REFLEXIVITY OF SUBNORMAL OPERATORS

JouN E. MCCARTHY

Dedicated to Donald Sarason, in admiration of the range of his pioneering work

ABSTRACT. We give a new proof that subnormal operators are reflexive. We extend this to
certain subnormal n-tuples. We give the first complete proof that a pair of doubly commuting
isometries is reflexive.

0. INTRODUCTION

Let A be a weakly closed algebra of bounded linear operators on a Hilbert space H.
Its lattice, Lat(A), is the set of all closed subspaces of A that are left invariant by every
element of A. The set of operators that leave invariant every space in Lat(A) is denoted
AlgLat(A). The algebra A is called reflexive if A = AlgLat(A). An operator (or set of
operators) T is called reflexive if the weakly closed unital algebra it generates, W(T), is
reflexive.

D. Sarason proved that normal operators are reflexive, and that so are analytic Toeplitz
operators [Sal]. R. Olin and J. Thomson extended this result in 1979 to prove that all
subnormal operators (i.e. restrictions of normal operators to invariant subspaces) are
reflexive [OT]. Whilst their original proof has been somewhat simplified since then [Th1],
[Th2], [Col], to date all proofs have relied on an elaborate construction of “full analytic
subspaces”. We show that Thomson’s work on bounded point evaluations [Th3] allows a
much simpler proof (Theorem 1).

An n-tuple of operators N = (Ny,..., N,) is called normal if each Nj; is normal, and
N;N; = N;N; for all 4,j. The n-tuple S = (Si,...,S,) of operators on H is called
subnormal if there is a Hilbert space K containing H, and a normal n-tuple (Ny,..., Ny)

on K, such that each N; leaves A invariant, and N;|y = S;. Just as in the cyclic case,
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a subnormal n-tuple is reflexive if its restriction to every cyclic subspace is. Moreover,
any cyclic subnormal n-tuple is unitarily equivalent to (M,,,..., M, ) on P%(u) for some
compactly supported measure p on C* (see Section 2). So studying reflexivity reduces to

studying the spaces P?(u) and the n-tuple S, of multiplication by the variables.

A point ) in C is called a bounded point evaluation for P2 () if the functional of evalu-
ating at A, defined on the polynomials, is bounded on the space P2(u). If X is a bounded
point evaluation, then there is a function ky such that p(\) = f pkxdp. Integration against
this kernel function gives a well-defined meaning for f(\) for any function f in P2(u), and
we shall use this without further comment (this is a direct generalization of the usual
practice of thinking of functions in the Hardy space H? both as functions on the unit
circle with vanishing negative Fourier coefficients, and as analytic functions on the unit
disk). The point A in C is called an analytic bounded point evaluation for P?(u) if X is
in the interior of the bounded point evaluations, and for each f in P2(u), the function
sending ¢ to [ fk_gd,u is analytic in a neighbourhood of .

The most important result about single subnormal operators since S. Brown’s proof of
the existence of invariant subspaces [Br] was Thomson’s proof of the existence of analytic
bounded point evaluations [Th3]. He showed that if S, is pure, all the bounded point
evaluations are analytic bounded point evaluations, and that the kernel functions k) span
P2%(). We shall use this as one of the pillars of our proof of reflexivity of single subnormal
operators.

The second pillar is the structure of A(S), the weak-star (i.e. o-weakly) closed algebra
generated by the subnormal operator S. Conway and Olin [CO] showed that this algebra is
isometrically isomorphic and weak-star homeomorphic to P> (u), the weak-star closure of
the polynomials in L*°(u), where p is the scalar spectral measure for the minimal normal
extension of S. Sarason has shown [Sa2] that P°°(u) consists of an L° summand plus
the space of bounded analytic functions on the interior of a certain set X(u), called the
Sarason hull.

The third pillar is that the algebra A(S) is elementary, (also called Aq) i.e. if L is a

weak-star continuous linear functional on A(S), then there are vectors z and y such that
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L(p(S)) =< p(S)z,y > for any polynomial p. This idea first surfaced in [Br|, and was
proved in general in [OT]. The proof was refined in [Th2], and the state-of-the-art proof
is in [BC]. One of the consequences is that A(S) = W(S). See [Col] for an exposition of
all these results.

These three results (the existence of analytic bounded point evaluations, the represen-
tation of A(S) as P*°(u), together with Sarason’s description of P°°(u), and the factoring
of weak-star continuous linear functionals) are fundamental to the modern theory of single
subnormal operators. However, for subnormal tuples the first two results are in general
false, and the validity of the third (whether the o-weakly closed algebra a subnormal tu-
ple generates is elementary) is open. We can make some progress if we impose (fairly
stringent) restrictions, for example:

Theo e et p be a measure on C*, and let  be t e set o analytic bounded
point evaluations or P?(u). uppose as polynomially convex closure, and is eit er

1 stron ly pseudoconver or i1 star s aped. uppose also t at t e span o t e ernel
unctions correspondin to points o is dense in P?(p) en S, 1s reflezive.

In section 3 we prove that if two isometries doubly commute then they are reflexive.
An incomplete proof of this is given in [ t1]. In section we give an example to show that

non-commuting isometries need not be reflexive.

IN U NOR A RATOR

The key part of the proof of reflexivity for subnormal operators is proving it for pure
cyclic subnormal operators. It is well-known that any cyclic subnormal operator is unitarily
equivalent to multiplication by the independent variable on some space P2(u), where p is
a compactly supported measure on C. We shall denote this operator S, it is pure (i.e.
has no normal summand) if P2(u) does not have L?(u| ) as a summand for any set
of positive measure. For this, and other basic facts about subnormal operators, see J.
Conway’s book [Col].

Theo e ure cyclic subnormal operators are reflerive.

roo . Assume the operator is S, for some p. Let T be in AlgLat(A(Sy)).
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(i) The kernel functions ky are eigenvectors of S,,, so are left invariant by T' . Therefore
T commutes with S, on each of the one-dimensional spaces spanned by some ky, and as
their span is dense, T' commutes with S,. Therefore T' commutes with S;,, and is given
by multiplication by some function in P?(u) L% (u).
(ii) Because A(S),) is isometrically isomorphic and weak-star homeomorphic to P*° (), we
must show is in P> (u) this requires showing that is analytic on the interior of X(u).
Let f be in P?(u). The closure of pf : p a polynomial is an invariant subspace
for S,, so must be invariant. Therefore one can approximate f by p,f, where p,
are polynomials but this means one can approximate by p, in L*(|f|?u), so is in
P2(|f|?n). Therefore is analytic on the set of analytic bounded point evaluations of
P2(|f|%uw), for every f.
(iii) Let A be an arbitrary point in the interior of X(u). valuation at A\ is weak-star
continuous, so there are functions z and y in P?(u) such that p(A\) = [ pzydp. Therefore
) is a bounded point evaluation for P?(|z|%u), hence an analytic bounded point evaluation

(as § ,, is pureif S, is) therefore is analytic at A, as desired.

To prove that all subnormal operators are reflexive is now fairly quick. For completeness,
we include a proof based on that in Conway [Col] Theorem 1II. . notice that the proof
of the previous theorem allows one to skip completely sections II. and II.7 in [Col].

Theo e [l subnormal operators are reflexive.

r00 on ay . (i) First, we show that reflexivity of cyclic subnormals implies it for all
subnormals.
Let S be subnormal on ‘H, with minimal normal extension N, and let T be in AlgLat(A(S)).
Let z and y be vectors in H such that z, y and z 1y are all separating vectors for the von
eumann algebra generated by N. Such vectors are dense in H.
By hypothesis (and the separating requirement), on the cyclic spaces generated by z, y
and z y, T agrees with operators in A(S), which we shall call respectively , and

So

Tz y)= (z y)=Tz Ty= =z y.
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Therefore

Since this last vector is in both the space generated by x and the space generated by v,

both and must agree on it. Therefore

Adding then yields that ( 2= ,s0 =

(ii) For a normal operator N, the spectral theorem implies that any operator leaving
N’s reducing subspaces invariant must commute with it. So parts (ii) and (iii) of the
proof of Theorem 1 prove that cyclic normal operators are reflexive, and hence all normal
operators are.

(iii) To get rid of purity, note that if S = N S; is the decomposition of S into a
normal and pure part, and T is in AlgLat(A(S)), then T =T Ty in A(N ) A(Sy)-
Because this last algebra is elementary, any weak-star continuous functional is of the form
(' x1) (y  wy1). If this annihilates A(S), (y 1) is orthogonal to the subspace
generated by A(S)(z  x1), and hence to T(xz  x1). Therefore T is in A(S), as desired.

U NOR A U

Many of the properties of subnormal operators carry over to subnormal tuples, but
as we know of no source where they are written down, we list some here. The proofs
are fairly straightforward generalizations of the proofs for single subnormal operators, so
we shall not include them here. For other properties of subnormal tuples, see [CS] and
[Co2]. We assume in what follows that S = (S1,...,S,) is a subnormal n-tuple on #,
with minimal normal extension N on K (minimal means that /K is the closed linear span

of Ny ... N» :  H,iy,...,in ).
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There is a measure p supported on a compact subset  of C*, and an isometric iso-
morphism and weak-star homeomorphism from L*°(u) onto W (N), the von eumann
algebra generated by N, taking N; onto the ¢ coordinate function ;. Spatially, N is
unitarily equivalent to the n-tuple of multiplication operators M, := (M,,,..., M, ) on
L?*(p ) of square-summable functions from  to , a Hilbert space of possibly varying
dimension. If S is cyclic, it is unitarily equivalent to S,, M, on P?(u) (this was first

observed in [Hal). Separating vectors for W (V) are dense in both K and H and if z and

y are separating vectors, and > , there is some , < < , such that x y is also
separating.

If in L*°(p) satisfies ( (N))H  H, we will write (S) for ( (IN))|g it is then
true that (S) = (N) = - From this it follows that both A(S) and A(N)

are naturally isometrically isomorphic and weak-star homeomorphic to P> (). If S is
cyclic and T is an operator that commutes with each S;, then T is multiplication by some
bounded function in P2(u).

All normal n-tuples are reflexive. A subnormal n-tuple is reflexive if its restriction to
every cyclic subspace is reflexive.

It is not known in general whether subnormal tuples are reflexive (even when a pair of
commuting isometries), or whether weak-star continuous linear functionals on A(S) can be
factored as £ y. The methods of the previous section, relying as they do on analyticity,
can certainly not be applied to general subnormal tuples. To see how bad these can be,

consider the following example.

xample. Let be a compact subset of C. The Banach algebra ( ), the closure in
() of the rational functions with poles o , 18 doubly generated, as is well-known

choose one generator to be the coordinate function , call the other generator f. Let

(,f()) map onto , a subset of C2. Then gives an isomorphism from
P( )to ( ),and  gives an isomorphism from the measures on  to the measures
on . Moreover, is polynomially convex, because the maximal ideal space of P( ) is
( )= . Thus, P?>(u), for u a measure on , is ust as bad as 2( , ) can be. In

particular, there exists a measure y on a polynomially convex set  such that P?(u) has
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no L? summands, but
(i) the weak-star continuous point evaluations of P°°(x) have no interior

(ii) P?(p) has no bounded point evaluations at all [Bre].

However, the natural P2(u) spaces to study are those that do possess analytic structure.
In particular, the obvious measures are volume and surface-area, and these clearly have
analytic bounded point evaluations (via the Bergman and Szego kernels). The difficulty
lies in identifying P°°(u). otice that the proof of Theorem 1 yields the following for
cyclic subnormal tuples:
Theo e et 1 be a measure on C*, and let  be t e set o analytic bounded point
evaluations or P?(n). uppose
a t espan o t e ernel unctions correspondin to points o is dense in P?(p)
b P*(u) H>®( )=P>=(u).
en t e subnormal n tuple S,, is reflexive.
As we said, the difficulty lies in checking (b). Here are two cases where it holds.
Theo e uppose as polynomially convex closure, and is eit er 1 stron ly
pseudoconver or i star s aped. en, in t e previous t eorem, condition a implies

condition b .

roo . (i) Let f be in P?(u) H>( ). Because is strongly pseudoconvex, there are
functions f;, analytic on a neighborhood of ~, converging to f uniformly on compacta,
and satisfying f; oo [ o [CR] - see also [BF]. As  is polynomially convex, the f;’s
in turn can be uniformly approximated by polynomials p; . As the ball of P> (u) is
weak-star compact, some subsequence of p; ; will converge weak-star to some function g

in P*°(u). But
gkadp = g(X) = limp;;(A) = fkadp

forall Ain |, so f is in P (u).
The reverse inclusion is obvious.
(ii) Assume for simplicity that is star-shaped with respect to zero. Then the above

argument works, with the obvious choice for f; of f( ; ), where ; increases to 1.
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Case (ii) above generalizes the results of M. tak in [ t2].

ou YCo utrTiN I o TRI

An n-tuple of operators (11, ...,T,,) is said to doubly commute if, for any distinct indices
v and j, T;T; = T;T; and T; T; = T;T; . In this section we prove that any pair of doubly
commuting isometries is reflexive. That single isometries are reflexive was first proved by
J. Deddens [De]. In| t1], tak claims to prove that a pair of doubly commuting isometries
is reflexive however, his proof contains a gap.

Specifically, let S be the shift on H%(#), the space of square-summable analytic func-
tions with values in the Hilbert space H (for information on shifts of multiplicity greater
than one, which can be represented as multiplication by on some H?(#), see the book
[Sz- F]). Let T be an operator on H, and let T be the operator in S = H>®( (H))
defined by T'( ) =T for all in the circle. Then in [ t1], roposition  tak asserts that
if T has property o, then S,T has property (see definitions below), and says the
proof is a small modification of the proof of [Wo|, Lemma 2. But Wogen’s proof, which he
gives for the case that T' is positive, can only be generalized to reductive operators T' (see
Lemma below). We note that if T is the unilateral shift, tak’s assertion is equivalent
to the following question in function theory:

Let f1, f2 be two functions in H2( 2). Does there necessarily exist f in H2( ?2) such that

\f 2=|f1]* |f2|? almost everywhere on the torus

e nitions. If T is an operator on the Hilbert space H, then T'™ acting on H ™ is the
direct sum of n copies of T" with itself. If is a subset of (%), and z is a vector in
‘H, then ( ,x) is the smallest closed subspace containing x and invariant under every
element of . A subset of (H) has property (introduced in [Wo]) if, for every
positive integer n and vector in H ", there is a vector in H and a unitary operator

(") ( , ) such that, for every T'in
Tn| n :T|

If this also holds for n = |, say that has property .
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The proof of the following lemma is based on [Wo|, Lemma 2, but we include it for
completeness. A normal operator is reductive if every invariant subspace is also invariant
for its ad oint. In terms of the scalar spectral measure y, this is equivalent to saying that
P () = L> ().

Le et S bet e unilateral s i t on H2(H), and let  be a nite set o commutin
normal operators on H t at are all reductive. xtend eac operatorT in  to an operator
T on H3(H), by de nin T( )=T orall int ecircle callt e ne collection . en

A(S, ) as property -

roo . Let be in H2(H) ™, for some 1 n . Let = (S™, ™, )and
= S™ _ForeachTin ,S™ isinvariant under T ™  jso H*(H)™ S™
is invariant for T™ . Because T ™ is reductive, H>(H)™ S™ s also invariant for
T" ,soT™ is contained in . Therefore is a reducing subspace for each T'™ |
and T ™| is always normal.
The space is precisely ( ™ ,P ), where P is the orthogonal pro ection onto

. By the spectral theorem for normal tuples, and as each T is ust a direct sum of
countably many copies of T, there is a  -cyclic subspace of H and a unitary map
from onto  such that T ™ | =T| foreachT in . ow extend this to
a map from  into H?(H) by embedding  into the constant functions of H?(H) (i.e.
the kernel of S ), and defining (S " ) = ( )for in . As the range of
is A(S, )-cyclic, A(S, ) has property o, as required.

We also need the following lemma. It is also proved in [ t1].

Le et S be t e unilateral s it on H?(H), and let ~ be a nite commutin set
o operators on H suc t at AlgLat( ) = A( ). atend eac operator T in  to an
operator T on H*(H), by de nin T( ) =T or all in call t e ne collection

en AlgLat(S, )=W(S, )= A(S, ).

roo . Let bein AlgLat(S, ). If kx( ) is the kernel function 1 (1 X ), then ky.H
is the kernel of (S A) , and is in Lat(S , ). Therefore  leaves it invariant, and so

commutes with S on it. As these spaces span H2(#), commutes with S. Therefore



10 JOHN E. MCCARTHY

can be writtenas = , where each maps H to H, and the series converges

almost uniformly on the disk, and radially it converges strongly almost everywhere (see
[Sz- F]).

Let be an arbitrary  -invariant subspace. Then H?( ) is A(S, )-invariant,
so -invariant. Therefore for almost every in , ( ) =1lim ; < ( ) is in

AlgLat( ). Soif isin  and isin ,

The left-hand side is a bounded analytic function of | so it vanishes for all  in the unit

disk. In particular, for =~ = , this gives that is in AlgLat( ). Hence *° 1
is in AlgLat( ) for almost every , and by induction each is.

Let = =@ . For < < 1, the partial sums are all in
A(S, ), and converge to in norm. Moreover, as : < < 1 is uniformly
bounded, converges to  in both the weak and o-weak operator topologies.

Theo e et T = (Ty,T3) be a pair o doubly commutin isometries on t e ilbert

space H.  en AlgLat(T) =W(T) = A(T).

roo . For each isometry T;, H has a Wold decomposition, i.e. it decomposes into two
reducing subspaces, on the first of which the operator is a pure shift, and on the second of
which it is unitary. As the first space is the span of the kernels of (T} )™, it is left invariant
by everything that commutes with T; so the double commutativity hypothesis yields that
each of these spaces is also reducing for the other isometry. Therefore H decomposes into
spaces, on which each T; is either unitary or a pure shift.
Moreover, the spaces where we have a shift S and a unitary = decompose further. By
multiplying by the spectral pro ection for  corresponding to, say, the right semi-circle,
decomposes into the direct sum of two reductive operators, and because S commutes
with it also commutes with this decomposition.
Therefore H decomposes into (up to) reducing subspaces, on which T, 75 are either

(i) both unitary, or
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(ii) one a pure shift, the other a reductive unitary, or
(iii) both pure shifts.

We claim that in each case the pair is reflexive, the weakly and o-weakly closed algebras
they generate coincide, and that this algebra is elementary. This implies that on the direct
sum of the subspaces the pair is reflexive and the two algebras coincide.

(i) We have already remarked that normal tuples are reflexive. That the algebra A(T)
is elementary follows from the spectral theorem.

(ii) This follows from Lemmata and , because property o implies A(T) is elemen-
tary.

(iii) Because Ty and T3 doubly commute, the space decomposes into a direct sum of
copies of H?( 2), where the operators are multiplication by the coordinate functions. The
pair is reflexive (and A(T) = W(T)) by Lemma . That A(T) is elementary follows from
the theorem of H. Bercovici and D. Westwood that any function in L'( ™,0), where o
is Lebesgue measure, can be factored as = fg, for some f in H?( ™) and g in L?( ",0)

[BW].

ONCO UTIN I o TRI

We finish with an example to show that non-commuting isometries need not be reflexive.
E e Let S be the unilateral shift, and the diagonal operator with first two

entries 1, other entries 1.

Let A be the weakly closed algebra generated by S and . We claim that A is not reflexive.

By Beurling’s theorem, the invariant subspaces of S, thought of as an operator on the
Hardy space H?, are the spaces H?, where is an inner function. So Lat(A) consists of
those H? which are -invariant. Let ()= ° a, ™. Ifa =a; = ,then H?is

clearly -invariant.
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Supposea = ,and H?isin Lat(A). Then applying the operator ( ) )S
to , one gets that the constant function 2a isin H?,so H? must be all of H2. Similarly,
ifa = and a; = , then the operator ﬁ( ) applied to  gives the function , so

H? = H?. Therefore Lat(A) = 2 H?: inner H? H?

Let  be the rank-one diagonal operator

1

Clearly is in AlgLat(A). We shall show it is not in A.
Let p( ,S) be a non-commuting polynomial in  and S. Because of the identities

2=, S§?2=S5%2and S S=S5 S, p( ,S) must have the reduced form

p( ,8) = 1(5) 2(5) 5y s (8 § .

Soif , 2 is the usual orthonormal basis for H?, < p( ,S) , >=

<p( ,S) 1, 1> As Ais the weak closure of polynomials in  and S, anything in A

must have its first two diagonal entries equal. Therefore is not in A, as claimed.

ote that on a finite-dimensional space, all subnormal operators are normal and reduc-
tive. Therefore the weakly-closed algebra generated by any set of them is a von eumann

algebra, and hence reflexive.
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