has better power than ART in such settings.
Further, they proposed an adaptive parametric bootstrap test
statistic that combines ξ̂n and ζ̂n into a statistic ψ̂n that adapts to
an unknown level of sparsity.

Chatterjee and Lahiri (CL) make a similar proposal with their
test statistic'n, and suggest calibration by either naive bootstrap
or direct simulation from the estimated null (which is a weighted
sum of chi-squared random variables in this case). They report
simulation results for ART under both spiked and weak-dense
signals (in models with ϵ and X taken to be independent), and
claim that ART performs “slightly worse” in the latter case, and
that'n has greater power. This is consistent with the simulation
results presented by ZL. These are inventive proposals, but they
appear to produce at most a borderline improvement in power
over ART for weak dense signals (see Table 2 of ZL), and
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the concern that they are not robust to model misspecification
remains.

5. VARIABLE SELECTION

Barut and Wang (BW hereafter) investigate via simulation the
variable selection performance of forward stepwise ART, and
find that its performance declines as the correlation between co-
variates increases. This is not surprising as the proposed forward
stepwise ART uses residuals from the previous stage as the new
outcome, which essentially removes the effect of the remaining
variables if they are highly correlated with already included vari-
ables. However, our argument is that although forward stepwise
ART may not be variable selection consistent, it has high pre-
diction accuracy, as we show in the real data example in Section
4.4. BW surmise that the variable selection performance of ART
would be improved if it could be extended to forward regression
by allowing the coefficients of already-included variables to be
refit at each step (Barut, Fan, and Verhasselt 2015). We agree,
and view this suggestion as a potentially fruitful direction for
future research.

BW conclude their discussion with an illuminating analy-
sis of conditions under which stepwise marginal screening has
the property of “faithfulness,” that is, being able to recruit ac-
tive variables with high probability, and they compare with the
analogous conditions for the Lasso. This relates to the broad
and challenging problem of how to ensure variable selection
consistency along with the provision of accurate post-selection
inference.

6. CONFIDENCE INTERVALS

Several of the discussants, including Li, Mitra and Zhang
(LMZ hereafter), SS, and Leeb, express interest in constructing
CIs for marginal regression. In particular, LMZ provide a lucid
explanation of how the bootstrap used in ART relates to various
naive bootstrap procedures that are not expected to work. They
also carry out a simulation study to assess various CIs that are
related, though not identical, to what we discuss in the article.
They compare coverage rates for the selected signal θk̂n

and
the “strongest population signal” θ0, concluding that reliable
inference for θk̂n

is the best that can be achieved in the case of
weak signals. In contrast to our proposed CI, none of the adaptive
bootstrap procedures of LMZ involve maximization over a local
parameter. We expect that maximization of quantiles over the
local parameter, even though computationally expensive, along
with the use of the double bootstrap for selecting the threshold,
would result in better coverage of θ0.

Leeb discusses the inherent difficulty of forming “honest”
CIs when the limits of sampling distributions depend on lo-
cal parameters b0 =

√
nβn (in his notation), in which case the

target parameter βn cannot be estimated with good accuracy at
any sample size (Leeb and Pötscher 2006). Our results extend to
limit distributions along sequences of local parameters bn → b0,
and b0 can even be infinite (corresponding to a nonlocal alterna-
tive), but it is not clear whether that is enough to produce honest
CIs of the type that Leeb would like to see (Leeb and Pötscher
2014). Adapting to arbitrary sequences of parameters βn hav-
ing varying rates of convergence seems very challenging. Leeb
also raises the interesting question of whether the uniqueness

assumption for k0 (the index of the strongest signal) could be
relaxed in Theorem 1. Indeed, this can be done, although at the
expense of a more complex limiting distribution.

Belloni and Chernozhukov discuss orthogonal score func-
tions for constructing uniformly valid confidence sets for pre-
conceived regression parameters (via a multiplier bootstrap pro-
cedure), where the uniformity is with respect to an underlying
sparse model, see Belloni, Chernozhukov, and Kato (2014b). In
related work, Javanmard and Montanari (2015) had developed
accurate CIs for any given slope parameter in linear regression
based on a de-biased Lasso estimator. In these approaches the
dimension p is allowed to grow with n, but the resulting CIs
are not suitable for the marginal screening of large numbers of
predictors unless a Bonferroni-type correction is applied, which
would be extremely conservative in high dimensions.

An interesting direction for further research would be to try
to adapt these ideas to construct honest and computationally
tractable CIs for θ0 in marginal regression with growing dimen-
sion. The use of orthogonal score functions (as outlined in the
discussion of Belloni and Chernozhukov) could potentially lead
to an important extension of ART in which there is adjustment
for high-dimensional controls that are automatically included in
every marginal regression; this might be achieved by extending
the approach in Belloni, Chernozhukov, and Hansen (2014a).
At present, however, even formulating the type of asymptotic
justification that would be needed under growing dimension
seems challenging because post-selection is inevitably involved
in the estimation of θ0, and it appears difficult to find a normal-
ization of

√
n(θ̂n − θn) that scales in a tractable fashion with

dimension.
At the end of their discussion, ZL made the interesting sug-

gestion that a target parameter such as the “soft-max” (that
depends smoothly on the regression parameters) would offer a
feasible alternative to θ0 in terms of avoiding the need to handle
complex asymptotic arguments need to justify the honesty of
CIs. While we are sympathetic to this idea, we believe that the
loss of interpretability in using a surrogate for θ0 is too high a
price to pay. Further, we would expect that the ad hoc nature
of an estimand that depends on a tuning parameter would make
the approach vulnerable to the same post-selection difficulties
already inherent in θ0.

We conclude with a philosophical point. In his famous essay
The Hedgehog and the Fox, Isaiah Berlin drew attention to a
dichotomy between the need to know many things, as with the
fox, or to know one big thing, as with the hedgehog. That is,
whether to prefer “a single, universal, organizing principle” on
the one hand, or to “pursue many ends, often unrelated and even
contradictory” on the other. By analogy, the fox has scattered
knowledge about a vast collection of regression parameters, but
(at least with some ART and the help of our gracious discussants)
the hedgehog may know θ0, the biggest of all.
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