
Higher-Order Asymptotics

Todd Kuffner
Washington University in St. Louis

WHOA-PSI 2016

1 / 113



First- and Higher-Order Asymptotics

Classical Asymptotics in Statistics: available sample size n→∞

First-Order Asymptotic Theory: asymptotic statements that are correct to
order O(n−1/2)

Higher-Order Asymptotics: refinements to first-order results

1st order 2nd order 3rd order kth order

error O(n−1/2) O(n−1) O(n−3/2) O(n−k/2)
or or or or
o(1) o(n−1/2) o(n−1) o(n−(k−1)/2)

Why would anyone care?

deeper understanding

more accurate inference

compare different approaches (which agree to first order)
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Points of Emphasis

Convergence pointwise or uniform?

Error absolute or relative?

Deviation region moderate or large?
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Common Goals

Refinements for better small-sample performance

Example Edgeworth expansion (absolute error)
Example Barndorff-Nielsen’s R∗

Accurate Approximation

Example saddlepoint methods (relative error)
Example Laplace approximation

Comparative Asymptotics

Example probability matching priors
Example conditional vs. unconditional frequentist inference
Example comparing analytic and bootstrap procedures

Deeper Understanding

Example sources of inaccuracy in first-order theory
Example nuisance parameter effects
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Is this relevant for high-dimensional statistical models?

The Classical asymptotic regime is when the parameter dimension p is fixed
and the available sample size n→∞.

What if p < n or p is close to n?

1. Find a meaningful non-asymptotic analysis of the statistical procedure
which works for any n or p (concentration inequalities)

2. Allow both n→∞ and p→∞.
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Some First-Order Theory

Univariate (classical) CLT: Assume X1, X2, . . . are i.i.d. with E(Xi) = µ and
Var(Xi) = σ2.
Define Yi = (Xi − µ)/σ and Sn =

√
nȲn. Let

Gn(s) = P (Sn ≤ s).

CLT says that for any real s, Gn(s)→ Φ(s) as n→∞ where Φ is the
standard normal c.d.f. Since Φ(s) is bounded and continuous, we know that
this convergence is uniform, which means

sup
s∈R
|Gn(s)− Φ(s)| → 0 as n→∞.

This limit realist says nothing about how close the left and right sides must be
for any fixed (finite) n.
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Theorems discovered independently by Andrew Berry and Carl-Gustav Esseen in the
early 1940s do this. In fact each proved a result which is slightly more general than
the one that bears their names.

Theorem (Berry-Esseen)

There exists a constant c such that if Y1, Y2, . . . are independent and identically
distributed random variables with mean 0 and variance 1, then

sup
s∈R
|Gn(s)− Φ(s)| ≤ cE|Y 3

1 |√
n

for all n, where Gn(s) is the cumulative distribution function of
√
nȲn.

Notice that this is uninterestingly true whenever E|Y 3
1 | is infinite. In terms of the

original sequence X1, X2, . . . the theorem is sometimes stated by saying that when
λ = E|X3

1 | <∞,

sup
s∈R
|Gn(s)− Φ(s)| ≤ cλ

σ3
√
n
.
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Comment

For a proof, see:

Stein (1972), Proceedings of the Sixth Berkeley Symposium on
Mathematical Statistics and Probability, Volume 2, pp. 583-602.

Ho and Chen (1978). Annals of Probability, pp. 231-249.

Ho and Chen prove using Stein’s results that it works for c = 6.5, but they
don’t prove that it is the smallest possible value of c. In fact the smallest
possible value is not known. Shevtsova (2011, on arXiv) showed the inequality
is valid for c = 0.4748. In fact, Esseen himself proved that c cannot be less
than 0.4097.

For the sake of simplicity, we may exploit these known results by taking
c = 1/2 to state with certainty that

sup
s∈R
|Gn(s)− Φ(s)| ≤ E|Y 3

1 |
2
√
n
.
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Edgeworth Expansions

As in the last section, define Yi = (Xi − µ)/σ and Sn =
√
nȲn. Furthermore,

let
γ = EY 3

i and τ = EY 4
i

and suppose that τ <∞. The CLT says that for every real y,

P (Sn ≤ y) = Φ(y) + o(1)

as n→∞. But we want a better approximation to P (Sn ≤ y) than Φ(y), we
we begin by constructing the characteristic function of Sn:

ψSn(t) = E exp

{
(it/
√
n)

n∑
i=1

Yi

}
= [ψY (t/

√
n)]n, (1)

where ψY (t) = E exp{itY } is the characteristic function of Yi.
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Before proceeding with an examination of the characteristic function of Sn, we
first establish four preliminary facts:

1. Sharpening a well-known limit: We already know that
(1 + a/n)n → ea. But how good is this approximation? The binomial
theorem shows (after a lot of algebra) that for a fixed non-negative
integer k, (

1 +
a

n

)n−k
= ea

(
1− a(a+ 2k)

2n

)
+ o

(
1

n

)
(2)

as n→∞.

2. Hermite polynomials: If φ(x) denotes the standard normal density
function, then we define the Hermite polynomials Hk(x) by the equation

(−1)k
dk

dxk
φ(x) = Hk(x)φ(x). (3)

Thus, by simply differentiating φ(x) repeatedly, we may verify that
H1(x) = x, H2(x) = x2 − 1, H3(x) = x3 − 3x, and so on. By
differentiating the definition of Hermite polynomials (the displayed
equation above) itself, we obtain the recursive formula

d

dx
[Hk(x)φ(x)] = −Hk+1(x)φ(x). (4)
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3. An inversion formula for characteristic functions: Suppose
Z ∼ G(z) and ψZ(t) denotes the characteristic function of Z. If∫∞
−∞ |ψZ(t)|dt <∞, then g(z) = G′(z) exists and

g(z) =
1

2π

∫ ∞
−∞

e−itzψZ(t)dt. (5)

You can find a proof in most theoretical probability books.

4. An identity involving φ(x): For any positive integer k,

1

2π

∫ ∞
−∞

e−itxe−t
2/2(it)kdt =

(−1)k

2π

dk

dxk

∫ ∞
−∞

e−itxe−t
2/2dt (6)

= (−1)k
dk

dxk
φ(x) (7)

= Hk(x)φ(x), (8)

where (7) follows from (5) since e−t
2/2 is the characteristic function for a

standard normal distribution and (8) follows from (3).
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Now we return to equation (1). We next use a Taylor expansion of
exp{itY/

√
n} : As n→∞,

ψY

(
t√
n

)
= E

{
1 +

itY√
n

+
(it)2Y 2

2n
+

(it)3Y 3

6n
√
n

+
(it)4Y 4

24n2

}
+ o

(
1

n2

)
=

(
1− t2

2n

)
+

(it)3γ

6n
√
n

+
(it)4τ

24n2
+ o

(
1

n2

)
.

If we raise this tetranomial to the nth power, most terms are o(1/n):[
ψY

(
t√
n

)]n
=
[(

1− t2

2n

)n
+

(
1− t2

2n

)n−1(
(it)3γ

6
√
n

+
(it)4τ

24n

)
+

(
1− t2

2n

)n−2
(n− 1)(it)6γ2

72n2

]
+ o

(
1

n

)
. (9)

By equations (2) and (9), we conclude that

ψSn(t) = e−t
2/2

[
1− t4

8n
+

(it)3γ

6
√
n

+
(it)4τ

24n
+

(it)6γ2

72n

]
+ o

(
1

n

)
= e−t

2/2

[
1 +

(it)3γ

6
√
n

+
(it)4(τ − 3)

24n
+

(it)6γ2

72n

]
+ o

(
1

n

)
. (10)
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If we apply these three approximations to (9), we obtain[
ψX

(
t√
n

)]n
= e−t

2/2

[
1− t4

8n
+

(it)3γ

6
√
n

+
(it)4τ

24n
+

(it)6γ2

72n

]
+ o

(
1

n

)
= e−t

2/2

[
1 +

(it)3γ

6
√
n

+
(it)4(τ − 3)

24n
+

(it)6γ2

72n

]
+ o

(
1

n

)
.

Putting (10) together with (5), we obtain the following density function as an
approximation to the distribution of Sn:

g(y) =
1

2π

(∫ ∞
−∞

eitye−t
2/2dt+

γ

6
√
n

∫ ∞
−∞

e−itye−t
2/2(it)3dt

+
τ − 3

24n

∫ ∞
−∞

eitxe−t
2/2(it)4dt+

γ2

72n

∫ ∞
−∞

eitye−t
2/2(it)6dt

)
. (11)

Next, combine (11) with (8) to yield

g(y) = φ(y)

(
1 +

γH3(y)

6
√
n

+
(τ − 3)H4(y)

24n
+
γ2H6(y)

72n

)
. (12)
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By (4), the antiderivative of g(y) equals

G(y) = Φ(y)− φ(y)

(
γH2(y)

6
√
n

+
(τ − 3)H3(y)

24n
+
γ2H5(y)

72n

)
= Φ(y)− φ(y)

(
γ(y2 − 1)

6
√
n

+
(τ − 3)(y3 − 3y)

24n
+
γ2(y5 − 10y3 + 15y)

72n

)
.

The expression above is called the second-order Edgeworth expansion. By
carrying out the expansion in (10) to more terms, we may obtain higher-order
Edgeworth expansions. On the other hand, the first-order Edgeworth
expansion is

G(y) = Φ(y)− φ(y)

(
γ(y2 − 1)

6
√
n

)
. (13)

.
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Thus if the distribution of Y is symmetric, we obtain γ = 0 and therefore in
this case, the usual (zero-order) central-limit theorem given by Φ(y) is already
first-order accurate. In fact, a better way to put it is: if X1 has a symmetric
distribution with EX4

1 <∞ and X1 satisfies Cramer’s condition,

lim sup
|t|→∞

|E exp(itX1)| < 1

then the rate of normal approximation becomes O(n−1).
(Incidentally, the second-order Edgeworth expansion explains why the
standard definition of kurtosis of a distribution with mean 0 and variance 1 is
the unusual-looking τ − 3.)
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Edgeworth Expansion Illustration
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Motivating Saddlepoint Approximations

Approximating probability densities

Approximating tail-areas of distributions

=⇒ more accurate statistical inference

Basic idea:

1. Write the quantity you want to approximate as an integral.

2. Expand the integral w.r.t. the dummy variable of integration.

3. Keep the first few terms and integrate.

Note: The integral can be over the complex plane, corresponding to the
inversion formula of a Fourier transform.
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Background

One of the simplest ways to approximate a positive function f(x): use first
few terms of its Taylor series expansion:

slight modification: let h(x) ≡ log f(x); write f(x) = exph(x) and choose
x0 as the point of interest:

f(x) ≈ exp
{
h(x0) + (x− x0)h′(x0) +

(x− x0)2

2
h′′(x0)

}
. (14)

Choose x0 = x̂ where h′(x̂) = 0, yielding

f(x) ≈ exp

{
h(x̂) +

(x− x̂)2

2
h′′(x̂)

}
. (15)

(15) is exact if h(x) is quadratic; if not, obviously when x is far from x̂,
the higher-order terms will be important ⇒ poor approximation
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Using (15) for integrals

Consider the integral of a positive function, such as
∫
f(x)dx.

Expand the integrand as in (15), yielding∫
f(x)dx ≈

∫
exp

{
h(x̂) +

(x− x̂)2

2
h′′(x̂)

}
dx. (16)

If x̂ is maximum, h′′ is negative and RHS of (17) can be computed
explicitly: kernel of the integral is same as kernel of normal density with
mean x̂ and variance −1/h′′(x̂)

hence, ∫
f(x)dx ≈ exp{h(x̂)}

(
− 2π

h′′(x̂)

)1/2

. (17)

This is the Laplace approximation; implicitly requires integral over the
whole line, but accurate provided the ‘mass’ of the approximating
function is within integration limits
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Next step: combine (15) and (17)–approximate a function by a Laplace-type
approximation of an integral.

Write f as

f(x) =

∫
m(x, t)dt, (18)

for some positive m(x, t); always possible, e.g. m(x, t) = f(x)m0(t), where
m0(t) integrates to one

define k(x, t) = logm(x, t) we consider Laplace approximation of the
integral of exp k(x, t) w.r.t. t; for fixed x write

f(x) ≈
∫

exp

{
k(x, t̂(x)) +

(t− t̂(x))2

2

∂2k(x, t)

∂t2

∣∣∣
t̂(x)

}
dt (19)

= exp{k(x, t̂(x))}

− 2π
∂2k(x,t)
∂t2

∣∣∣
t̂(x)


1/2

(20)

where for each x, t̂(x) satisfies ∂k(x, t)/∂t = 0 and ∂2k(x, t)/∂t2 < 0
(maximizes k(x, t))
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Observations

the maximum t̂ depends on x; thus (19) is a set of integrated Taylor
expansions, one for each x, in contrast to (15) which is a single series
around x̂

we are continually re-centering the approximation; thus we should hope it
is more accurate than (15)

The Cost: to get values of f(x) at various points x, we must compute
t̂(x), k(x, t̂(x)) and ∂2k(x, t)/∂t2 each time

clearly if k(x, t) is quadratic, (19) is exact; also exact in other cases

accuracy depends on value of x where we are approximating f(x) since
third- and higher-order derivatives w.r.t. t depend on x
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Example: Student’s t distribution

Let X ∼ tν ,

f(x) = Cν
1

(1 + x2/ν)
ν+1
2

, where Cν =
Γ(ν+1

2 )

Γ(ν2 )
√
νπ
.

let’s approximate the sum T = X1 +X2, of independent tν random
variables

exact density (found by Roger Berger using Mathematica) for ν = 9,

fT (x) =
C2
ν5π
√

9

64
×

622336 + 56576x
2

9 + 48496x
4

92 + 272x
6

93 + 7x
8

94

(x2/9 + 4)9
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Approximating Marginals

One important application, where a function is naturally represented by an
integral, is the calculation of marginal densities.

if (X,Y ) ∼ f(x, y), direct application of (19), we find the marginal
density of X, fX(x) is approximated by

fX(x) =

∫
f(x, y)dy

≈
√

2πf(x, ŷ)

(
∂2 log f(x, y)

∂y2

∣∣∣
ŷ

)−1/2

(21)

where ŷ = ŷ(x) satisfies ∂ log f(x, y)/∂y = 0 and is a local maximum

could repeat approximation to marginalize higher dimensional densities
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Integrated Likelihood

Given a likelihood function L(θ, λ|x) where θ is interest parameter, λ is
nuisance parameter, x is the data:

an integrated likelihood LI for θ obtained by integrating out λ, i.e. the
approximation

LI(θ|x) =

∫
L(θ, λ|x)dλ

≈ L(θ, λ̂|x)

(
∂2 logL(θ, λ|x)

∂λ2

∣∣∣
λ̂

)−1/2

. (22)

this is an approximate conditional likelihood of Cox and Reid and a form
of the modified profile likelihood of Barndorff-Nielsen
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Comment

The above examples are artificial, as exact methods exist. We now examine
the method more formally and consider important statistical applications.
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The Inversion Formula

Recall for a density f(x), the moment generating function (mgf) is defined as

φX(t) =

∫ +∞

−∞
exp(tx)f(x)dx, (23)

provided the integral is finite for t in some open neighborhood of zero

from φX(t), f(x) may be obtained using the inversion formula

f(x) =
1

2π

∫ +∞

−∞
φX(it) exp(−itx)dt

=
1

2π

∫ +∞

−∞
exp{KX(it)− itx}dt (24)

where KX(t) = log φX(t)

common in statistics where f(x) is density and φX(it) is characteristic
function
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The function KX(t) = log φX(t) is called the cumulant generating
function (cgf) of X.

mathematically, cgf and mgf are equivalent, but cgf generates mean and
variance instead of uncentered moments—statistically more attractive;
think of K ′′ as variance

However, we don’t have to think of random variables at all–this is valid
even if f(x) is negative or does not integrate to one

notice that this looks similar to the ideas already introduced, suggesting
we can use those methods here
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Make a change of variable t′ = it, and re-write as

f(x) =
1

2πi

∫ τ+i∞

τ−i∞
exp{KX(t)− tx}dt (25)

for τ in neighborhood of zero.

theorem from complex analysis (closed curve theorem) implies that (25) is
the same over all paths that are parallel to the imaginary axis in a
neighborhood of zero where φX(t) exists; thus we may choose a value of τ
over which to do the integration
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Take k(x, t) = KX(t)− tx and find the point t̂(x) that satisfies

K ′X(t) = x. (26)

Expand the exponent in (25) around t̂(x), we have

KX(t)− tx ≈ KX(t̂(x))− t̂(x)x+
(t− t̂(x))2

2
K ′′X(t̂(x)). (27)

Now substitute in (25) and integrate w.r.t. t along the line parallel to the
imaginary axis through the point t̂(x), i.e. choose the point τ in the limits
of the integral to be t̂(x) (formal treatment of this maneuver is quite
involved).

Proceeding informally (as if it were a real integral), we see there is the
kernel of a normal density.
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Similar to (6), we obtain

fX(x) ≈
(

1

2πK ′′X(t̂(x))

)1/2

exp{KX(t̂(x))− t̂(x)x}. (28)

Viewed as a point in the complex plane, t̂(x) is neither a maximum nor
minimum, but a saddlepoint of Kx(t)− tx, as the function is constant in
the imaginary direction and has an extrema in the real direction.

Also, choosing τ = t̂(x) in (25) is an application of the method called
steepest descent; this takes advantage of the fact that since t̂(x) is an
extreme point, the function is falling away rapidly as we move from the
point.

Thus the influence on the integral of neighboring points is diminished,
making (28) seem more reasonable.
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Comment

(28) is what is usually thought of as the saddlepoint approximation to a
density.

fX(x) ≈
(

1

2πK ′′X(t̂(x))

)1/2

exp{KX(t̂(x))− t̂(x)x}.

its error of approximation is much better than Taylor series approximation

in classical ‘first-order asymptotics’, the error terms decrease at rate n1/2,
for sample of size n

the saddlepoint is a ‘second-order asymptotics’ approach; error terms can
decrease as fast as n3/2, yielding huge improvement for small samples
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Example: Non-central chi-squared

The non-central chi-squared density has no closed form, and is usually written

f(x|λ) =

∞∑
k=0

xp/2+k−1e−x/2

Γ(p/2 + k)2p/2+k

λke−λ

k!
,

where p is d.o.f., λ noncentrality parameter.

this density is an infinite mixture of central chi-squared densities, where
weights are Poisson probabilities

can actually find the mgf:

φX(t) =
e2λt/(1−2t)

(1− 2t)p/2
.

solving the saddlepoint equation ∂ log φX(t)/∂t = x yields the
saddlepoint; we plot for p = 7 and λ = 5
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Application: Objective Bayes

Saddlepoint approximation to conditional distribution of adjusted signed root
likelihood ratio statistic (Barndorff-Nielsen)

r∗(ψ) = r(ψ) + r(ψ)−1 log{uF (ψ)/r(ψ)}

where uF is function of various likelihood quantities.

standard normal approximation to the conditional distribution of above
statistic has error of order O(n−3/2)

Laplace approximation (Tierney-Kass-Kadane) for posterior distribution,
with corresponding uB has similar result

identify PMPs by choosing prior such that uB = uF +Op(n
−3/2) yielding

higher-order matching

More on this theme later, time permitting!
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Alternative Derivation

Original saddlepoint derivation of Daniels (1954) based on inversion of
characteristic function.

Alternative derivation, ‘more statistical’, described by Reid and others,
allows us to make more precise what is the ‘order’ of the approximation.

Recall an Edgeworth expansion of a distribution: expand the cumulant
generating function in a Taylor series around zero, then apply inverse
Fourier transform.
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Let X1, . . . , Xn i.i.d. with density f , mean µ, variance σ2.

useful form of Edgeworth expansion (see Hall 1992)

P

(√
n(X̄ − µ)

σ
≤ w

)
= Φ(w) + φ(w)

[
−1

6
√
n
κ(w2 − 1) +O(

1

n
)

]
, (29)

where Φ, φ are cdf, pdf of std. normal, κ = E(X1 − µ)3 is skewness.

For Edgeworth expansion, the O( 1
n ) term is of the form p(w)/n, where p

is a polynomial.

Since it is multiplied by φ(w), then the derivatives (in w) maintain same
order of approximation.

Thus (29) may be differentiated to obtain density approximation with
same order of accuracy.
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Proceeding with this, make the transformation x = σw + µ, obtain the
approximation to the density of X̄ as

fX̄(x) =

√
n

σ
φ

(
x− µ
σ/
√
n

)
×

[
1 +

κ

6
√
n

{(
x− µ
σ/
√
n

)3

− 3

(
x− µ
σ/
√
n

)}
+O(

1

n
)

]
.

Ignoring the term in braces produces the usual normal approximation,
which is accurate to O( 1√

n
).

If we use (29) for value of x near µ, then the value of the expression in
braces is close to zero, and the approximation will be accurate to O( 1

n ).

The trick of the saddlepoint approximation is to make this always be the
case.
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Time Out

Cupuaçu and Octavia
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Comparative Asymptotics: Probability Matching Priors
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Motivations

1. Philosophical: unification of Bayesian and frequentist methods

2. Bayesians seek to appear ‘objective’

3. Most users of Bayesian statistics are not statisticians; in need of a guide
(e.g. Rubin 1984)

4. Alternative route to frequentist asymptotics
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Examples: Noninformative Priors

Jeffreys’-rule prior (Jeffreys 1961): invariant under
reparameterization of the parameter θ

π(θ) ∝
√

det I(θ)

Reference priors (Bernardo 1979): maximize Kullback-Liebler
distance between prior and posterior

Probability matching priors (PMPs; Datta and Mukerjee 2004): deliver
posterior credible sets with approximately correct frequentist
probability interpretation
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The inferential problem

Let Y = {Y1, . . . , Yn} be random sample from underlying distribution F (y; θ),
indexed by d-dimensional parameter θ = (ψ, φ),

ψ scalar parameter of interest

φ nuisance
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Inference, notation

Let `(θ) ≡ `(θ;Y ) be log-likelihood, θ̂ = (ψ̂, φ̂) the overall MLE of θ, φ̂ψ the
constrained MLE of φ, for fixed value of ψ.

Likelihood ratio statistic is w(ψ) = 2{`(θ̂)− `(ψ, φ̂ψ)}.

Let
R(ψ) = sgn(ψ̂ − ψ)w(ψ)1/2.

This is the signed root likelihood ratio statistic.
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First-order theory

Have w(ψ) distributed as χ2
1 to error of order O(n−1).

Also, R(ψ) distributed as N(0, 1), to error of order O(n−1/2).

In small samples, need higher-order accuracy.
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Frequentist Inference

For a standard normal pivot, such as R(ψ), a confidence set of asymptotic
coverage 1− α for ψ is

I(Y ) ≡ I1−α(Y ) = {ψ : u(Y, ψ) ≤ 1− α},

with u(Y, ψ) = Φ{R(ψ)}, in terms of the N(0, 1) distribution function Φ(·).

Equivalently, the confidence set is

I(Y ) = {ψ : R(ψ) ≤ Φ−1(1− α)}.

The coverage error of the confidence set is O(n−1/2): first-order accuracy.
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Background on PMPs

In Bayesian inference on ψ, in absence of subjective prior information about θ,
natural to use a prior which leads to posterior probability limits that are also
frequentist limits, in the sense that

Prθ{ψ ≤ ψ(1−α)(π, Y )} = 1− α+O(n−r/2),

for r = 2 or 3, each 0 < α < 1.

Here:

n is sample size;

ψ(1−α)(π, Y ) is (1− α) quantile of marginal posterior, given data Y , of ψ,
under prior π(ψ, φ);

Prθ denotes frequentist probability, under repeated sampling of Y , under
parameter θ
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PMPs

With r = 2: first-order probability matching prior.

With r = 3: second-order probability matching prior.

note the convention in this literature is at odds with the usual definition
of ‘first’, ‘second’ order
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Comments

standard asymptotic theory tells us that all priors are probability
matching to order O(n−1/2)

Jeffreys’ prior, which is the square root of the expected information, is
‘first’ order probability matching (Welch & Peers 1963)

Many authors, e.g. Tibshirani (1989):

PMPs feasible for scalar interest parameters ,
for vector interest parameters life is tough /

PMPs may be improper (in fact they often are)

small sample sizes (5, 10, 15, etc.) are of interest

50 / 113



Existing Routes to Identify Matching Priors

Welch and Peers (1963) Find a standard normal pivot which is a function of
the prior and which admits an asymptotic expansion

Bickel and Ghosh (1990) Follow ‘shrinkage argument’ idea of Dawid (1991).
Posterior distribution of LR statistic admits posterior Bartlett
correction—χ2 approximation now has error of order O(n−2);
subsequently, J.K. Ghosh, R. Mukerjee and coauthors ‘match’
Bayesian and (unconditional) frequentist Bartlett correction
terms
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Shinkage Argument Basics

Suppose it is intended to find expression for Eθ{h(Y, θ)} where h is
measurable function, with finite expectation (in particular, h may be indicator
function so that Eθ{h(Y, θ)} is a probability)

Bayesian approach to evaluate Eθ{h(Y, θ)}:
1. Obtain posterior density of θ under prior ξ(·) for θ. Hence obtain
Eξ{h(Y, θ)|Y }, which is expectation of h(Y, θ) in posterior setup.

2. Find EθE
ξ{h(Y, θ)|Y } (= λ(θ), say)

3. Integrate λ(·) w.r.t. ξ(·) and allow ξ(·) to converge weakly to degenerate
prior at θ. This yields Eθ{h(Y, θ)}.

End result: Magic! Directly calculate frequentist coverage of Bayesian
quantiles.
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Some theory, (unconditional) PMPs

Write θ = (θ1, . . . , θd), with θ1 = ψ. Write Dj = ∂/∂θj , let I = [Iij ] be Fisher
information matrix, with inverse I−1 = [Iij ].

Further, let Ljrs = Eθ(Vjrs), with Vjrs = DjDrDs log f(Y1; θ),
τ jr = Ij1Ir1/I11, σjr = Ijr − τ jr.

Adopt summation convention, with summation of an expression being implied,
over all repeated superscripts or subscripts.
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Key Results

Result 1
A prior π(·) is first-order probability matching iff

Dj{π(θ)Ij1(I11)−1/2} = 0. (D1)

Result 2
A prior π(·) is second-order probability matching iff, in addition,

1

3
Du{π(θ)τ jrLjrs(3σ

su + τsu)} −DjDr{π(θ)τ jr} = 0. (D2)

Levine & Casella (2003) and Sweeting (2005): numerical solution of these
partial differential equations; identification of matching priors via these
conditions not practical for everyone
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DKY, Bka, 2012

Intuition of these conditions arises from alternative route.

Let µF ≡ µF (θ) be frequentist mean of R(ψ), µB ≡ µB(Y ) be Bayesian
posterior mean.

Let σ2
F be frequentist variance of R(ψ)− µB , σ2

B be posterior variance of
R(ψ)− µB . [Note, very specific mean adjustment.]
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Key Results

(1) If the prior π(θ) is specified so that the frequentist and Bayesian means
match to Op(n

−1), µB = µF +Op(n
−1), then (D1) is satisfied, and the prior is

first-order probability matching.

(2) If in addition, prior π(θ) is specified so that σ2
B = σ2

F +Op(n
−3/2), (D2) is

satisfied, and the prior is second-order probability matching.

Roughly, second-order probability matching arises from matching of
frequentist and Bayesian variances of a very particular mean-adjusted version
of R(ψ).

Idea of Proof: Similar to conditional setting (coming soon to a theatre near
you)
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Enter Conditional Inference

Definition: A statistic T = T (Y ) is sufficient for θ if the distribution of Y ,
conditional on T (Y ) = t, is independent of θ (T is min. sufficient if a function
of every other sufficient statistic).

Definition: Suppose the minimal sufficient statistic T is partitioned as
T = (S,C) where:

(a) the distribution of C depends on λ but not on ψ

(b) the conditional distribution of S given C = c depends on ψ, but
not on λ, for each c

Then C is an ancillary statistic, and S is conditionally sufficient for ψ given
C.

Conditionality Principle: Inference about ψ should be based on the
conditional distribution of S given C.

In cases where MLE is not sufficient, it is often the case that T = (θ̂, C) and

the log-likelihood may be written as `(θ; θ̂, C).
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Differences Between Conditional and Unconditional (Frequentist) Inference
Central Concepts

Unconditional

orthodox frequentist view

focus is on how the procedure will
perform in repeated trials

statements about unknown
parameters are made pre-data

Conditional

Fisherian view

statements about unknown
parameters are connected to the
data actually observed

Motivations: relevance, sufficiency

Bayesian: procedures based on the observed data only; do not account for
other experiments that might have been conducted but were not

i.e. no need to specify ancillaries in Bayesian setting
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Conditional Inference

In key contexts, appropriate frequentist inference is conditional, conditioning
on observed data value c for some statistic C.

Inference on natural parameters in full multi-parameter exponential
family (achieve relevance),

f(x; θ) = b(θ)h(x) exp

{
k∑
i=1

ηi(θ)τi(x)

}
, x ∈ X , θ ∈ Θ

when dim(θ) = k (Examples: exponential, Beta, normal)

Inference on natural parameters in curved multi-parameter exponential
family (MLE not sufficient), dim(θ) = d < k (Examples: N(µ, µ2),
Fisher’s hyperbola, exponential regression)

Group transformation models (maximal invariant is ancillary statistic).
(Example: location-scale)
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Conditional PMPs

Appropriate frequentist inference to match is the conditional one.

The requirement should be ‘conditional probability matching’:

Prθ{ψ ≤ ψ(1−α)(π, Y ) | C(Y ) = c} = 1− α+O(n−r/2).
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Routes to Identify Conditional PMPs

1. Conditional version of shrinkage argument

2. Mean- and variance-adjusted signed root

3. ‘Saddlepoint’ method

4. p∗ (DKY, 2016)
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DKY 2k12

Theorem: Suppose the prior is such that EY |C(µB) = µ̊F +O(n−3/2). If the

prior is also such that σ2
B = σ̊2

F +O(n−3/2), then the Bayesian quantile is
second-order conditional probability matching.

How we got there: Derive expansions for conditional frequentist mean,
mean-adjusted conditional frequentist variance, posterior mean and
mean-adjusted posterior variance of signed root statistic. Meditate, drink
plenty of water and do a lot of algebra.

Idea of Proof: Given Y and unimodal log-likelihood, R(ψ) is monotonic
decreasing in ψ. Repeatedly apply delta method of Hall (1992) and
manipulate higher-order relationships discovered in the expansions.
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The Ugly Version

In notation of paper, let λr = E{`r(θ)}, λjr = E{`jr(θ)} = Ijr, etc. and let
η = (−λ11)−1/2; then these conditions correspond (respectively) to

∂ log π(θ)

∂θr
λ̊r1 = λ̊rs/tλ̊

r1λ̊st +
1

2
η̊2λ̊rs/tλ̊

r1λ̊s1λ̊t1

and

η
∂ log π(θ)

∂θr
λr1 = −

∑
r

∂(ηλr1)

∂θr
,

∑
r

∂{π(νrs + 1
3τ

rs)τ tuλstu}
∂θr

+
∑
r,s

∂2(πτ rs)

∂θr∂θs
= 0.
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Relationship Between Conditional/Unconditional PMPs

Result 1:

If the prior is second-order probability matching in unconditional frequentist
sense, it is second-order conditional probability matching provided a simple
further condition (‘conditional version of (D1)′) is satisfied.

This extra condition satisfied provided

EY |C(µB) = µ̊F +O(n−3/2),

µ̊F is conditional frequentist mean of R(ψ).
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Relationship Between Conditional/Unconditional PMPs

Result 2: (to be submitted)

Think of statistical model as smooth manifold whose points are probability
measures defined on common probability space. Fisher information is a
natural Riemannian metric.

Consider a one-parameter model. Efron’s (1975) curvature, γ2(θ) is defined as

γ2(θ) =
i02 − i220 −

i211
i20

i220

where all quantities are expectations of log-likelihood derivatives, e.g.
i20 = E

(
∂`
∂θ

∂`
∂θ

)
is the Fisher information component at the true value for a

single observation.

It can be shown that Jeffreys’ prior (a function of this information
component), which is unconditional probability matching to 1st order, will also
be conditional probability matching to 1st order if Efron curvature is constant.
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Saddlepoint Method

Barndorff-Nielsen (1986) showed (by saddlepoint approximation) that

R∗ = R(ψ) +R−1(ψ) log (UF (ψ)/R(ψ))

has a distribution which may be approximated by standard normal with error
of order O(n−3/2), conditionally on an ancillary statistic C

the conditional frequentist adjustment term is:

UF (ψ) =

∣∣∣`;θ̂ (ψ̂, λ̂)− `;θ̂ (ψ, λ̂ψ) `λ;θ̂

(
ψ, λ̂ψ

)∣∣∣{∣∣∣`λλ(ψ, λ̂ψ)
∣∣∣ ∣∣∣`θθ(ψ̂, λ̂)

∣∣∣}1/2
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adjustment term parametrization invariant, does not depend on nuisance
parameter

relative error; holds in small deviation regions

MLE is
√
n-consistent so in this small-deviation region, absolute error

would be O(n−1)

`ψψ, `λλ, `λ;λ̂ and `λ,ψ̂ are second-order partial derivatives of full
log-likelihood,

but `λ;λ̂ and `λ;ψ̂ involve partial derivatives of the average log-likelihood
with respect to the MLE holding the ancillary statistic fixed–these are
sample space derivatives which require explicit specification of ancillary
statistic
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Bayesian adjustment version

DiCiccio & Martin (1993) showed the corresponding Bayesian version is

UB(ψ) = `ψ(ψ, λ̂ψ)

∣∣∣−`λλ(ψ, λ̂ψ)
∣∣∣1/2 π(θ̂)∣∣∣−`θθ(θ̂)∣∣∣1/2 π(ψ, λ̂ψ)

Theorem: If a prior is such that UF = UB +Op(n
−3/2), then the Bayesian

posterior credible sets match the conditional frequentist coverage probabilities
to order O(n−3/2).

Idea of Proof: Derive posterior and frequentist tail-area approximations. For
fixed ψ, the event ψ ≤ ψ(1−α)(π, Y ) is equivalent to

Φ(R∗) +O(n−3/2) ≥ α

Combine these expansions to express the first probability in terms of the
second.
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Example: Location-Scale Model

Suppose i.i.d. sample Y = {Y1, . . . , Yn} from location-scale family

σ−1f

(
y − µ
σ

)
with f(·) known.

ancillary statistic is configuration statistic C = {C1, . . . , Cn} with

Ci =
Yi − µ̂
σ̂

take ψ = σ as interest parameter and λ = µ as nuisance
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continued

Log-likelihood of the form

`(θ; θ̂, c) = −n logψ −
n∑
i=1

g

{
ψ̂

ψ

(
Ci +

λ̂− λ
ψ̂

)}

where g(·) = − log f(·)
let δ̃i be the term in parentheses evaluated at constrained MLE

UF =

[
− n
ψ̂

+
∑ Ci

ψ g
′(δ̃i)

] [∑
1
ψ2 g
′′(δ̃i)

]
(∑

1
ψ2 g′′(δ̃i)

)1/2
,

UB =

[
−n
ψ

+
∑ ψ̂

ψ2
Cig
′(δ̃i)

](∑ 1

ψ2
g′′(δ̃i)

)1/2
π(θ̂)

π(ψ, λ̂ψ)
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continued

Setting the adjustment terms equal, we have that the condition for 2nd order
conditional matching is

π(θ̂)

π(ψ, λ̂ψ)
∝ ψ

ψ̂

In original parameterization,

π(θ) ∝ 1

σ

this is (i) right-invariant Haar prior, (ii) Bernardo’s reference prior

by contrast, Jeffreys’ prior is π(θ) ∝ σ−2
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Example: Cauchy location-scale

Let Y1, . . . , Yn be IID from a Cauchy location-scale model, θ = (µ, σ), common
density

f(y;µ, σ) =
1

σ
f0

(y − µ
σ

)
, f0(z) =

1

π(1 + z2)
,

interest parameter is scale parameter, σ.
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MC evaluation of conditional coverage

There is an exact formula (‘the p∗ formula’) for the conditional density of
(µ̂, σ̂), given C = c.

Given specified θ0 = (µ0, σ0), the exact conditional coverage of marginal
posterior quantiles constructed by Monte Carlo.
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(Objective) Bayes inference

Consider three priors

I : π(µ, σ) ∝ σ−1, Bernardo’s reference prior (also right-invariant Haar
prior and independence Jeffreys’ prior)

II : π(µ, σ) ∝ σ−2, Jeffreys’ prior (left-invariant Haar prior)

III : π(µ, σ) ∝ µ2σ−1.
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Prior I is exact probability matching, both unconditionally and conditionally.

Prior III is second-order probability matching, from an unconditional
perspective: we are not able to assert second-order conditional probability
matching.

75 / 113



Conditional coverage

Consider conditional inference, based on two datasets of size n = 10, generated
from model with θ0 = (0, 1).

Dataset A has conditional value c of configuration statistic C with ||c|| around
85th percentile of the sampling distribution of ||C|| under the Cauchy model.

Dataset B has ||c|| around 75th percentile.
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Algorithm

Sample from p∗ using random walk Metropolis-Hastings, yielding sequence
of θ̂∗ (say 2000 samples after burn-in and taking every 20th point)

For each θ̂∗, construct Y = Cσ̂∗+ µ̂∗, yielding 2000 data sets Y ∗ of size 10
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For each Y ∗, construct posterior for chosen prior. Use MH to sample from
posteriors.

Calculate 1− α quantiles for posteriors, ask question: Is this 1− α
posterior quantile for the interest parameter bigger than its ‘true/pilot’
value?

The number of ‘yes’ outcomes divided by the number of posteriors (2000)
gives the frequency that the Bayesian quantile covers the true parameter
value.
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A B

(1-α)(%) I II III I II III

1 1.02 0.18 5.34 1.04 0.19 4.06
5 5.09 1.33 18.96 4.98 1.44 11.48

10 10.20 3.10 30.73 9.75 3.43 18.63
90 90.05 75.08 95.71 90.08 78.11 95.22
95 95.01 84.96 97.92 95.03 87.31 97.82
99 99.00 95.69 99.59 99.03 96.50 99.66
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Remarks

Of particular interest are results for Prior III, which is second-order
probability matching, unconditionally.

Conditional coverage results way off nominal desired levels, for both
conditioning values c, but perhaps no worse than the corresponding
unconditional figures.

Formal relationship between conditional and unconditional probability
matching priors in ancillary statistic context still to be understood: our
sufficient condition for second-order conditional probability matching is not
satisfied.
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Bootstrap Refinements
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Consider {Xi}, i = 1, . . . , n from CDF F0.

Tn is a statistic and let Gn(τ, F0) = P (Tn ≤ τ) denote the exact,
finite-sample CDF of Tn.

We know Gn(τ, F0) cannot be calculated analytically unless Tn is pivotal.

Objective: obtain an approximation to Gn(τ, F0) when Tn is not pivotal.

We will need to make some assumptions about the form of the function
Tn(X1, . . . , Xn) ⇒ assume Tn is a smooth function of sample moments of X or
sample moments of functions of X.

Specifically,

Tn =
√
n[H(Z̄1, . . . , Z̄J)−H(µZ1 , . . . , µZJ )],

where the H is scalar-valued, smooth in the sense defined below, and
Z̄j = n−1

∑n
i=1 Zj(Xi) for each j = 1, . . . , J and some non stochastic function

Zj , and µZj = E(Zj).
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After centering and normalization, many estimators and test statistics fit into
this framework, or can be approximated by such functions with an
asymptotically negligible approximation error.

e.g. the OLS estimator in linear regression

the t-statistic for testing hypotheses about coefficients are exact functions
of sample moments

MLEs for nonlinear models can be approximated with asymptotically
negligible error by smooth functions of sample moments if the
log-likelihood function or moment conditions have sufficiently many
derivatives with respect to the unknown parameters.

nonparametric density estimators, or quantile estimators such as the least
absolute deviations estimator (LAD) of the slope coefficients of a
median-regression model do not have sufficiently smooth objective
functions, so they do not satisfy the smoothness conditions required here,
and there are alternative bootstrap methods for those settings.
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Returning to the problem of approximating Gn(τ, F0), consider first-order
asymptotic theory.

Write H(Z̄1, . . . , Z̄J) = H(Z̄) where Z̄ = (Z̄1, . . . , Z̄J)′. Define
µZ = E(Z̄), ∂H(z) = ∂H(z)/∂z and Ω = E[(Z̄ − µZ)(Z̄ − µZ)′] whenever
these quantities exist.

Assume that

(i) Tn =
√
n[H(Z̄)−H(µZ)], where H(z) is six times continuously

differentiable with respect to any mixture of components of z in
a neighborhood of µZ .

(ii) ∂H(µZ) 6= 0.

(iii) The expected value of the product of any 16 components of Z
exists
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Comments about these assumptions:

the proof that the bootstrap provides asymptotic refinements is based on
an Edgeworth expansion of a sufficiently high-order Taylor-series
approximation to Tn.

the above assumptions ensure that H has derivatives and Z has moments
of sufficiently high order to obtain the Taylor series and Edgeworth
expansions that are used to obtain a bootstrap approximation to the
distribution of Tn that has error of size O(n−2)

these assumptions may not be the weakest condition needed to obtain
this result.

this assumes the existence of more derivatives of H and moments of Z
than needed to obtain less accurate approximations!

For example, asymptotic normality of Tn can be proved if H has only one
continuous derivative and Z has only two moments.

Hall (1992) states the regularity conditions needed to obtain various levels
of asymptotic and bootstrap approximations.
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Now, under these assumptions, a Taylor series approximation gives

√
n[H(Z̄)−H(µZ)] = ∂H(µZ)′

√
n(Z̄ − µZ) + op(1). (30)

Applying the Lindeberg-Levy CLT to the RHS shows that√
n[H(Z̄)−H(µZ)]→d N(0, V ) where V = ∂H(µZ)′Ω∂H(µZ). Thus the

asymptotic CDF of Tn is

G∞(τ, F0) = Φ(τ/V 1/2),

where Φ is the standard normal CDF. This is just the standard result of the
delta method. Moreover, it follows from the Berry-Essen theorem that

sup
τ
|Gn(τ, F0)−G∞(τ, F0)| = O(n−1/2).

Thus, under the above assumptions of the smooth function model, first-order
asymptotic approximations to the exact finite-sample distribution of Tn make
an error of size O(n−1/2).
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Many statistics have asymptotic chi-square distributions.

Such statistics often satisfy the assumptions of the smooth function model
but with

∂H(µZ) = 0

and
∂2H(z)/∂z∂z′

∣∣∣
z=µZ

6= 0.

Versions of the result described here for asymptotically normal statistics
are also available for asymptotic chi-square statistics.

First-order asymptotic approximations to the finite-sample distributions
of asymptotic chi-square statistics typically make errors of size O(n−1).
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Now consider the bootstrap.

The bootstrap approximation to the CDF of Tn is Gn(·, Fn).

Under the smooth function model assumptions, it follows that the
bootstrap is consistent.

It is possible to prove the stronger result that
supτ |Gn(τ, Fn)−G∞(τ, F0)| → 0 almost surely.

This result ensures that the bootstrap provides a good approximation to
the asymptotic distribution of Tn if n is sufficiently large.

However, it says nothing about the accuracy of Gn(·, Fn) as an
approximation to the exact finite-sample distribution function Gn(·, F0).

To investigate this question, we need to develop higher-order asymptotic
approximations to Gn(·, F0) and Gn(·, Fn).
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Theorem (Hall 1992)

Let the smooth function model assumptions hold. Also assume that

lim sup
‖t‖→∞

|E[exp(it′Z)]| < 1, (31)

where i =
√
−1. Then

Gn(τ, F0) = G∞(τ, F0) +
1√
n
g1(τ, Fn) +

1

n
g2(τ, F0) +

1

n3/2
g3(τ, F0) +O(n−2)

(32)
uniformly over τ and

Gn(τ, Fn) = G∞(τ, Fn) +
1√
n
g1(τ, Fn) +

1

n
g2(τ, Fn) +

1

n3/2
g3(τ, Fn) +O(n−2)

(33)
uniformly over τ almost surely. Moreover, g1 and g3 are even, differentiable
functions of their first arguments, g2 is an odd, differentiable function of its
first argument, and G∞, g1, g2 and g3 are continuous functions of their second
arguments relative to the supremum norm on the space of distribution
functions.
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If Tn is asymptotically pivotal, then G∞ is the standard normal distribution
function.

Otherwise, G∞(·, F0) is the N(0, V ) distribution function and G∞(·, Fn)
is the N(0, Vn) distribution function where Vn is the quantity obtained
from V by replacing population expectations and moments with
expectations and moments relative to Fn.

Condition (31) is Cramer’s condition. It is satisfied if the random vector
Z has a probability density with respect to Lebesgue measure.

More generally, it is satisfied if the distribution of Z has a non-degenerate
absolutely continuous component in the sense of the Lebesgue
decomposition.
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Now we can evaluate the accuracy of the bootstrap estimator Gn(τ, Fn) as an
approximation to the exact, finite-sample CDF Gn(τ, F0). It follows from (32)
and (33) that

Gn(τ, Fn)−Gn(τ, F0) = [G∞(τ, Fn)−G∞(τ, F0)] +
1√
n

[g1(τ, Fn)− g1(τ, F0)]

+
1

n
[g2(τ, Fn)− g2(τ, F0)] +O(n−3/2) (34)

almost surely uniformly over τ .

The leading term on the RHS is of size O(n−1/2) almost surely uniformly
over τ since Fn −F0 = O(n−1/2) almost surely uniformly over the support
of F0.

Thus, the bootstrap makes an error of size O(n−1/2) almost surely, which
is the same as the size of the error made by first-order asymptotic
approximations.

In terms of the rate of convergence to zero of the approximation error, the
bootstrap has the same accuracy as first-order asymptotic
approximations.

In this sense, nothing is lost in terms of accuracy by using the bootstrap
instead of the first-order approximations, but nothing is gained either.
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Now suppose that Tn is asymptotically pivotal. Then the asymptotic
distribution of Tn is independent of F0, and G∞(τ, Fn) = G∞(τ, F0) for all τ .
(32) and (33) now yield

Gn(τ, Fn)−Gn(τ, F0) =
1√
n

[g1(τ, Fn)− g1(τ, F0)]

+
1

n
[g2(τ, Fn)− g2(τ, F0)] +O(n−3/2) (35)

almost surely.
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Consider the leading term on the RHS. It follows from continuity of g1 w.r.t.
its second argument that this term has size O(n−1) almost surely uniformly
over τ .

Now the bootstrap makes an error of size O(n−1), which is smaller as n→∞
than the error made by first-order asymptotic approximations.

Thus the bootstrap is more accurate than first-order asymptotic theory for
estimating the distribution of a smooth asymptotically pivotal statistic.
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Is this relevant for Bayesians?

Recall the Bernstein von Mises theorem:

Theorem (Following van der Vaart’s book)

Let the experiment (Pθ : θ ∈ Θ) be differentiable in quadratic mean at θ0 with
nonsingular Fisher information matrix Iθ0 , and suppose that ∀ ε > 0, ∃ a
sequence of tests s.t.

Pnθ0φn → 0, sup
‖θ−θ0‖≥ε

Pnθ (1− φn)→ 0.

Furthermore, let the prior measure be absolutely continuous in a neighborhood
of θ0 with a continuous positive density at θ0. Then the corresponding
posterior distributions satisfy∥∥∥P√n(Θn−θ0) |X1,...,Xn

−N (∆n,θ0 , I
−1
θ0

)
∥∥∥ Pnθ0→ 0.
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Expansions/refinements in finite dimensions:

Johnson (1970s)

Sinha/Joshi/Ghosh (1980s)

Woodroofe & Weng

Approximate Bayesian inference:

Bickel & Ghosh (1990)

DiCiccio & Martin (1993)

Sweeting (every couple years)

Ventura et al.
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Some Recent Bayesian Work
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An example of a recent breakthrough
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Stuff that I have worked on
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Gentle Introductions Part I (2003, 2009)
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Gentle Introductions Part II (2008, 2016)
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Accessible Monographs (2007, 2005)
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Symbolic Computation (2000)

Making asymptotic expansions more friendly!
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Bookshelf Essentials Part I (1987)

There are cheaper copies, but Peter McCullagh’s 1987 ‘Tensor Methods in Statistics’ is

obviously very dear to some of us!
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Bookshelf Essentials Part II (1990, 2006)
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Bookshelf Essentials Part III (2000, 1997)
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Bookshelf Essentials Part IV (1994, 1989)
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Bookshelf Essentials Part V (1995, 2007)
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R packages

hoa Alessandra Brazzale (2015)

higher order likelihood inference for regression models;
emphasis on saddlepoint methods

likelihoodAsy Ruggero Bellio and Don Pierce (2016)

implement inference using R and R∗ for general parametric
models; also compute modified profile likelihood

nlreg Alessandra Brazzale and Ruggero Bellio (2014)

higher-order inference for nonlinear, possibly
heteroscedastic models
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