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absolute convergence, 241
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algebraic numbers, 185
analytic function, 282
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antisymmetric relation, 52
Archimedes, 135
argument, 268
arithmetic mean, 124, 128
arithmetic-geometric mean inequality,

124, 128
atomic statement, 79
Axiom of Choice, 167, 181, 285, 287
Axiom of Extensionality, 285
Axiom of Foundation, 285
Axiom of Infinity, 225, 285
Axiom of Pairing, 285
Axiom of Power Set, 285
Axiom of Regularity, 285
Axiom of Replacement, 285
Axiom of Union, 285
axiomatic set theory, 161
axioms of set theory, 285

back-and-forth argument, 252
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bound variable, 89
bounded interval, 16

Cantor’s diagonal argument, 174, 177,
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Cantor’s theorem, 182, 187, 287
Cantor, G., 174
Cardano, G., 261
cardinality, 162

finite, 165
Carmichael numbers, 213
Cartesian product, 22, 23
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Cauchy sequence, 239, 240
Cauchy, A., 124, 135, 152
characteristic set, 86
closed interval, 16
closed rectangle, 274
codomain, 26, 31
coffeehouse, 259
complement, 21
complex number, 265

absolute value, 268
argument, 268
conjugate, 268
imaginary part, 268
real part, 268
root, 269

composition of functions, 29
compound statement, 79
conclusion, 78
congruence, 64
congruence class, 64
conjugate, 268
conjunction, 77
connectives, 86

propositional, 77
consequence, 78
construction, proof by, 98
continuity, 153

cosine function, 155
exponential function, 154
sine function, 155

continuous, 145, 274
contradiction, proof by, 96, 99
contrapositive, 83
contrapositive proof, 95
converge, 148
convergence

absolute, 241
pointwise, 152
uniform, 153

converse, 83
cosine function, Taylor polynomial, 155
countable, 173, 180
cubic, 261

roots of, 263, 270
reduced, 262, 263

D’Alembert’s lemma, 277, 280
De Moivre’s theorem, 269, 269
de Morgan’s laws, 80
decidable set, 288
decimal expansion, 178, 248
Dedekind cuts, 231

addition, 232
multiplication, 233

degree 0, 214
dense, 251
diagonal argument

first, 182
second, 177

dictionary ordering, 54
direct product, 22, 23
direct proof, 94
disjoint, 21
disjunction, 77
diverge, 148, 152
divides, 64, 195
division algorithm, 203

for polynomials, 215
domain, 26

restricted, 38
domain of a real function, 28
domain of a variable, 15, 16

element, 12
empty function, 25
empty set, 20
equinumerous, 162
equivalence class, 57
equivalence mod R, 58
equivalence relation, 55
Euclidean algorithm, 207
existential quantifier, 87
existential statement, 98
exponential function, 148, 154

Taylor polynomial, 154
extension, 251
extensionality, 18, 26
Extreme Value theorem, 244, 245, 247,
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family of sets, 41
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Fermat’s little theorem, 211
Fibonacci numbers, 131
finite sequence, 39
finite set, 162, 164
first diagonal argument, 182
formula, 84

open, 85
Tartaglia-Cardano, 263, 264, 270,

271, 273
formulas, 86
function, 24, 27

bijective, 32
codomain of, 26
composition of, 29
computable, 188
continuous, 145
cosine, 155
divergent sequence, 152
domain of, 26
exponential, 148, 154
graph of, 25
Heaviside, 143, 145
injective, 30
inverse, 35
one-to-one, 30
onto, 31
polynomial, 123
range of, 27
rational, 148
real, 27
real-valued, 27
recursive, 188
sequence, 151
sine, 155
surjective, 31

Fundamental Theorem of Algebra, 273,
277, 278, 280

for real polynomials, 219, 281
Fundamental Theorem of Arithmetic,

199

Gödel, Kurt, 287
General Comprehension Principle, 43,

285, 286
generating function, 159

geometric mean, 124, 128
graph of a function, 25
greatest common divisor, 197
greatest lower bound, 234

Heaviside function, 143, 145
Heaviside, O., 143
hypothesis, 78

induction, 108

ideal of R[x], 218
principal, 218

identity function, 37
iff, 84
image, 25
image of a set, 33
imaginary part, 268
implication, 77, 81, 82
index set, 41
indexed intersection, 42
indexed union, 41
induction

hypothesis, 108
mathematical, 105, 124
principle of, 106, 107
step, 108
strong, 114
uses of, 197, 199, 206, 215

inductive set, 225, 285
infinite sequence, 40
infinite set, 162, 171
infinite sum, 151
infinite union, 41
injection, 30, 32
integer combination, 196
integer interval, 40
integers, 13, 228, 228
Intermediate Value theorem, 145, 243,

264, 273
intersection, 20

indexed, 42
interval, 15

bounded, 16
closed, 16
in Z, 40
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open, 16
unbounded, 16

inverse function, 35, 60
inverse image, 33, 138
inverse image of a set, 34

Kaldi’s, 259

least upper bound, 234
least upper bound principle, 234, 235
least upper bound property, 244
left-hand limit, 144
Leibniz, G., 135
lemma, 118
level sets, 61
limit, 137

left-hand, 144
one-sided, 144
restricted, 144
right-hand, 144
rules for computing, 139

limit of a sequence, 148
limit point, 157
linear ordering, 53, 105
lower bound, 234

map, 28
mathematical induction, 105, 124
mathematical proof, 73
mean

arithmetic, 124, 128
geometric, 124, 128

Mean Value theorem, 246
member, 12
modulus, 268
modus ponens, 81
multiple quantifiers, 88, 89

naive set theory, 161
natural numbers, 13, 224, 225
necessary, 84
negation, 91
negation of quantifiers, 91
negations, 77
neighborhood, 138
Newton, I., 135

nonnegative, 14
numbers

natural, 13
rational, 14
real, 14, 233

one-to-one, 30
onto, 31
open formula, 85
open interval, 16
open variable, 89
operation, 28
order, 209
order of quantifiers, 89
order-complete, 224, 251
ordered pair, 22
ordering

linear, 53, 105
partial, 53
total, 53

pairwise disjoint, 59
partial ordering, 53
partial sum, 151
partition, 59
permutation, 33
pigeonhole principle, 98
pointwise convergence, 152
polynomial

continuity, 148
function, 123
real, 117
roots of, 117
Taylor, 154

positive, 14
power set, 174
pre-image, 33
pre-image of a set, 34
prime number, 196
primitive root of unity, 270
principle of induction, 106, 107
proof

by construction, 98
by contradiction, 96, 99
by counting, 98
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contrapositive, 95
direct, 94
mathematical, 73

proper subset, 19
propositional

connectives, 77
equivalence, 79

punctured δ-neighborhood, 138

quantified variable, 89
quantifier, 86

existential, 87
multiple, 88, 89
negation of, 91
order of, 89
universal, 87

range of a function, 27
ratio test, 154, 240, 241
rational function

continuity, 148
rational numbers, 14, 185, 229
real function, 27
real numbers, 14, 223, 233

cardinality of, 248
real part, 268
real polynomial, 117, 213
real-valued function, 27
recursive set, 288
reflexive relation, 52
relation, 51

antisymmetric, 52
equivalence, 55
reflexive, 52
transitive, 53

relatively prime, 196
remainder, 203
remainder class, 64
residue class, 64
restricted domain, 38
restricted limit, 144
Riemann sum, 135
right-hand limit, 144
Rolle’s theorem, 247
roots of a polynomial, 117

Russell’s paradox, 42, 43, 285

Schema of Foundation, 285
Schema of Replacement, 285
Schröder-Bernstein theorem, 167, 179
sequence, 39, 235

binary, 40
Cauchy, 239, 240, 274
convergent, 148
divergent, 148
finite, 39
infinite, 40
limit, 148
monotonic, 236
nondecreasing, 236
nonincreasing, 236
of functions, 151

set, 12
characteristic, 86
countable, 173, 180
decidable, 288
finite, 162, 164
index, 41
infinite, 162, 171
recursive, 288
uncountable, 173

set difference, 21
sets

family of, 41
sine function

Taylor polynomial, 155
statement, 11

atomic, 79
compound, 79
existential, 98
universal, 93
well-formed, 79

strong induction, 114
subsequence, 235
subset, 19

proper, 19
successor, 106
successor function, 225
sufficient, 84
sum
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infinite, 151
partial, 151

superset, 19
surjection, 31
symmetric relation, 52

Tartaglia, N., 261
Tartaglia-Cardano formula, 263, 264,

270, 271, 273
Taylor polynomial, 154
total ordering, 53
transcendental numbers, 187
transitive relation, 53
triangle inequality, 140, 143, 275
truth table, 80
truth value, 77

unbounded interval, 16
uncountable, 173
uniform convergence, 153

of continuous functions, 153
union, 20

indexed, 41
infinite, 41

universal quantifier, 87
universal statement, 93
upper bound, 234

variable, 84
closed, 89
open, 89
quantified, 89

well defined, 66
well-formed statement, 79
well-ordering, 105, 287

Zeno’s paradoxes, 135
Zermelo-Fraenkel axioms, 285
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