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0 Introduction

Let T be an operator on a Hilbert space (by operator we shall always mean a bounded linear
operator). We say that T dominates an operator N if there is a non-zero operator L such
that

LT = NL. (0.1)

The order of this intertwining is important. We shall say that 7" dominates a normal
operator if there is some normal N for which (0.1) holds. The object of this paper is to
study operators that dominate normals.

The reason for the term “dominate” is that, under certain assumptions (A1 - A below),
it follows from e uation (0.1) that there is a ector and a constant such that the
ine uality

(T)

holds for all polynomials , where is a scalar spectral measure of N.
There are two reasons to study these operators. The rst is that they allow one to use
what is nown about the structure of normal operators to study a larger class of operators.
ne could then iew this study as an e tension of the theory of subnormal operators. (A

subnormal operator is the restriction of a normal operator to an in ariant subspace it




corresponds in our setting to L being the inclusion map from an in ariant subspace of
to the whole space on which  acts.) The theory of subnormal operators has been richly
de eloped - see e  the boo by onway

The second reason to study these operators comes from the rst author s theory of states
1. perators that dominate normals correspond to non-e treme points of the state space,
and so in some sense are generic.

We shall be mainly concerned with in ariant subspaces of operators that dominate nor-
mals. ( y an in ariant subspace of T" we shall always mean a closed, non-zero, proper
subspace that 7" lea es in ariant). fthe operator L in (0.1) has a ernel, this will automat-
ically be an in ariant subspace of 7' so we shall always assume that L has no ernel, and
where con enient we shall ta e T' to be cyclic. The closure of the range of L, call it | is
an in ariant subspace for N the reducing subspace it generates, the closed linear span of

N , we shall call . eplacing N by N loses no information from (0.1), so
we shall do this. We shall show ( roposition 1.1) that if is not all of |, then 7" has an
in ariant subspace. Thus, after ection 1, we shall ma e the following assumptions
(A1) L has no ernel.

(A ) L has dense range.
(A ) T is cyclic.

f T is cyclic and dominates the operator N, then we show ( roposition 1. ) that there
is another operator 7" such that 7" is unitarily e ui alent to the restriction of 7" N to some
in ariant subspace

T 0

T= N 0. )

on ersely, for any operator T and any in ariant subspace of T N that is not zero

in the second slot, the restriction of T N to is an operator that dominates N. We
study operators of this form. n ection , we consider the case T'= , where is the
unilateral shift. We gi e a complete description of the lattice of N for N a reducti e

cyclic normal operator, and show that if 7" in (0. ) is the bac ward shift, then 7" has an
in ariant subspace.
n ection we e tend the in ariant subspace result to the case that 7' = , Where
is a positi e integer. nfortunately we cannot e tend the result to the case = if
we could, it would follow that all operators that dominate normal operators ha e in ariant
subspaces.
n ection we gi e e amples of operators that dominate the operator of multiplication

by on 0 1, and show that three fundamentally di erent sorts of in ariant subspaces can



arise.

n ection we collect some miscellaneous results.

r i in ri

We show that if | the closure of the range of L, is not a reducing subspace for N, then
T has an in ariant subspace. We shall assume that N has been replaced, if necessary, by
its restriction to , the reducing subspace generated by the range of L. Then Thomson s
theorem on bounded point e aluations 1 will yield that either N is normal (so = ),

or that bounded point e aluations pull bac to 7'

ppose LT = NL  ere N is norma and T is ) en eit er
a N is norma
or

T asan in ariant s spa e 0 odimension one

Let = N ,and assume it is not normal. Let be a cyclic ector for T then L
is cyclic for . As is subnormal, by Thomson s theorem 1 there is a comple number
for which ( ) is closed and of codimension one in . Let =L ( )
t is easy to chec that is a closed subspace that is T-in ariant, and it contains all
ectors of the form (T" ) (T) , so is of codimension at most one. Let be a non-zero

ector in  that is orthogonal to ( ) . As

LL () C )

it follows that L  is orthogonal to and
L = L =0.

Therefore is of codimension e actly one.

e t, we show that if is an operator that dominates another operator (normal

or not), and T is the restriction of  to any cyclic subspace (i e a subspace of the form

( () a polynomial ) for some ector ) then 7 has an e tension to an operator of
the form T , where T is similar to 7. n other words, there is an in ariant subspace

of T such that 7" is unitarily e ui alent to T’ restricted to

ppose L, = L and L asno erne et e an mnon ero e tor

and etT et e restri tion o tote 1 S Spa e enerated en t ere is an



operator T simi ar to T s t atT is nitart e 1t aent tot e restri tion o T to
some in artant s Spa e oreo er t e onditionn mer o t e simiarit et een T

andT an e osen ar itrari ose to 1

Let L = , and choose so that 0 —. e ne an inner product .. on

polynomials by
= (1) (@) () ()
Let  be the completion of the polynomials with respect to this ses uilinear form, and let

T be the operator of multiplication by the independent ariable on

Then 7' is similar to 7', and the condition number of the similarity is at most

1 L
1 L
which can be made arbitrarily close to 1.
Let the space on which T' acts be called . Let be the cyclic subspace of T
generated by the ector (1 ). e ne by (7) ( () ). Thisis an
isometry on a dense set, so e tends to a unitary onto its range, which by construction is all

of . oreo er, it intertwines 7" and T , as desired.

ote that although this construction yields a 7" similar to 7', if one starts with an
operator 7', and loo s at T" N restricted to an in ariant subspace whose projection onto
the second component is not zero, then one gets an operator that dominates N but that is
not, in general, similar to the operator 7. hoosing 7" and wor ing bac wards is what we

do in the ne t two sections.

C
Let  be the unilateral shift on the Hardy space , and let N be a contracti e normal
operator. n this section, we shall study operators of the form N restricted to a

cyclic in ariant subspace, as e amples of operators that dominate N. ather than directly
characterizing the cyclic in ariant subspaces of N, we shall instead loo at the in ariant
subspaces of the adjoint N , and then ta e orthogonal complements.

y assumptions (Al) - (A ), we may assume that N is cyclic. The spectral theorem
then yields that N is unitarily e ui alent to some N ;| the operator of multiplication by

on L () for a nite compactly supported orel measure on ~ (see e ).



irst, we characterize the cyclic subspaces of N . orany ector ( )in L (),

let () denote the cyclic subspace of N it generates. Let be normalized Lebesgue
measure on the unit circle , and write as , where

y orellislemma |, p. , there is a bounded se uence of polynomials that tends to
1 ae,andto0 ae,so ( ) decomposesasL ( ) ( ), where is a set of

measure zero. Thus the interesting part of () corresponds to , that part of that
li es on the open dis or is absolutely continuous with respect to Lebesgue measure on the
circle.

The mirno ass N consists of those functions analytic on the unit dis for which

im— 1 () =— @ ()

(The boundedness of the integrals on the left implies that is in the e anlinna class, and

so has non-tangential limits almost e erywhere on the circle. t is this boundary function

that we mean in the second integral.) or basic facts about N see e or . They can
be thought of as functions that are the ratio of two functions, where the denominator
is outer.

We need a preliminary lemma.

et ean o ter n tion in it (0) 0 and et ease eneo
positi en m erst at in reaseto1l  or ea et et eo ter n tiont at is positi e

at ero and satis es
() =min( () ( ))
en on er esto in
As the norms of the functions  are bounded, they ha e a wea cluster point,

y passing to a subse uence if necessary, assume that  con erges wea ly to
As  is outer,

log (0) = log (min( )) log (min( ). ()
The rst integral tends to log because tends to  in measure and the family
log is uniformly integrable , .1. . The second integrand satis es

log (min( )) log log



oreo er,

lim log = lim log log  (0)
= log log (0)
= log
o by the generalized Lebesgue on ergence Theorem 10, p. , the second integralin ( . )
con erges to log . Therefore

log (0) = limlog (0) = log (0).

As is outer, and () () forall in , we get that actually e uals . oreo er,
as

lim =

we get that  con erges to in norm. inally, as we pro ed that any wea cluster point of
the original se uence had to be , we get that the original se uence must con erge in norm

to , as desired.
We can now characterize the cyclic subspaces of N .

et e ameas re on t atisa so te ontin o s it respetto on

et( ) ein L() et ete osed i s spaeo N  enerated

() en

= N L().

() Let be ase uence of polynomials such that con erges in to some
function , and con erges in L ( ) to a function . Then the inner factor of di ides
the inner factor of |, so = isin N .

oreo er, by passing to a subse uence if necessary, con erges pointwise a.e. ( )
and e erywhere on , so con erges a.e. to , and therefore con erges to
() Let = N . We need to show that for any in N ,if isin and  is
in L (), then ( )isin . The proof shall be in three steps.
(i) uppose rstthat isin . Then ( )isinthe -wea ly closed algebra generated
by , .11. , and therefore in the wea operator topology closed algebra generated by
(which is actually the same thing ). Therefore ( )( )= ) is in the wea -closure

of which is



(ii) ow suppose is outer and (0) 0. Let  be as in Lemma .1. ach is

bounded, so ( )isin . oreo er
Therefore some subse uence of ( ) has a wea limit, () say, which is in and
by Lemma .1, tends to in , and in particular almost uniformly on . y passing
to con e combinations of the , and then passing to a subse uence, we can assume
that for some se uence of functions , ( ) tends to () in norm and almost
e erywhere. ut = on and therefore a.e. on |, so also e uals a.e.
Therefore ( ) is in
(iii) or a general , factor it as where is inner and  is outer, (0) 0. We
would ha e ( ) in if  were in L ( ), but this need not be the case. o apply
the argument in (ii) abo e to the ector ( ) instead of (). This argument yields a
se uence of polynomials  such that ( ) tends in norm to ( ), SO
0.
ut then
0
so ( ) is the limit of ( ) and is therefore in

An operator is called red ti e if e ery in ariant subspace is also a reducing subspace.

or the operator IV , being reducti e is e ui alent to the polynomials being wea -star dense

inL () , 1. . When N is reducti e, we can gi e a complete description of the
lattice of N .

et e a meas re on 8 t at N isred ti e and et = N et
e an in ariant s spa e o ent ere are a ore set a meas ra e n tion
1 1S eroon ae and aso eroace and a n tion t at is eit er inner

or identi a ero so t at

= L()
L( )
oTeo er an S 0t € 0 and 1 es rise to an in artant s spa e

y the remar s at the beginning of the section, we can assume that is zero, as
it can just contribute an I. summand. L.et ~and  be the projections onto the rst and

second summands of L ().



ase (a) Thereisno ector in  for which =0 and = 0.

The space is in ariant for , sois of the form |, where isinner and is dense
in
laim if ( ) and ( ) are in  , then = a.e. ().
roof of claim Let and ha e inner-outer factorings and respecti ely. or
any positi e log-integrable function on the unit circle, let denote the outer function

that is positi e at 0 and has modulus on the boundary. Then by Theorem

min(1 —) min(1 )
min(1 —) min(1 )
and similarly
min(1 —) min(1 )
min(1 —) min(1 )
ubtracting these two ectors, one gets a ector whose rst component anishes, and the

assumption of case (a) means the second component must also anish, which yields the

claim.
Let ( ) be a countable dense set in . e ne to be zero on the set where all
the  anish, and de ne it to be whene er there is some  that is essentially non-zero.
y the claim, is well-de ned, and ( ) = ( ). Therefore

As is closed, by Lemma . below

as desired.
ase (b) Let
_ 0 0
Then is closed and N in ariant, so by the assumption that N is reducti e, =
L ( )forsome . oreo er, (0 )is -in ariant, and reduces to case (a). inally,
has to anish on  because any ector of the form ( ) must be orthogonal to any
ector of the form (0 ).

We needed one lemma in the proof



et e inner and e a dense s spa e 0 et

and ass me (N ) et ete o0sreo en

The right-hand side is closed and contains , so it su ces to pro e that for any
in with in L (), wehae( ) in

ase (a) The inner function is 1 and is outer.

As  is dense, there are functions  (with inner-outer factorings ) that con erge
to in the problem is that need not be bounded in L (). ut by Theorem . ,
we can multiply ( ) by to get that ( )isin . Thus we only need

to show that  tends to 1 wea ly.

y passing to a subse uence, if necessary, we can assume that con erges to almost

e erywhere. otice rst that as lim (0) (0) = (0), we get
liminf log log = liminflog (0)
log  (0)
= log log (.)
ecause tendsto in , theset log is uniformly integrable, so log tends
to log . oreo er, by atous lemma,
liminf log log

ombining these facts, we get that the ine uality in ( . ) is actually an e uality, which
means that lim (0) =1. eplacing Lebesgue measure by harmonic measure for other
points in the dis , the abo e argument yields that the functions  con erge to 1 pointwise
on . Therefore the set ( ) has ( ) as a wea cluster point, and so this ector
is in as desired.
ase (b) The function is not outer.
hoose in as abo e con erging to . Let be the inner factor of . Then
( ) is in  , so can be multiplied by , which as abo e will con erge

wea ly to ( ).



y ta ing orthogonal complements, Theorem . also describes the lattice of N,
but the description is a little messier. or a measure on the closed dis let  be its
balayage to the boundary, 7 e that measure on whose integral against any continuous
harmonic function is the same as that of . Let and be projections onto and

, respecti ely. Then the pre ious theorem becomes

et eameas reon S t at N isred ti e and et e an in ariant
S spa e o N ent ere is a set o meas re ero and and as in
eorem sot at
0 _
= =0 on = -
L( )

t is possible to ha e -in ariant subspaces of the form

= ( )

that are not cyclic, as the following e ample shows.

Let be an in nite lasch e se uence on the positi e real a is. Let =

be another, where , and the s will be chosen later. Let  be the
lasch e product with zeroes at the s, and  be the lasch e product with zeroes at
the s. Let be Lebesgue measure on 0 1, and let = min(1 1 ). Let ()

denote the pseudo-hyperbolic distance from to

Then for any function

1
inf () —— ()
C )
As | ) (1 ),if  isin L , e uation ( . ) yields that for all
inf () — (.10
)
ut if  is outer, there is a constant ( the number  log will do) such that
() — for all

o if we choose
(1 )
then no outer function can satisfy ( .10). Therefore if were cyclic with cyclic ector
(), then by Theorem . , the non-tri ial inner factor of would ha e to di ide the rst
component of e ery ector in . ut contains ( ) and ( ) and  and

ha e greatest common di isor 1. Therefore is not cyclic.

10



The space constructed in  ample . is -cyclic.

s eer in ariant s spa e o an operator o t e orm N at most

Although we do not now as much about the lattice of if N is not reducti e, we can
pro e that any restriction of N to an in ariant subspace of dimension greater than

one does itself ha e an in ariant subspace.

et N e a norma ontra tion and et e an in ariant S Spa e o
N o dimension reater t an 1 and et T = N enT as an in ariant

s spa e

We can assume N is star-cyclic, so writing N = N , we are in the situation we ha e
been considering throughout this section. Let = . tsu ces to show that has
a proper superspace that is -in ariant. f N is reducti e, the result follows immediately
from Theorem . (just ma e or a little bigger). f N is not reducti e, then the
conclusion of Theorem . would only fail to be true if the space were in ariant for NV
but not for N .

f the codimension of  in L ( ) is larger than 1, then N restricted to L ( ) is
subnormal, so has an in ariant subspace . Add to e erything of the form
0

L()

This superspace of  will be in ariant, and proper, since  of it is just
f the codimension of is e actly 1, then e erything in the rst slot of must ha e
a common inner factor, because has codimension larger than 1. Therefore enlarging

to all of L () will still result in a proper subspace of L ().
. ()

The general operator 7" that dominates — and satis es assumptions (Al - A )is, by ropo-

sition 1. , the restriction of some operator of the form 7T’ to a cyclic in ariant subspace
, with cyclic ector ( ) say. oreo er, by (A ), the ector is cyclic for

Let the space on which 7" acts be called , and the space on which  acts be called

f we let denote , then cannot contain a ector with -component zero and

11



-component non-zero, because of the cyclicity of . Therefore can be represented as

where is a closed, linear, densely de ned operator from to , with ernel the orthogonal

complement of the T -in ariant subspace generated by . oreo er T =

inding an in ariant subspace for T’ is e ui alent to nding a proper superspace
of  in ariant under T’ . ne way of doing this would be to nd an in ariant subspace
of | say, and to loo at

_ 0

The only problem is that might be all of . This will not occur if and only if there
is a non-zero ector () in = for which is perpendicular to

f we new , we could reco er because the fact that () isin means

- . (1)

o starting with  in , we could nda in with ( )in , pro ided that

()

because  would then be the uni ue ector in  whose inner products satisfy ( .1) as
ranges o er a dense set. We could let be the orthogonal complement, in , of the

-in ariant subspace generated by . The conclusion we reach is thus

it t ea o enotation as tent ondition orT to a e anin ariant

s spaeist ee isten eo anon ero etor n t atisnot 1 or andt atsatis es

Let us now specialize to the case where = N and T = for some nite . As
in the pre ious section, we shall assume that  is zero, as the same argument we used in

ection shows that its contribution is uninteresting.

Let the domain of be , where is a dense subspace of . The map has a nice
form
ere are  n tions sot att e map L ()
sends (... ) to



The idea of the proof is that, if were and  contained non- anishing
functions ( 0) and (0 ), then letting

1 1 0
= _ 0 - =
would wor , because intertwines and N .
n general, let ( ... )and ( ... ) be elements of with = . Let
ha e inner-outer factoring ,and ha e factoring
As s in ariant under multiplication by functions (by the same argument as in

the proof of Theorem . ), we get that contains

min(l —) min(1 ) min(1 —) min(1 )

min(l —) min(1 ) min(1 —) min(1 )
: and :

min(l1 —) min(1 ) min(l —) min(1 )

The di erence of these two ectors is a ector whose rst component is zero, and whose
second component is non-zero. y iterating this procedure, we can nd  ectors
in such that for each , the  component of is non-zero, and the other components are

all zero. e ne

The only problem with the de nition is at atoms of where anishes.
laim for any choice of in , we can choose in  so that, for each , all but
the  component of is identically zero, and the = component does not anish at
We shall let superscripts denote the components of a ector, so  is the component
function of the ector . Without loss of generality, we can assume =

The claim will follow from the following claim

laim f , there e ist ( ) ectors such that 0 for 1 and
()=
The proof is by induction on . When = 0, the claim is true because the density of
means that

()
()

is all of



Assume now the claim has been pro ed for , gi ing ectors , and we want to

pro e the claim for 1 . Applying the construction in ( . ) to the pairs ( ) as
ranges from 1to , we get 1 ectors such that the component of the
ector is an outer function times . After multiplying by a constant to ta e care

of the outer factor, we get that these new ectors satisfy the claim.
Thus at e ery point of we can choose so that are de ned by ( . ).

e t we must show that they are well-de ned, so suppose and are two ectorsin |

for which all but the = components anish, andlet ()= , ()= .Let = and
= be the inner-outer factorings.
Then as
: Iy . : L, .

min(l —)min(l ) = min(l —)min(l )

we get that
1 1

min(l —)min(l ) = min(l —)min(1 )

and hence

so formula ( . ) is well-de ned.
inally we must pro e that the formula in the statement of the proposition holds true
for a general (... )in . ic ... asin the claim. Let be the product of the

inner factors of each . Then there is an outer function so that

Therefore

f we di ide both sides by , we get that the theorem holds e cept possibly at the
zeroes of . ut let be such a zero. Then we can repeat the abo e argument with

chosen not to anish at , and thus we get that (... )= almost e erywhere
(), as desired.

t is now easy to pro e the main result of this section.



et N e a ontra ti e norma operator and et e an i ariant S Spa e

0 N o dimension reatert an1l etT = N enT’" as an in ariant
s spa e

We can assume that is cyclic, and letting N = N we are in the situation
considered abo e. f were zero,  would be contained in , and the theorem would

follow from the factoring of matri - alued inner functions , Theorem 1
f is not zero, we can apply ropositions . and . to conclude that we need only
nd a ector in L (), such that

() o0 =0

and

()

The measure cannot consist of just one atom, because otherwise would be of codimen-
sion 1. Therefore there is a set  such that 0 () . f has mass on the open

unit dis , choose  to be a subset of some set of the form

1

ma ( () ... ())—=——=
1

for some constant if 1i es solely on the circle, choose to be a subset of

ma (- () ... ())—=C()

n either case, if is chosen to be the characteristic function of , both (i) and (ii) will be

satis ed.

Throughout this section, will be Lebesgue measure on the unit inter al 0 1,and N = N
will be the (self-adjoint) operator of multiplication by on L ( ). We shall loo at se eral

di erent sorts of operator that dominate N.



Let = ( ) (log( )) , and de ne a Hilbert space by

1
= 01 —

Let T be multiplication by the independent ariable on . Then

(a) The spectrum of Tis 0 1.

(b)  aluation at is continuous for all in 0 1.

(c)  contains no functions that anish on a set of positi e measure.

(d) fL L () is the inclusion map, then LT = NL and the range of L contains no
non-cyclic ectors of N (e cept for 0).

(a) y Leibniz s formula,

SO

Therefore T' is bounded.
To pro e (a), we shall estimate the norm of ( ) ( ) for mnotin 0 1. Let =
( 01). Then

R O )

where we used the fact that

(this follows from the auchy- chwarz ine uality). o

B L



ubstituting in for and the second occurrence of  , this becomes

O (1) g )
S T G I

ow

log( 1)

and this sum is nite. lugging this last ine uality bac into ( . ), we get that there is a

constant depending only on such that

()

soT is in ertible.

(b) This is ob ious - indeed, e aluating any deri ati e of at any point of 0 1 is

continuous, because the norm gi es control o er all the deri ati es.

(c) n fact a much stronger conclusion holds by the enjoy- arleman theorem (e ,
, the space  is uasi-analytic no non-zero function in  can anish to in nite order

at any point in 0 1. Therefore the zero set of any function in  must be nite.

(d) This follows from (c).

f is any nite subset of 0 1, with multiplicities allowed, the set of all functions in
that anish on  to the prescribed orders will form an in ariant subspace of 7" of nite

codimension.
seer inartants spaeo T o t is orm

Let us list four more e amples of operators that dominate /N, and then discuss them.

Let T = N restricted to (1 1) . Then T is similar to

Let be harmonic measure on the boundary of the units uare 0 1 0 1.
Let  be the closure of the polynomials in L ( ), and 7 be multiplication by on . Then
T isjust ( ), where isthe iemann map from the dis to the s uare, and the in ariant

subspace lattice of T is described by eurling s theorem.



Let be a cyclic ector for , and let T be N restricted to (1) .
The lattice of T" is described by orollary . , modulo identifying and . or the purpose
of this e ample, let =1 and =1, which corresponds to choosing ( )= -log(l ).
Then ( 1) = ( ) ( )= . oth and are empty, and subspaces of ( 1)

correspond to di erent sets
Let T'= N.

otice that there are three wualitati ely di erent beha iors for the in ariant subspace
lattice of 7. n  amples . and . , the in ariant subspaces correspond precisely to
functions anishing on sets of positi e -measure. ndeed there is a lattice anti-isomorphism
between the in ariant subspace lattice of 7" and the lattice of orel subsets of 0 1 modulo
-null sets.
n amples . and . there is analytic structure, and one has analytic bounded point
e aluations for 7. n the former case, 0 1) is contained in the set of analytic bounded point
e aluations, whereas in the latter there is only “one-sided” analyticity.
inally,in  ample .1, there is no analytic structure, yet there is a uasi-analytic struc-
ture that allows one to nd bounded point e aluations and hence get in ariant subspaces
but e en though all the action is on the inter al 0 1, these subspaces correspond to -null
sets.
i en these three forms of beha ior, it is hard to see in general how an operator that

dominates N “inherits” an in ariant subspace from it.

1cC n ou ut

f both T and T' dominate normals, it is tantamount to saying that T is uasi-similar to a

normal, and indeed under hypotheses (Al - A ), it is.

pposeT andT ot dominate norma operators enT asanin ariant

s spa e

y hypothesis, there are operators . and L. and normal operators N and N
sothat LT = NL and LT = N L. y the discussion in the introduction, we may
assume that both L and L ha e no ernel and dense range, as otherwise 7" already has an

in ariant subspace.



N(LL) = (LL)N
the uglede- utnam theorem (see e ) gi es
N(LL) = (LL)N.

o N and N are uasi-similar, so T is uasi-similar to /N, and hence has an in ariant

subspace.
i an operator Ton . orany ector in ,let
= (T) for all polynomials
e ne
() = sup
or in , and for each in |, de ne L  from the cyclic subspace generated by

to () (the closure of the polynomials in L ( )), to be that continuous operator whose

action on a dense set is gi en by
L (T)

Let  be multiplicationby on ( ). Then L T = L . f isa rational function
with poles o the spectrum of 77 ,then L ( (T) ) =

fT has no in ariant subspaces, then 1is a semi-norm, as a conse uence of the following

proposition.
ppose T is transiti e 1 =0 in en ora m
= L ()
i some =0.
() There is a se uence of polynomials  so that = lim (T) . orany in
the se uence is auchy in L ( ), so con erges to some function, say. As, for any
polynomial |
= lim
lim (T) (T)



we get that L () isin

() i .Let = L () ,whichisin by the rst part of the proof.
laim L () =
roof of claim There are polynomials  so that (7)) con ergesto . Let =L (),
so = . Then
L () =lim (lim ) .
1 0. hoose so that
(T) —if
and choose N = N ( ) so that
(T) if N,
(1 (1))
Then for and N (),
1 1 _
As is arbitrary, it follows that lim  (lim )=1,s0 L () = |, as desired.

T is intransiti e ( ) () ()

y roposition . ,

() = sup L ( )

18 1N tent es pport o tesint espetr mo T

Let =T ,andlet be an open dis in the resol ent of . oreach in

L (( ) )=—

is in L (), and these functions ha e uniformly bounded norms. Therefore by Tonelli s
theorem, ( )=0.

inally we show that if is actually a complete norm, then 7" has an in ariant subspace.

0



ppose 1S a omp ete norm on enT" as an in artant s spa e

rom the open mapping theorem, there must e ist a constant 0 so that

()

for all ectors in . Assume 7T is transiti e, and some rational function with poles

o the spectrum of T'.

y roposition . , for any ector ,
((T)) = sup L ((T))
sup ().
Let be the closure of the union of the supports of all measures in . Then we just

showed that

(T) sup ()
As the -norm is similar to the original norm, we ha e that is an -spectral set for T°
(with =1 ).
As  is contained in the spectrum of 7" by Lemma . , it follows that the spectrum of

T is an  -spectral set for 7', so by a theorem of tamp i 11 7 would ha e to ha e an

in ariant subspace after all.
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