A Hierarchy of Theories of Arithmetic

Michael Hamm

April 30, 2002, and, in revised form, May 9, 2002

Abstract
This paper summarizes work done in establishing a hierarchy of theo-
ries of arithmetic.

The main theorems of this paper will summarize the work done in comparing
various theories of arithmetic. This work was started by Parsons in [4] and was
continued by Kirby in his Ph.D. thesis [2], which he presented, with J. Paris,
at Wroclaw that same year [3]. Paris, et al., went on to write [1], which also
compares the theories we discuss to others with yet weaker axioms.

Certainly more work was done in this area: Some (e.g., [5]) have examined
specific theorems of certain theories that are not theorems of others. We will
not go so far, but we will express the theorems and their proofs in, we hope, a
more readable version than others have before us, and with seemingly slightly
weaker hypotheses in two instances.

We will start with some definitions.

Definition 1 P~ denotes the following set of axioms in the language L =
{+ () O 02, <, 0}
VaVy (x+y=y+axAz-y=y-x)
VavyVz  ((e4+y)+z=a2+@W+2) e (y-2)=(x-y)-2)
Y (x4+0=2zA2-0=0)
VaVyVz z-(y+z2)=(-y)+(z-2)
Ve z+1#0
VaVyVz (x4+z=y+z—oz=y)
VaVy (x<yeIzlz+z2)+1=y)
VaVy (r=yVr<yVy<uz)
Vo oz = (@), (2))
Vavy  (zy) +(zy) = (@ +y) - (@ +y)+1) + (@ +2)

Definition 2 = < y denotes ¢ < yVax = y. For any k, (x1,x2,...) denotes
x={(..(x1,72),23),...),2k), and we denote each x; by (v);.*

I This introduces some ambiguity. For example, does (x)3 refer to the second element of x =
((z)1, (x)2) or, perhaps, to the second element of z = ((z)1, (¥)2, (%)3, ()4, (z)5, (x)s, ()7)7?
It should be clear from the context.



Definition 3 The set of terms is the smallest class of strings in L containing
the variables and 0, and such that, for terms s and t, we have s +t, s-t, (8)1,
(s)2, and (s, t) also being terms. An atomic formula is of the form s =t ors <t
for terms s, t. Aq is the smallest set of formulas containing atomic formulas
and closed under binary V, binary A, unary -, and bounded quantification using
JorV. o =1y = Ag. Xpy1 is the set of formulas of the form 3x13xs ... Iz,
where ¢ € I,,. Il,,41 is the set of formulas of the form VYx1Vxs ... Vrid, where
¢ E X,

Lemma 4 Any %, formula is equivalent to one in which adjacent unbounded
quantifiers are of different type (existential never adjoins existential, nor uni-
versal universal).

Any I1,, formula is equivalent to one in which adjacent unbounded quantifiers
are of different type.

Proof Fixing n, k1, ks, ...k, € N and ¢ € Xy, we must show that
ol 322 . Fakeval va? L valt o Qala? . Qatg
(for the appropriate quantifier Q) is equivalent to a formula of the form
dx, Ve, 1...Qx17

with ¢ € 3. Let us induce on n.
In the case n = 1, we must show

322 .. Fakp(at, 22, 2P

(with ¢ € Xg) is equivalent to a formula of the form Jz(z) with ¢ € Xy. We
can take (z) = (@)1, ()3, - . ().

So our inductive hypothesis is that the lemma holds for ¥,,_;. In the case
n, by the inductive hypothesis, we may assume we have a formula of the form

321322 .. FabVaoIas . Quai(at, 2, . 2k xe, 2, )

with ¢ € ¥g. The argument follows that used in the case n = 1. Induction
completes the proof for ¥, formulas.
The argument for II,, formulas is completely analogous. I

Definition 5 For any set S of formulas, the set IS is the set of formulas of
the form
Va([0(0, @) AVz(0(z, @) — 0(x + 1,4))] — Vzb(x, @)

forall@ € S.
The set LS is of formulas

Vi(Fz0(d, z) — Jx[0(d, x) AVz < 2-0(d, 2)])

for6eS.



The set B S is of formulas
VuvyVe < y320(d, z, z) — Ve < yIz < 10(d, z, 2)]

for6eS.
And the set B’ S is of formulas

Vi[Ve3z0(d, x, z) — YyIitVe < yIz < t0(4, x, 2)]
for6eS.

Definition 6 When a set B of sentences proves a set C' of sentences, we will
use the notation B — C. B « C will be used to mean B — C NC — B;
B C will be used to mean that B does not prove C. When AUB — C, we
will sometimes write in the presence of A, B— C, or AF B — C.

Lemma 7 Foreachn, if ¢,0 € ¥, (I1,,), then ¢N\O, pV O are logically equivalent,
in the presence of P~, to a sentence in ¥,, (II,,).

Proof This is certainly true when n = 0.

Suppose our lemma is true for 3,1 and II,,_1, and suppose ¢, 0 € 3, resp.
I1,). By Lemma 4, we may assume that ¢ = 3zt and 6 = Jzn with ¢, n € 11,
(resp. ¢ = V1) and 6 = Van with ¢, n € ,,).

Then ¢ A 0 is Jxp A Jyn, which is equivalent to Is(¢((s)1) An((s)2)). (Re-
spectively, ¢ A 0 is Va A Vyn, equivalent to Vs(10((s)1) An((s)2)).) This is then
in ¥,, (IL,) by induction.

The argument for V is identical in every respect. I

Lemma 8 If a set of sentences S is closed under binary A and V, and contains
all sentences of the form —x <y, then BS < B’S.

Proof Suppose B S holds. Fix @ and suppose Vax3z0(u,x, z) for some fixed
6 € S. Fix y. Certainly Vz < y320(d, z,z). By BS,

Ve < yIz < t0(U, x, z)

which shows B’ S.
Conversely, suppose B’ S and, fixing 6 € S, 4, y, suppose Va < y320(u, x, z).
Then Va3z(z < y — 0(d,x, z)). B’ S applies to this, and implies

Vy' Ve < y'Jz < tlx <y — 0(d, z,2))
and, in particular,
Ve < yJz < tlx <y — 0(u, z, 2));

ie., Ve < yIz < tO(U, x, ), which shows B S. I



Corollary 9 For each n, BY,, < B'Y,, and BII, < B'Il,.

Proof Immediate. I

Theorem 10 In the presence of P~ U IXg, we have, for all n > 0,
I¥,11 — BY,+1 < BII, — IX, < I1I,, < LY, < LII,.
We will prove this in several propositions.
Proposition 11 P~ + I%,, « III,.

Proof Suppose (i, x) € ¥, (resp. II,) and I%,, (resp. I1I,) fails for it; i.e.,
there is a model M of

0(,0) A —0(d, a) ANVx(8(u, ) — 0(d, z + 1)).

Let ¢(@,y) = -0(i,a — y) € II,, (resp. X,,). Because Vz(0(d, z) — 0(d,x + 1)),
we have, for each y,

—0(d,a —y) — ~0(d,a —y —1)
and so ¢(u,y) — ¢(@,y + 1). Thus,
M = (w0, 0) A ~¢(d, a) ANVy(d(d,y) — ¢(d,y + 1)).
ITI,, (resp. IX,) thus fails in M. I
Proposition 12 P~ - I1I,, <~ LY.

Proof First, suppose ITI,, holds, and, fixing @, assume J26(u, x) for some 6 €
Yn. Let ¢(i, x) =Vy < x—0(d, y) € II,,.
We claim —Va¢ (i, z). Indeed, by 3x6(u, ) we obtain

Ty <zax=y+1A0(dy)

and so ~VaVy < x—6(#,y), which is our claim.
Thus, we have ¢(u,0) A ~Vzd(id, ), so, by ITI,, we obtain

WV (¢(d, ) — ¢(, z + 1)),
and thus Jz(p(d, x) A ~¢(i, z + 1)), so that
Ju(Vy < z-0(d, y)) A ~Vy <z +120(d, y).

Thus, Jz(0(d, x) AVy < —0(d,y)), and LY, holds.
Conversely, suppose LY, holds in some model M, and, fixing #, assume
0(i, 0) A Jz—60(, x) for some 0 € I1,,. By LY,, we have

Jz(=0(d, ) AVz < 20(d, 2)).

Find such an z in M. We then have §(@,z — 1) A =6(d, z), i.e., “Vz(0(d,x) —
0(d, x + 1)), which shows that ITI,, holds in M. I



Lemma 13 Suppose ¢(d,y) € X,,. Then Vo < yp(d,x) is logically equivalent,
assuming BYX,_1 and BIl,_1, to a formula in %,.

Proof This is trivially true for n=0. Suppose it is true for ¥,,_1, and suppose
¢ € 3,. We may, by Lemma 4, assume ¢(i, y) = 326(d, y, z) for some 6 € 11,,_1.
With BII,_1, Vo < y320(4d, z, z) is equivalent to

Ve < y3Iz < t0(, x, z)
ie.
—Vitdr < yVz < t-0(d, z, 2)

which, by our inductive hypothesis, is equivalent, given BX,,_1 and BII,,_1, to
a formula in X,,. I

Remark 14 Kirby [2] only states Lemma 13 assuming BY.,,, which is unnec-
essary in its proof. Of course, Proposition 16 will show that our hypotheses are
equivalent to his.

Corollary 15 Suppose ¢(u,y) € II,,. Then Iz < yo(u,x) is logically equiva-
lent, assuming BY.,_1 and BIL,_1, to a formula in IT,,.

Proof Indeed, when y # 0, =3z < yo(d,x) is equivalent to Va < y—(id,x),
which is, by the lemma, in 2,. (If y = 0, 3z < y¢(&,x) is equivalent to
0+#£0¢ell,.) |

Proposition 16 P~ + BIl,, < BY, ;.

Proof The “~” direction is trivial. For the converse, assume P~ U BIIl,,, and,
for (i, n, z,x,y) € II,, and fixed @, y, suppose Vo < yIzInb(d, n, z,z,y). Then

Vr < yzlae(ﬁa (a)la (a)vavy)'

By BIIL,,
Ve < yJa < t0(d, (a)1, (a)2, x, y).

Thus, Ve < yIz < tInb(id,n, z,z,y).% Since y, i, and § were arbitrary, we
have, by Lemma 4, proven BY,, 1. I

Remark 17 Kirby [2] only states Proposition 16 assuming the presence of P~U
I3, which is unnecessary in its proof. Of course, Proposition 19 will show that
our hypotheses are equivalent to his.

Proposition 18 P~ + I¥,, — BY, for each n > 0.

2Indeed, Ya (a)1 + (a)2 < a, as a+a = (((a)1 + (a)2) - ((a)1 + (a)2 + 1)) + (a)1 + (a)1.



Proof By Proposition 16, it is sufficient to prove, for eachn > 0, I3, 11 — BIL,.
Suppose, then, that 13,1 holds, and assume, for 6 € I1,, and fixed y, @,

Vo < y320(d, x, 2). (1)

Let ¢(d,u) =y < uV ItVe < uldz < t0(d, z, z).

We claim that ¢ € ¥,,+1. Indeed, when n = 0 this is trivial. When n > 0,
we are assuming IY,, 1 and are assuming I3, — BII,_;. Hence, we may (by
Proposition 16) assume BY,,. Corollary 15 then applies, and shows us that

1/) S En+1.

We proceed to apply I, 41 to ¥. 1(u,0) is vacuously true. Suppose, for
fixed w, 1(1,0) holds. Then ¢ (@, u + 1) holds trivially if u > y; if u < y then
Ve < udz < th(d, z, z). Find such ¢, and find (by (1)) #z such that 6(%, u, 2).
Let 7 =t+ 24 1. Then allx < u+ 13z < 76(4, z, z). Thus by induction, we
have Yut (i, u). In particular, we have (4, y). Hence, 3tVa < y3z < t0(u, z, z).
Since 4 and 6 were arbitrary, we have BIIL,. I
Proposition 19 P~ U ¥+ BY, 41 — IX,.

Proof This is trivial when n = 0; suppose BY.,, — I%,_1, and suppose BY, 1
holds. Fixing 0 € 11,41, i, a, say

Jwh (i, w,0) A =FJwb (@, w, a).
By Lemma 4 it is sufficient to show
Fz(Fwb (@, w, z) A ~Fwl (@, w, x + 1)).
Clearly we have
Ve < aJw(0(d, w,z) V (w =0 A =30(d, v, x))).
BY.,,+1 — BII,, which implies
Ve < aFw < t(0(U, w,x) V (w =0 A =Tl (i, v, x)));
e, Vo < a(Fwl(d,w,z) « Jw < t0(d,w,z)). Hence, Jw < t0(d,w,z) Nz < a
which is, by Corollary 15, in II,,_;. We are assuming BY,1; hence, BY,,
I>,,—1 by induction, and, by Proposition 11, we have ITl,,_;. Thus, we this is
true when x = 0 but false for z = a, so that
Fz([Fw < t0(U, w,z) AN < a] A —[Fw < t0(d,w,x + 1) Az + 1 < a]).

Thus, Jz(Fwd(d,w, x) A =3wl (i, w,x + 1)), which is what was to have been
shown. I

Proposition 20 P~ + IY,, « LII,.



Proof First, suppose LII,, holds, and suppose, for § € ¥,, and fixed 4 , we have
0(@,0) A Jx—0(d, ). We must show —Vz(6(d,x) — 6(d,z + 1)). By LII,, and
Jx—6(u, z), we have

(=0, ) AVy < 20(d,y)),

which implies Jx(—0(@, z) A (@, z — 1)), as was to have been shown.
Conversely, suppose I, holds and suppose, for § € II,, and fixed ,
Jyo(d,y). Let ¢(u,z) = Yy < xz—0(d,y). Note that ¢ € ¥, by Lemma 13,
because we have BY.,, by Proposition 18. Thus, IY,, applies to ¢.
#(1,0) is true vacuously. —Va¢ (i, z) is true.®> Thus,

Va(¢p(u, z) — ¢(d,z + 1));
i.e., Jx(op(d, z) A —¢(d, x + 1)), which is the same as
Jx((Vy < z=0(t,y)) ATy < z + 10(d, y));
ie., 3x(0(d, z) AVy < 2—0(d,y)), which proves LII,. I
Our proof of Theorem 10 is now complete.
Definition 21 Peano Arithmetic is P~ U ({J,, IX,), and is denoted PA.

Theorem 22 The converses to the unidirectional arrows in the statement of
Theorem 10 are false. That is, even in the presence of P~ U IYXy we have (for
each n) BY, 11 1Y, 1 and IX, BlIl,. 1.

The proof of this theorem is beyond the scope of this paper.
Corollary 23 There is no finite list of axioms S such that P~ + S < PA.

Proof Suppose S < PA in the presence of P~, where S is some finite set of
axioms. Assume the presence of P~. |J,, IX,, — S, so that for large enough N,
UM I, — 8.4 But ISy — UY_ I8, 50 [En4q — S — PA — U, IS, —
I¥ ny42. But this contradicts Theorem 22. I
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