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Number Theory

Numbers like 1, 2, 0, -1, -99, . . . are called integers. The set of all integers in denoted asZ.

An interesting subset ofZ is the collection of all those positive numbers inZ, denoted asN.
For example, 1, 4, 8, 9999999, . . .

There are two important sets you should know:

Q = {a

b
|a, b ∈ Z andb 6= 0}

R = {all real numbers}

Questions: Can you give some examples which are inQ but not inN? How about examples
which are inR but not inQ?

Now we focus onZ.

Divisibility

In Z, we can do addition:8 + 2 = 10; substraction:8− 2 = 6 and multiplication:8× 2 = 16, and
sometimes we can do division:8÷ 2 = 4.

Question: Can we always do division?

Definition 0.1. Supposea, b ∈ Z andb 6= 0. If there existsc ∈ Z such thata = bc, we sayb divides
a, denoted byb|a, and we sayb is a factor ofa whilea is a mupliple ofb.

If there does not exist such an integerc, we sayb does not dividea, with the notationb - a.

Examples:

In the exercise, you will show some basic properties of the divisibility.

One important result is called the division algorithm.

Theorem 0.2. Supposea, b ∈ Z and b 6= 0, then there exist integersq, r such thata = bq + r
where0 ≤ r < |b|, andq, r are uniquely determined by the previous condition.

Examples:
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The Greatest Common Divisior

Question: Can you find a common divisior for 3, 6, and 9?

Definition 0.3. Supposea, b, · · · , c are (finitely many) integers of which at least one of them is
nonzero. The (unique) integerd is called their greatest common divisior, with the notationd =
(a, b, · · · , c) if d satisfies the following conditions:

(i) d|a, d|b, · · · , d|c, and

(ii) d is the greatest, that is, if there is another integerd1 with d1|a, d1|b, · · · , d1|c, then we
must haved1 ≤ d.

Question: For any group of integers, can we always find a common divisor?

Quesiton: Must the greatest common divisor be positive?

Definition 0.4. Coprime: If (a, b, · · · , c) = 1, we saya, b, · · · , c are coprime.

Pairwise Coprime: For integersa, b, · · · , c, if any two of them are coprime, we saya, b, · · · , c
are pairwise coprime.

You will show some properties in the exercise.

One important property is the famous Bezout Equality:

Theorem 0.5. Supposea, b, · · · , c are (finitely many) integers of which at least one of them is
nonzero, then there exist integersx, y, · · · , z such that

ax + by + · · ·+ cz = (a, b, · · · , c).

In particular, if a, b, · · · , c are coprime, then here exist integersx, y, · · · , z such that

ax + by + · · ·+ cz = 1.

Question: How to find the greatest common divisor?

The following properties will help:

Theorem 0.6. Suppose Supposea, b, · · · , c are (finitely many) integers of which at least one of
them is nonzero, andd = (a, b, · · · , c), then

(i) if d1 is another common divisor, thend1|d;

(ii) (a, b, · · · , c) = ((a, b), · · · , c);
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(iii) Supposem ∈ N, then(ma, mb, · · · , mc) = m(a, b, · · · , c);

(iv) (a
d
, b

d
, · · · , c

d
) = 1;

(v) If (a, m) = (b, m) = · · · = (c, m) = 1, then(ab · · · c, m) = 1;

(vi) If c|ab and(c, b) = 1, thenc|a.

Question: Can you give some examples?

Now we can learn how to find the greatest common divisor.

From the previous theorem we can see that this problem can be reduced to find the greatest
common divisor of two integers.

Question: Why?

Euclidean Algorithm:

Supposea, b ∈ Z andb 6= 0, apply the division algorithm in the following way, then after
finitely many steps it must stop, that is, the remainder is 0.

Divide a by b: a = bq0 + r0, 0 < r0 < |b|;

Divide b by r0: b = r0q1 + r1, 0 < r1 < r0;

Divide r0 by r1: r0 = r1q2 + r2, 0 < r2 < r1;

...

Divide rn−2 by rn−1: rn−2 = rn−1qn + rn, 0 < rn < rn−1;

Divide rn−1 by rn: rn−1 = rnqn+1.

Then(a, b) = rn

Examples:
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