
I. Linear Systems

I.A. Geometry of linear systems

Mechanically speaking, part of the business of linear algebra is to
solve systems of linear equations

A11x1 + A12x2 + . . . + A1nxn = y1

A21x1 + A22x2 + . . . + A2nxn = y2

...
...

...

Am1x1 + Am2x2 + . . . + Amnxn = ym

(I.A.1)

where for simplicity we take Aij, yi ∈ R. Deferring the mechanics,
we might wonder if anything conceptual can be said.

We begin by breaking such systems into two classes: if the yi

are all zero, the system (I.A.1) is homogeneous; otherwise, it is called
inhomogeneous (or nonhomogeneous). In matrix notation our system
reads

(I.A.2) A!x = !y,

where !x and !y are “column vectors”, with !y referred to as the “inho-
mogeneous term”. More on this later.

In the meantime, if!ri = (Ai1, . . . , Ain) are the rows of [Aij], we
want to summarize the system by

!ri ·!x = yi , i = 1, . . . , m.

Viewed individually, these are the equations of “hyperplanes” Wi ⊂
Rn, whose common intersection is the solution of (I.A.1). If this in-
tersection is empty, the system has no solutions, and we say it is
inconsistent; otherwise, it is consistent.
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Let’s be more specific about these Wi.
First, consider the homogeneous system

(I.A.3) !ri ·!x = 0 , i = 1, . . . , m

associated to (I.A.1). Calling these hyperplanes Vi, we observe that
they pass through the origin and are perpendicular to!ri.

Now if !x0 ∈ Vi (which means that !x0 points from the origin to a
point on Vi), then I claim that

!x0 +
yi

!ri ·!ri
!ri ∈ Wi.

This is easy to see:

!ri ·
!
!x0 +

yi

(!ri ·!ri)
!ri

"
= !ri ·!x0 +

yi

(!ri ·!ri)
!ri ·!ri = 0 + yi = yi.

Therefore each Wi is just a “parallel translate” of Vi:

Wi = Vi + di r̂i where r̂i =
!ri

|!ri|
=

!ri#
(!ri ·!ri)

and di =
yi

|!ri|
,

and so

{solutions of (I.A.1)} =
m!

i=1

Wi

are just a translate of

{solutions of (I.A.3)} =
m!

i=1

Vi,

right?
It turns out that this is “usually” the case (for “general” choices

of [Aij]), but can fail spectacularly: for what we’ll call “degenerate”
configurations, shifting the planes can destroy the intersection. On
the next page, “general” and “degenerate” configurations of three
planes in R3 are illustrated, which is the case m = n = 3.
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(a) “General”:
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Here it doesn’t matter how you shift the planes. That is, we can solve
(I.A.1) for any vector !y (= set of shifts) ∈ R3. An obvious example:
Aij = δij, so that Vi = {xi = 0} is the ith coordinate hyperplane and
"Wi[= {xi = yi}] is just the point (y1, . . . , ym).

(b) “Degenerate”:
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nonhomogeneous equation has no sol’ninfinitely many solutions to homog. eqn.

The left-hand picture has a full line of solutions, which get wiped
out when we translate V2. However one can see that if we moved
not only V2, but V1 and/or V3 with it in the right way, (a translate
of) the intersection would remain. This constraint on the allowable
shifts (= !y ∈ R3) — those that don’t kill solutions — is equivalent to
an equation describing the “image of A” (the set of vectors A!x[= !y]).
For example, consider

(I.A.4) A =

$

%&
1 0 0
1 0 1
0 0 1

'

() , so that (I.A.1) is

*
+,

+-

x1 = y1

x1 + x3 = y2

x3 = y3

;
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for this to have a solution, we must have y2 = y1 + y3. Geometrically
this means our constraint is

d2 =
d1 + d3√

2
,

since |!r2| =
√

2 and |!r1| = |!r3| = 1.
Another way to look at (I.A.2) is in terms of the columns of A,

which we regard as vectors !c1, . . . ,!cn ∈ Rm. The matrix equation
simply says that the vector !y ∈ Rm is a linear combination of these
columns, i.e. as x1!c1 + · · ·+ xn!cn. (This is easy to see from (I.A.1).)
So the n equations have a common solution — i.e., the Wi have a
nonempty intersection in n-space — if and only if the inhomoge-
neous term can be written as such a linear combination (in m-space).
In particular, the “row equations” have a solution for any choice of
inhomogeneous term if and only if linear combinations of the col-
umn vectors of A fill up all of m-space. The problem in the degener-
ate case (b) was that these columns didn’t fill up R3, as you can see
at once from (I.A.4).

For those who prefer the truly executive summary, the pictures
above illustrate the three possibilities for linear systems: no solu-
tions, one unique solution, or infinitely many solutions. Next we’ll
describe an efficient way to find them.

Exercises
(1) Suppose the system

2x1 + 4x2 = a
cx1 + dx2 = b

is consistent for all possible values of a and b. What can you say
about the coefficients c and d?

(2) For which triples (y1, y2, y3) does the system

3x1 − x2 + 2x3 = y1

2x1 + x2 + x3 = y2

x1 − 3x2 = y3
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have a solution?
(3) Same question as (2), but for the system

7x2 + x3 = y1

2x1 + x2 + x3 = y2

x1 − 3x2 = y3.

For this one, draw a picture illustrating the constraint on !y and
the relation between the columns of A.

(4) Given an arbitrary m × n matrix A, let !y and !z be m-vectors for
which A!x = !y and A!x = !z are consistent. Show that the two
solution sets in Rn are translates of one another.


