
Exercise 1. Let H be a variation of Z-Hodge structure of strictly negative weight on a
complex manifold S. We have a canonical isomorphism

NF(S) ∼= Ext1VMHS(S)(ZS,H),

where the left-hand side is the group of normal functions which are holomorphic sections of
the family of Jacobians J(H) satisfying the Griffiths transversality, and the right-hand is the
extension group in the abelian category of variations of mixed Hodge structures where the
Griffiths transversality is also assumed. This identity also holds by adding the admissibility
condition. Behind these, we have the following injection

(1) Ext1VMHS(S)(ZS,H) ↪→
∏
s∈S

Ext1MHS(Z,Hs),

which means the following:

Let ν ∈ Ext1VMHS(S)(ZS,H). This corresponds to a short exact sequence of variations of
mixed Hodge structures

0 → H → H′ → ZS → 0.

Restricting to each s ∈ S, we get a short exact sequence of mixed Hodge structures

0 → Hs → H′
s → Z → 0.

If the image of ν by (1) vanishes, then we have for any s ∈ S, a splitting of the last short
exact sequence:

σs : Z → H′
s.

This is unique since the weight of H is negative. To show the injectivity of (1), we have to
show that the splittings σs are continuous for s, and these define a splitting of the short exact
sequence on S. (This is the exercise.) Some already known argument uses the difference in
the cardinality between Z and C, i.e., Z is countable, but C is not. Here one problem is
whether this fact is absolutely necessary for the proof of the injectivity of (1).

Exercise 2. Let f : X → Y be a morphism of complex algebraic varieties. The quasi-finite
locus of f consists of points x of X which are isolated in f−1(f(x)). It is known that the
quasi-finite locus is Zariski-open (see e.g. [EGA III, Thn. 4.4.3]). The problem here is to show
the openness of the quasi-finite locus in classical topology for morphisms of analytic spaces.
This is closely related to the Weierstrass preparation theorem. In fact, we may assume that
X is a closed analytic subset of ∆m × Y . If m = 1 and X is defined by one equation, then
the assertion just follows from the Weierstrass preparation theorem. In general, it may be
necessary to use also the proper direct image theorem for finite or more generally projective
morphisms. In case this is needed, give a proof of it by using locally free resolutions, where
the assertion can be reduced to the case the morphism is the projection with fiber projective
space.
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