VI. Canonical forms

VI.A. The minimal polynomial of a transformation

The statement that 7y is an eigenvector of A € M,,(R) with eigen-
value 3 can be written

(31— A)7p = 0.

That is, if you plug A into the polynomial 3 — x, then the resulting
matrix annihilates 7. Is there a corresponding statement for all vec-
tors 7 € IR""? That is, a polynomial into which we may plug A to get
the zero matrix (which is the only matrix annihilating all vectors)?

Consider M,,(R) as a vector space over R of dimension n2.! Ap-
parently the n% + 1 “vectors”

I A, A% ..., AU)
cannot all be independent. So there is a relation
aol + a1 A + a A2 + ..+ ) AT =0,

where not all «; are zero. That is, A is “annihilated” by a polynomial
g(x) of degree n?, in the sense that g(A) is the zero matrix.

However we should (at least some of the time) be able to do bet-
ter than this. If A is diagonalizable with eigenvalues Ay, Ay, ..., Ay,
then

(MI—A) (AT —-A)---(AI—-A)T=0

forall7 € R". (Write ¥ = B171 + ...+ B, U, in terms of the eigenbasis;
then use the fact that all the (A;1 — A) commute with one another.)
Multiplying this out gives a polynomial in A of degree 1, not n?.

IThe “standard” basis of this vector space would be the matrices with 1 in the jt
place and 0’s in the other places, i,j = 1,. .., n. Clearly there are n? of these.
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156 VI. CANONICAL FORMS

Similarly, if A is of the (non-diagonalizable!) form

0 1 *
.1
0 0

then we find it satisfies A" = 0 (A is nilpotent). In fact, the character-
istic polynomials (= det(AI — A)) in these two cases are

A=Ay (A= Ap) and A,

so the following more general result should not surprise you:

VLA.1. THEOREM (Cayley-Hamilton). Let A € M, (F) be a square
matrix over any field. Then A is annihilated by its own characteristic poly-
nomial, i.e. if fa(A) := det(Al — A) then f4(A) = 0.

VLA.2. REMARK. Thus we can always do much better than 72,
since deg f4 = n. However, the proof is not as easy as

det(Al — A) = det0 = 0.

This is cheating. Substituting in A before you take the determinant is
not the same as doing so after taking the determinant. We now give
two correct proofs.

FIRST PROOF OF VI.A.1. We need to introduce (a little more con-
sciously than before) matrices whose entries are polynomials in A. Let
F[A] denote polynomials of arbitrary degree in A with coefficients in
F, and consider M € M,,(F[A]). The tricky thing is that we must avoid
dividing by A — polynomials are not invertible like real numbers.

One definition that involved no inverting of anything was that of
the adjugate of A, whose ij" entry was defined to be

det{ji™" minor of A} x (—1)"*.
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In §IV.C, we had from Cramer’s rule (assuming A € M,(F), not
M,,(F[A])) the relationship

R adjA, i.e.A(

Jet A ad]A> =1.

det A

Clearing the denominator yields something which still holds? for M:
M(adjM) = (det M)IL.
Now let M = AT — A. We have
(AL - A)[adj(ALl — A)] = det(AL — A)L = fa(A) -1

One may decompose any M € M, (F[A]) into powers of A, M =
Y A¥B; where By € M, (F): for example,

(o7)=(0 %)+ (50)

adj(Al — A) Z/\kSk,

We do this for

and write also ;
= Z a])\]
j=0
We have
n .
(AL— A) (Z AkSk> =Y aNI
=0

or

— ASg+ A(So — ASy) + A%(S; — ASy) +

+ A8y — ASy1) + 'S,y

= aol + MAL+ apA?T + ...+ a, A"+ a, AL

2Technically, applying Cramer as we did in §IV.C requires knowing A is invertible,
which typically won't be true for M. See Exercise (5) below for a way around this.
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You may equate “coefficients” of like powers of A, even though they
are matrices (just by doing so entry by entry):

aol = —ASy, a1l =Sy — ASy, al =S; — AS,, ...,
a,_11=85, »—AS,_1, a,1=S5,_1.
To show f4(A) = 0, write
fa(A) = fa(A = agll + a1 AT+ ap AT + ... + a, A"
= agll + A(ail) + A%(apl) + ...+ A" Ya,_10) + A" (a,I)

= —ASo+ A(Sy — AS1) + A%(S1 — ASy) + ...
+ A"_l(sn—z - ASn—l) + AnSn—l

= —ASy)+ ASy— AS1+ AS1 — ASp, + ...
+ A8, 5 — A"S, 1 + A"S,
=0. [

SECOND PROOF OF VI.A.1. Here’s a more abstract approach.
Start with a basis B = {7y, ...,7,} of F", and a transformation T :
F" — F", with [T]g = A. We show f4(T) is the zero transformation.
By definition
Tﬁi = ZA]lﬁj ,
]

which we can rewrite

2 (65T = A1) 7 = 0.

]
Set Bjj = ¢6;;T — Aji (or B = TI — tA); the entries of B are formal
polynomials in the transformation T. The above equation becomes

) Bijt; =0
j

while we have also

det(B) = f4(T).
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It is therefore sufficient to show (det B)7; = 0 for all k.
Let B = adjB, so that

Z BkiBij = 5kj det B.
i

This time the calculation is far less messy:

(det B)d, = de] (detB)d Z (ZBkz l]> Uj

j
= ZékiBijﬁj = Z.B’“' <ZB,-]-Z7]-> =) Bi-0=0.
1,] 1 ]
O

The obvious question after Cayley-Hamilton is “can we ever do
better than a polynomial of degree n?”, i.e. find a nonzero polyno-
mial of lower degree that annihilates A.

VI.A.3. EXAMPLE. Consider the matrix

111
A=|111
111
Since
111 111 111
111 111 |=31111]/,
111 111 111

or A2 —3A = 0, we find that g(x) = x> — 3x annihilates A. No-
tice that x> — 3x = x(x — 3) divides the characteristic polynomial
fa(x) = x%(x — 3) for this A.

VI.A.4. DEFINITION. The minimal polynomial m,4 of A is the
(unique) nonzero monic® polynomial m of lowest possible degree,
such that m(A) = 0. Cayley-Hamilton = degmy < nforn xn
matrices A.

3Monic means that the coeffficient of the highest power of A (or x) in the polyno-
mial is 1.
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Uniqueness of m,. Let d = the lowest possible degree men-
tioned above. If 'm and m are two distinct monic polynomials of
degree d, which annihilate A, then 'm(x) — m(x) =

= (xd +lay x4+ ’ao) — (xd +ag x4 ao)

= (ag_1 —ag_1)x 1+ ...+ (ag — ap).
Dividing by the first nonzero 'a; — a; (reading from left to right) gives
a monic polynomial annihilating A:

(A = ’a,-l—ai ('m(A) — m(A)) = 0.

But deg(”m) < d, which contradicts the definition (that is, the mini-
mality) of d.

Further properties of m4. Now recall that long division of poly-
nomials, say of g into f, gives a quotient g and remainder r (where
the remainder has degree strictly less than that of g), such that Jé =
q+ ¢ 1f r = 0 then we write g | f (g divides f), otherwise g t f. We
may write this “division algorithm” as a polynomial equation

f=gq9+r degr <degg.

VI.A.5. PROPOSITION. The minimal polynomial of A divides its char-
acteristic polynomial, m(A) | fa(A).

PROOF. By the division algorithm we may write
fa(A) =mu(A)-q(A) +1(A), degr < degmy.
But then
r(A) = fa(A) —mu(A)-q(A) =0 —0-g9(A) =0,

and r annihilates A. Because its degree is less than that of m4, r
must be zero (as a polynomial) — otherwise we have contradicted
minimality of m 4. Therefore f4 = m,4 - q and we’re done. O

VI.A.6. REMARK. By the same proof, m 4 divides any polynomial
p satisfying p(A) = 0.
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In §VI.B we shall give an algorithm for finding m 4. The idea is
to perform elementary row and column operations (suitably defined)
on Al — A to put it in a new form:

VL.A.7. DEFINITION. A matrix M € M, (F[A]) (with polynomial
entries) is in normal form iff it looks like this:

f(A) 0
0 fu(A)
where fi | f2| ...| f, and each f; is a monic polynomial or zero.* (So

the only possible nonzero scalar is 1, and in the sorts of normal forms
we'll encounter the first few { f;} will usually be 1.) A typical exam-
pleis diag{1,1,1,A, A(A —2)?}.

In fact we shall give an algorithm associating to any square ma-
trix M with entries in F[A], a matrix nf (M) in normal form.
We need one more

VL.A.8. DEFINITION. For M € M, (F[A]), let
e 6;(M) := the monic gcd (= greatest common divisor) of the deter-
minants of all k x k submatrices® of M, and
o Ap(M) := 6(M)/dr_1(M). These Ay are called the invariant fac-
tors of M.

VL.A.9. REMARK. The Ax(M) are polynomials (as will be implied
by the Theorem below). Note that

0y,—1 = the monic gcd of the entries of adj(M),

and
8,(M) = C~1 - det(M)

4The “zero” possibility will not occur when M = nf (Al — A) (the main applica-
tion), but must be included to state more general results. Note that if fy = 0, then
fie1 =+ = fn = 0aswell, as 0 only divides 0.

5The submatrices are obtained by blocking out any (n — k) rows and (n — k)
columns. Their determinants are frequently called k X k minors. If these are all
zero, we put 6y = 0 = A; but again, this cannot happen for M = Al — A.
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where C is a scalar — namely, the coefficient of the highest power of
A in det(M). If M = Al — A then det(M) is monic; thus C = 1 and

On(Al—A) = det(AL - A) = fa(A).
VI.A.10. THEOREM. If
fi(A)
nf (M) =
fa(A)

then A(M) = fx(A). That is, the invariant factors of M are given by the
diagonal entries of nf (M).

The Theorem will be proved in the next section.
Clearly then f1(A) - - - fu(A) =

Ay(M) - An(M) = 61(M) ;jgﬁg ..... (535](\4]\/)1) = 5,(M)
and we have a
VL.A.11. COROLLARY. If M = Al — A then fy(A)----- fu(A) =

det(AL — A). That is, the product of the (diagonal) entries of nf (AL — A)
is fA (/\)

Set
0a(A) :=6y_1(Al — A) = monic gcd of entries of adj(AL — A).
What we would like now is to prove the following

VI.A.12. PROPOSITION. The top invariant factor of A — A is the
minimal polynomial of A:

fa(A)
A=A, (M- A) = .
mA( ) }’l( ) 5A (/\)

According to this statement, in order to find m4(A) it suffices
to row/column-reduce Al — A to normal form (as described in the
next section), and pick out the last (diagonal) entry. The proof will
be independent of Theorem VI.A.10.
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For small , it can actually be practical to apply the Proposition
directly to compute m 4. For A as in Example VI.A.3, the entries of
adj(AL — A) are all A% — 2A or A, whose gcd is A. Dividing f4(A) =
A?(A — 3) by this gives m4(A) = A(A — 3).

PROOF OF PROP. VI.A.12 (IN FOUR STEPS).

Step I|Show fa(A)/d4(A) is a polynomial (thatis, 64 | fa).
Let

(VL.A.13) B :=adj(Al — A) = 6,(A)M

where the gcd of the entries of M is 1 (see definition of 6 4(A) above).
By “Cramer’s rule” (cf. Exercise (5) below) we know the adjoint gives
a “partial” inverse to (AL — A), i.e.

det(AI - A)I = (AI— A)B
or (using (VI.A.13))
(VLA.14) fa(MI =064(A)(AT— A)M.
So (AT — A)M must be of the form A(A) - I (for some polynomial A),
and the polynomial equation

fa(A) =04(A)A(A)

must hold, and we have finished the first step. (Notice we have
proved directly that A, (Al — A) [= A(A)] is a polynomial.)

Step II|Show m4(A) | A(A).
From (VI.A.14) we have that

(6a(A)AA) T =064(A) (M — A)M
(VL.A.15) AT = (AT — A)M.

Now while one cannot simply substitute A for A (the entries of M
are polynomials in A too!), one may essentially repeat the argument
we used in our first proof of Cayley-Hamilton (writing out A(A) =
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Yy bjAf and M = Y_AkB;) to show that
A(A) =0.

But then by Remark VI.A.6 above, m 4 divides any polynomial with
this property, and we are done.

Step III|Show A(A) | ma(A).
Since by definition

mA(A) =0,
we have for some matrix Q € M, (F[A])
ma(AMI = Q(AL— A).

(See Remark VI.A.16.) Multiplying on the right by M and using
(VI.A.15) gives
ma(M)M = A(A)Q.

Consider the monic gcd’s of the entries of the matrices on either side:
ma(A) = A(A) - ged{entries of Q},

since gcd{entries of M} was 1. This concludes step IIL

Step IV |The end.
Since m 4 and A are both monic (A is the quotient of two monic poly-

nomials), and both divide each other, they must be equal. ]

VI.A.16. REMARK. How do we know that m 4(A) = 0 means that
m4(A)Iis “divisible” by (A — A) in a matrix ring which is not even
commutative? The trick is to look just at the (commutative) subring
R consisting of polynomials in A and A. If you are comfortable with
rings, then consider the homomorphism 6 : R — R/ (A — A), with
kernel simply the ideal (A — A) consisting of multiples of A — A. In
the quotient, A is identified with A; and so 6(m4(A)) = 0(ma(A)) =
0. Consequently m 4 (A) is a multiple of A — A, as required.

Alternatively, writing m 4 (A)I = AMI + ZZ:_S Afa T and

QAL — A) = Y  AFQu (AL — A),



EXERCISES 165

with Qx € M,(F), we can try to solve for Qi such that these two
expressions are equal. One finds that Q,, 1 =1, Q2 = a;, 11+ A,
Qy_g = ocy_Z]I + (xy_lA + A%, ... and

Qo=+ arA+--- —f—DCy_lAy_z —I—A'u_l.
This leaves the equality of the constant terms, which is

apll = —Q()A.

As you will readily verify, this is just the statement that m4(A) = 0.

Exercises
(1) Verify Cayley-Hamilton for
100
A=1110
001

Then use Prop. VI.A.12 and Defn. VI.A.8 to directly find m4.
(2) Same as the last Exercise, for

1 0 -1
A=12 1 0
1 -1 1

(3) Suppose det A # 0. Use Cayley-Hamilton to show that A is in-
vertible and that A~ is given by a certain polynomial in A.

4) Letp(x) = x" +a,_1x" '+ - +a1x +ap be a polynomial, and V
be a vector space with basis B = {71,...,9,}. Define T: V — V
by T0; = 0;11 (i=1,...,n—1)and

TOy = —ay_10y — ay_20,—1 — * - - — a102 — ag7y.

(a) Show that p(T) = 0. [Hint: substitute 7, = T7, etc., into the
equation for T7,.]

(b) Determine A := [T]g.

(c) Show that p(x) = m4(x) = fa(x). [Hint: suppose that q(T) =
0 for a polynomial g of degree < n.]
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(5) Prove that for a matrix with entries in F[A] (or really, any com-
mutative ring), we have

M - adj(M) = det(M)I = adj(M) - M.

[Hint: all you need is the fact that by definition, [adj(M)];; =

(—=1)"* det(Mﬁ.), together with the Laplace expansion formulas

for det and the property of det that a repeated row makes it zero.®

The point is to not use Cramer’s rule.]

®Both of these follow from the definition (IV.A.5) of det for matrices with coeffi-
cients in any commutative ring, like F[A].



