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Abstract

This paper summarizes work done in establishing a hierarchy of theo-

ries of arithmetic.

The main theorems of this paper will summarize the work done in comparing
various theories of arithmetic. This work was started by Parsons in [4] and was
continued by Kirby in his Ph.D. thesis [2], which he presented, with J. Paris,
at Wroc law that same year [3]. Paris, et al., went on to write [1], which also
compares the theories we discuss to others with yet weaker axioms.

Certainly more work was done in this area: Some (e.g., [5]) have examined
specific theorems of certain theories that are not theorems of others. We will
not go so far, but we will express the theorems and their proofs in, we hope, a
more readable version than others have before us, and with seemingly slightly
weaker hypotheses in two instances.

We will start with some definitions.

Definition 1 P− denotes the following set of axioms in the language L =
{+, ·, 〈, 〉, ()1, ()2, <, 0}:

∀x∀y (x+ y = y + x ∧ x · y = y · x)

∀x∀y∀z ((x+ y) + z = x+ (y + z) ∧ x · (y · z) = (x · y) · z)

∀x (x+ 0 = x ∧ x · 0 = 0)

∀x∀y∀z x · (y + z) = (x · y) + (x · z)

∀x x+ 1 6= 0

∀x∀y∀z (x+ z = y + z → x = y)

∀x∀y (x < y ↔ ∃z(x+ z) + 1 = y)

∀x∀y (x = y ∨ x < y ∨ y < x)

∀x x = 〈(x)1, (x)2〉

∀x∀y 〈x, y〉+ 〈x, y〉 = ((x + y) · ((x+ y) + 1)) + (x+ x)

Definition 2 x ≤ y denotes x < y ∨ x = y. For any k, 〈x1, x2, . . .〉 denotes
x = 〈〈. . . 〈x1, x2〉, x3〉, . . .〉, xk〉, and we denote each xi by (x)i.

1

1This introduces some ambiguity. For example, does (x)2 refer to the second element of x =
〈(x)1, (x)2〉 or, perhaps, to the second element of x = 〈(x)1, (x)2, (x)3, (x)4, (x)5, (x)6, (x)7〉?
It should be clear from the context.
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Definition 3 The set of terms is the smallest class of strings in L containing
the variables and 0, and such that, for terms s and t, we have s+ t, s · t, (s)1,
(s)2, and 〈s, t〉 also being terms. An atomic formula is of the form s = t or s < t

for terms s, t. ∆0 is the smallest set of formulas containing atomic formulas
and closed under binary ∨, binary ∧, unary ¬, and bounded quantification using
∃ or ∀. Σ0 = Π0 = ∆0. Σn+1 is the set of formulas of the form ∃x1∃x2 . . . ∃xkφ,
where φ ∈ Πn. Πn+1 is the set of formulas of the form ∀x1∀x2 . . . ∀xkφ, where
φ ∈ Σn.

Lemma 4 Any Σn formula is equivalent to one in which adjacent unbounded
quantifiers are of different type (existential never adjoins existential, nor uni-
versal universal).

Any Πn formula is equivalent to one in which adjacent unbounded quantifiers
are of different type.

Proof Fixing n, k1, k2, . . . kn ∈ N and φ ∈ Σ0, we must show that

∃x1
n
∃x2

n
. . .∃xkn

n
∀x1

n−1∀x
2
n−1 . . . ∀x

kn−1

n−1 . . .Qx1
1Qx

2
1 . . .Qx

k1

1 φ

(for the appropriate quantifier Q) is equivalent to a formula of the form

∃xn∀xn−1 . . .Qx1ψ

with ψ ∈ Σ0. Let us induce on n.
In the case n = 1, we must show

∃x1∃x2 . . . ∃xkφ(x1, x2, . . . xk)

(with φ ∈ Σ0) is equivalent to a formula of the form ∃xψ(x) with ψ ∈ Σ0. We
can take ψ(x) = φ((x)1, (x)2, . . . (x)k).

So our inductive hypothesis is that the lemma holds for Σn−1. In the case
n, by the inductive hypothesis, we may assume we have a formula of the form

∃x1∃x2 . . . ∃xk∀x2∃x3 . . .Qxnφ(x1, x2, . . . , xk, x2, x3, . . . , xn)

with φ ∈ Σ0. The argument follows that used in the case n = 1. Induction
completes the proof for Σn formulas.

The argument for Πn formulas is completely analogous. ‖

Definition 5 For any set S of formulas, the set I S is the set of formulas of
the form

∀~u([θ(0, ~u) ∧ ∀x(θ(x, ~u)→ θ(x + 1, ~u))]→ ∀xθ(x, ~u))

for all θ ∈ S.
The set LS is of formulas

∀~u(∃xθ(~u, x)→ ∃x[θ(~u, x) ∧ ∀z < x¬θ(~u, z)])

for θ ∈ S.
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The set B S is of formulas

∀~u∀y[∀x < y∃zθ(~u, x, z)→ ∃t∀x < y∃z < tθ(~u, x, z)]

for θ ∈ S.
And the set B′ S is of formulas

∀~u[∀x∃zθ(~u, x, z)→ ∀y∃t∀x < y∃z < tθ(~u, x, z)]

for θ ∈ S.

Definition 6 When a set B of sentences proves a set C of sentences, we will
use the notation B → C. B ↔ C will be used to mean B → C ∧ C → B;
B C will be used to mean that B does not prove C. When A ∪ B → C, we
will sometimes write in the presence of A, B → C, or A ` B → C.

Lemma 7 For each n, if φ, θ ∈ Σn (Πn), then φ∧θ, φ∨θ are logically equivalent,
in the presence of P−, to a sentence in Σn (Πn).

Proof This is certainly true when n = 0.
Suppose our lemma is true for Σn−1 and Πn−1, and suppose φ, θ ∈ Σn resp.

Πn). By Lemma 4, we may assume that φ = ∃xψ and θ = ∃xη with ψ, η ∈ Πn

(resp. φ = ∀xψ and θ = ∀xη with ψ, η ∈ Σn).
Then φ ∧ θ is ∃xψ ∧ ∃yη, which is equivalent to ∃s(ψ((s)1) ∧ η((s)2)). (Re-

spectively, φ∧ θ is ∀xψ ∧∀yη, equivalent to ∀s(ψ((s)1)∧ η((s)2)).) This is then
in Σn (Πn) by induction.

The argument for ∨ is identical in every respect. ‖

Lemma 8 If a set of sentences S is closed under binary ∧ and ∨, and contains
all sentences of the form ¬x < y, then BS ↔ B′ S.

Proof Suppose B S holds. Fix ~u and suppose ∀x∃zθ(~u, x, z) for some fixed
θ ∈ S. Fix y. Certainly ∀x < y∃zθ(~u, x, z). By B S,

∃t∀x < y∃z < tθ(~u, x, z)

which shows B′ S.
Conversely, suppose B′ S and, fixing θ ∈ S, ~u, y, suppose ∀x < y∃zθ(~u, x, z).

Then ∀x∃z(x < y → θ(~u, x, z)). B′ S applies to this, and implies

∀y′∃t∀x < y′∃z < t(x < y → θ(~u, x, z))

and, in particular,

∃t∀x < y∃z < t(x < y → θ(~u, x, z));

i.e., ∃t∀x < y∃z < tθ(~u, x, z), which shows B S. ‖
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Corollary 9 For each n, BΣn ↔ B′Σn and BΠn ↔ B′Πn.

Proof Immediate. ‖

Theorem 10 In the presence of P− ∪ IΣ0, we have, for all n ≥ 0,

IΣn+1 → BΣn+1 ↔ BΠn → IΣn ↔ IΠn ↔ LΣn ↔ LΠn.

We will prove this in several propositions.

Proposition 11 P− ` IΣn ↔ IΠn.

Proof Suppose θ(~u, x) ∈ Σn (resp. Πn) and IΣn (resp. IΠn) fails for it; i.e.,
there is a model M of

θ(~u, 0) ∧ ¬θ(~u, a) ∧ ∀x(θ(~u, x)→ θ(~u, x+ 1)).

Let φ(~u, y) = ¬θ(~u, a− y) ∈ Πn (resp. Σn). Because ∀x(θ(~u, x)→ θ(~u, x+ 1)),
we have, for each y,

¬θ(~u, a− y)→ ¬θ(~u, a− y − 1)

and so φ(~u, y)→ φ(~u, y + 1). Thus,

M |= φ(~u, 0) ∧ ¬φ(~u, a) ∧ ∀y(φ(~u, y)→ φ(~u, y + 1)).

IΠn (resp. IΣn) thus fails in M . ‖

Proposition 12 P− ` IΠn ↔ LΣn.

Proof First, suppose IΠn holds, and, fixing ~u, assume ∃xθ(~u, x) for some θ ∈
Σn. Let φ(~u, x) = ∀y < x¬θ(~u, y) ∈ Πn.

We claim ¬∀xφ(~u, x). Indeed, by ∃xθ(~u, x) we obtain

∃x∃y < x x = y + 1 ∧ θ(~u, y)

and so ¬∀x∀y < x¬θ(~u, y), which is our claim.
Thus, we have φ(~u, 0) ∧ ¬∀xφ(~u, x), so, by IΠn, we obtain

¬∀x(φ(~u, x)→ φ(~u, x+ 1)),

and thus ∃x(φ(~u, x) ∧ ¬φ(~u, x+ 1)), so that

∃x(∀y < x¬θ(~u, y)) ∧ ¬∀y < x+ 1¬θ(~u, y).

Thus, ∃x(θ(~u, x) ∧ ∀y < x¬θ(~u, y)), and LΣn holds.
Conversely, suppose LΣn holds in some model M , and, fixing ~u, assume

θ(~u, 0) ∧ ∃x¬θ(~u, x) for some θ ∈ Πn. By LΣn we have

∃x(¬θ(~u, x) ∧ ∀z < xθ(~u, z)).

Find such an x in M . We then have θ(~u, x − 1) ∧ ¬θ(~u, x), i.e., ¬∀x(θ(~u, x) →
θ(~u, x+ 1)), which shows that IΠn holds in M . ‖
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Lemma 13 Suppose φ(~u, y) ∈ Σn. Then ∀x < yφ(~u, x) is logically equivalent,
assuming BΣn−1 and BΠn−1, to a formula in Σn.

Proof This is trivially true for n=0. Suppose it is true for Σn−1, and suppose
φ ∈ Σn. We may, by Lemma 4, assume φ(~u, y) = ∃zθ(~u, y, z) for some θ ∈ Πn−1.
With BΠn−1, ∀x < y∃zθ(~u, x, z) is equivalent to

∃t∀x < y∃z < tθ(~u, x, z)

i.e.,
¬∀t∃x < y∀z < t¬θ(~u, x, z)

which, by our inductive hypothesis, is equivalent, given BΣn−1 and BΠn−1, to
a formula in Σn. ‖

Remark 14 Kirby [2] only states Lemma 13 assuming BΣn, which is unnec-
essary in its proof. Of course, Proposition 16 will show that our hypotheses are
equivalent to his.

Corollary 15 Suppose φ(~u, y) ∈ Πn. Then ∃x < yφ(~u, x) is logically equiva-
lent, assuming BΣn−1 and BΠn−1, to a formula in Πn.

Proof Indeed, when y 6= 0, ¬∃x < yφ(~u, x) is equivalent to ∀x < y¬φ(~u, x),
which is, by the lemma, in Σn. (If y = 0, ∃x < yφ(~u, x) is equivalent to
0 6= 0 ∈ Πn.) ‖

Proposition 16 P− ` BΠn ↔ BΣn+1.

Proof The “←” direction is trivial. For the converse, assume P− ∪BΠn, and,
for θ(~u, n, z, x, y) ∈ Πn and fixed ~u, y, suppose ∀x < y∃z∃nθ(~u, n, z, x, y). Then

∀x < y∃aθ(~u, (a)1, (a)2, x, y).

By BΠn,
∃t∀x < y∃a < tθ(~u, (a)1, (a)2, x, y).

Thus, ∃t∀x < y∃z < t∃nθ(~u, n, z, x, y).2 Since y, ~u, and θ were arbitrary, we
have, by Lemma 4, proven BΣn+1. ‖

Remark 17 Kirby [2] only states Proposition 16 assuming the presence of P−∪
IΣ0, which is unnecessary in its proof. Of course, Proposition 19 will show that
our hypotheses are equivalent to his.

Proposition 18 P− ` IΣn → BΣn for each n > 0.

2Indeed, ∀a (a)1 + (a)2 < a, as a + a = (((a)1 + (a)2) · ((a)1 + (a)2 + 1)) + (a)1 + (a)1.
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Proof By Proposition 16, it is sufficient to prove, for each n ≥ 0, IΣn+1 → BΠn.
Suppose, then, that IΣn+1 holds, and assume, for θ ∈ Πn and fixed y, ~u,

∀x < y∃zθ(~u, x, z). (1)

Let ψ(~u, u) = y < u ∨ ∃t∀x < u∃z < tθ(~u, x, z).
We claim that ψ ∈ Σn+1. Indeed, when n = 0 this is trivial. When n > 0,

we are assuming IΣn+1 and are assuming IΣn → BΠn−1. Hence, we may (by
Proposition 16) assume BΣn. Corollary 15 then applies, and shows us that
ψ ∈ Σn+1.

We proceed to apply IΣn+1 to ψ. ψ(~u, 0) is vacuously true. Suppose, for
fixed u, ψ(~u, 0) holds. Then ψ(~u, u + 1) holds trivially if u ≥ y; if u < y then
∃t∀x < u∃z < tθ(~u, x, z). Find such t, and find (by (1)) z such that θ(~u, u, z).
Let τ = t + z + 1. Then allx < u + 1∃z < τθ(~u, x, z). Thus by induction, we
have ∀uψ(~u, u). In particular, we have ψ(~u, y). Hence, ∃t∀x < y∃z < tθ(~u, x, z).
Since ~u and θ were arbitrary, we have BΠn. ‖

Proposition 19 P− ∪ IΣ0 ` BΣn+1 → IΣn.

Proof This is trivial when n = 0; suppose BΣn → IΣn−1, and suppose BΣn+1

holds. Fixing θ ∈ Πn+1, ~u, a, say

∃wθ(~u,w, 0) ∧ ¬∃wθ(~u,w, a).

By Lemma 4 it is sufficient to show

∃x(∃wθ(~u,w, x) ∧ ¬∃wθ(~u,w, x + 1)).

Clearly we have

∀x < a∃w(θ(~u,w, x) ∨ (w = 0 ∧ ¬∃vθ(~u, v, x))).

BΣn+1 → BΠn, which implies

∃t∀x < a∃w < t(θ(~u,w, x) ∨ (w = 0 ∧ ¬∃vθ(~u, v, x)));

i.e, ∀x < a(∃wθ(~u,w, x) ↔ ∃w < tθ(~u,w, x)). Hence, ∃w < tθ(~u,w, x) ∧ x < a

which is, by Corollary 15, in Πn−1. We are assuming BΣn+1; hence, BΣn,
IΣn−1 by induction, and, by Proposition 11, we have IΠn−1. Thus, we this is
true when x = 0 but false for x = a, so that

∃x([∃w < tθ(~u,w, x) ∧ x < a] ∧ ¬[∃w < tθ(~u,w, x+ 1) ∧ x+ 1 < a]).

Thus, ∃x(∃wθ(~u,w, x) ∧ ¬∃wθ(~u,w, x + 1)), which is what was to have been
shown. ‖

Proposition 20 P− ` IΣn ↔ LΠn.
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Proof First, suppose LΠn holds, and suppose, for θ ∈ Σn and fixed ~u , we have
θ(~u, 0) ∧ ∃x¬θ(~u, x). We must show ¬∀x(θ(~u, x) → θ(~u, x + 1)). By LΠn and
∃x¬θ(~u, x), we have

∃x(¬θ(~u, x) ∧ ∀y < xθ(~u, y)),

which implies ∃x(¬θ(~u, x) ∧ θ(~u, x− 1)), as was to have been shown.
Conversely, suppose IΣn holds and suppose, for θ ∈ Πn and fixed ~u,

∃yθ(~u, y). Let φ(~u, x) = ∀y < x¬θ(~u, y). Note that φ ∈ Σn by Lemma 13,
because we have BΣn by Proposition 18. Thus, IΣn applies to φ.

φ(~u, 0) is true vacuously. ¬∀xφ(~u, x) is true.3 Thus,

¬∀x(φ(~u, x)→ φ(~u, x+ 1));

i.e., ∃x(φ(~u, x) ∧ ¬φ(~u, x+ 1)), which is the same as

∃x((∀y < x¬θ(~u, y)) ∧ ∃y < x+ 1θ(~u, y));

i.e., ∃x(θ(~u, x) ∧ ∀y < x¬θ(~u, y)), which proves LΠn. ‖

Our proof of Theorem 10 is now complete.

Definition 21 Peano Arithmetic is P− ∪ (
⋃

n
IΣn), and is denoted PA.

Theorem 22 The converses to the unidirectional arrows in the statement of
Theorem 10 are false. That is, even in the presence of P− ∪ IΣ0 we have (for
each n) BΣn+1 IΣn+1 and IΣn BΠn+1.

The proof of this theorem is beyond the scope of this paper.

Corollary 23 There is no finite list of axioms S such that P− ` S ↔ PA.

Proof Suppose S ↔ PA in the presence of P−, where S is some finite set of
axioms. Assume the presence of P−.

⋃
n
IΣn → S, so that for large enough N ,

⋃
N

n=0
IΣn → S.4 But IΣN+1 →

⋃
N

n=0
IΣn, so IΣN+1 → S → PA→

⋃
n
IΣn →

IΣN+2. But this contradicts Theorem 22. ‖
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