MULTIPLICATION OF TRUNCATED TOEPLITZ OPERATORS

N.A. SEDLOCK

ABSTRACT. Let Ag be a truncated Toeplitz operator — the compression of the
Hardy space Toeplitz operator T to the model space H2 & uH?, where u is a
nonconstant inner function. We find a necessary and sufficient condition that
the product Ag, Ag, is itself a truncated Toeplitz operator. Specifically, we
show that there are algebras of truncated Toeplitz operators B¢ (depending on
a € C*) such that two truncated Toeplitz operators have a truncated Toeplitz
operator as a product if they are both in the same B%. Some consequences of
this are also discussed.

1. INTRODUCTION

Let C denote the complex plane, D denote the unit disc, and let T denote the
unit circle. H? is the usual Hardy space, the subspace of L?(T) of normalized
Lebesgue measure m on T whose harmonic extensions to DD are holomorphic (or,
whose negative indexed Fourier coefficients are all zero). H? will interchangably
refer to both the boundary functions and the functions on . Let P denote the
projection from L?(T) to H?, which is given explicitly by the Cauchy integral:

f(©)
(PO = [ {Hozdm(O) A<D
By this expression, it makes sense to think of P as an operator from L'(T) into
Hol(D), the space of holomorphic function on I, which is continuous relative to the
weak topology of L!(T) and the topology of locally uniform convergence of Hol(DD).
We also see that the reproducing kernel at A € D for the Hardy space is the the
Szego kernel K := (1 — A\z)~!. Let S denote the shift operator on H2. Its adjoint
(the backwards shift) is the operator
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A Toeplitz operator is the compression of a multiplication operator on L?(T)
to H?. In other words, given ® € L?(T) (called the symbol of the operator),
Ty = PMg the operator that sends f to P(®f) for all f € H?. This operator is
bounded if and only if & € L>°(T), and the mapping ® — Tg from L to the set of
bounded operators on H? is linear and one-to-one. In the case that ® € H>, the
Toeplitz operator is just the multiplication operator Mg. In [2], Brown and Halmos
describe the algebraic properties of Toeplitz operators. Among other things, they
found necessary and sufficient conditions for the product of two Toeplitz operators
to itself be a Toeplitz operator, namely that either the first operator’s symbol
is antiholomorphic or the second operator’s symbol is holomorphic. From this
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they derive several results about when a Toeplitz operator is invertible, unitary, or
idempotent, and when the product of two Toeplitz operators is the zero operator.

More recently, Sarason [11] found equivalents to several of Brown and Halmos’s
results for truncated Toeplitz operators on the model spaces H? & uH?, where
u is some non-constant inner function. The model spaces are the backward-shift
invariant subspaces of H? (that they are backward shift invariant follows easily from
the fact that uH? is clearly shift invariant). Let K2 denote the space H? & uH?
from here forward. Let P, = P — M, P My denote the projection from L? to K2.

Given ® € L?(T) we then define the truncated Toeplitz operator (TTO) Ag
to be the operator that sends f to P,(®f) for all f € K2. Truncated Toeplitz
operators have many of the same properties as ordinary Toeplitz operators — for
example, A} = Az — but there are also striking differences. For example, there
are bounded truncated Toeplitz operators with unbounded symbols (though any
truncated Toeplitz operator with a bounded symbol is itself bounded). Additionally,
symbols are not unique: the same operator can be generated from more than one
symbol, and we say that U is a symbol for Ag if Ap = Ag. More background about
model spaces and truncated Toeplitz operators can be found in Section 2.

One result from the Brown-Halmos paper which does not have an equivalent
in Sarason’s paper is the necessary and sufficient condition for the product of two
truncated Toeplitz operators to itself be a truncated Toeplitz operator. It is easy
to see that the product of two bounded TTOs with holomorphic symbols is itself a
TTO, but the general problem is more delicate. In Section 4 we find two necessary
and sufficient condition for the product of two TTOs to itself be a TTO, the first of
which is a condition based on the symbol of the operators in question, the second
of which identifies a C*-indexed family of subspaces of TTOs. In Section 5 we show
that the elements of these subspaces are characterized by their commutativity with
certain rank-one perturbations of the compressed shift and their adjoints, and that
as a result these subspaces are actually subalgebras. In Section 6 we also show that
the TTOs in these algebras have bounded symbols in most, but not all, cases, and
in all cases find a symbol algebra for the products of TTOs. Finally, we discuss
invertible TTOs in Section 7.

In what follows, I refers to the identity operator on whatever space we’re consid-
ering, (f,g) := [; fg dm for all f,g € L*(T), and ||f|| := ((f, Y2, Further, for
f,g in a Hilbert space, f ® g represents the rank one operator f ® g(h) := f (h,g).

2. K2 AND TRUNCATED TOEPLITZ OPERATORS

2.1. The Hilbert space K2. From here forward, fix an inner function u. K2 is
then a reproducing kernel Hilbert space with reproducing kernels K} := P, Ky =

% for A € D. Note that KY is bounded for all A and since the span of the

reproducing kernels is dense in K2, K2° := L°(T) N K2 is dense in K2 as well.
Thus for any ® € L?, Ag is densely defined, since its domain contains K2°.

The function u is said to have an angular derivative in the sense of Carathadory
(ADC) at the point ¢ € T if u has a nontangential limit u(¢) of unit modulus at ¢
and u' has a nontangential limit «/'(¢) at {. It is known that u has an ADC at ¢
if and only if every function in K2 has a nontangential limit at ¢ [10]. Thus there

exists a reproducing kernel function K such that < 1, Kg> = f(¢). Specifically,
K¢ is the limit of K} as A approaches ¢ nontangentially in the disc and so K¢ =
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1;?%2“ Notice that in the case that u is a finite Blaschke product, both u and u’
are holomorphic in a domain which compactly contains D and so these boundary
reproducing kernels are defined for every unimodular (.

Just at S =T, define S,, := A,. Then S} = Az is simply the ordinary backwards
shift, since K2 is backwards shift invariant.

H? = K2@uH?, and by using this fact we can decompose H? into the direct sum
of countably many disjoint subspaces generated by K2 using Halmos’ Wandering

Subspace lemma [8], which states that if U is an isometry on a Hilbert space H and

K =HeUH, then
H= (@ U"IC) @ (ﬂ U”H)
n=0 n=0

Proposition 2.1.
oo
H? = Pu"K
n=0
Proof. The operator M, is an isometry on H? and so we have that
o0 o0
H? = (@ u”K§> @ (ﬂ u”H2>
n=0 n=0

Suppose f € (), u"H?. If u has a zero at A € D then f has a zero of order cc at
A and therefore f = 0.
If, on the other hand, u is singular, then

2w it
o) = o (- [ S autn)

where ¢ € T and p is a bounded positive singular measure. It follows that

2w it
u™(z) = Cexp (—/0 Z” i_ idnu(t))

where nu is a bounded positive singular measure. Let

5(z) = exp (— /0 " g zdy(t))

be the singular inner factor of f, where v is a bounded positive singular measure.
If f € w"H?, then it follows that u™ divides S, which implies that v — ny is
a bounded positive singular measure. Since v is positive and bounded and p is
positive, it follows that there is sufficienly large n such that this is not the case,
and as a result f is not divisible by u", a contradiction. Therefore it follows that
Moo u"H? = {0} and the claim follows. O

2.2. C symmetry and K2. In [5, 6, 7] C-symmetric operators are introduced.
Given a C-Hilbert space ‘H and an antilinear isometric involution C' on H, we say
that a bounded operator T is a C-symmetric operator (CSO) if T* = CTC'. Here
by isometric we mean that (C'f,Cg) = (g, f). C is called a conjugation operator
because if we look, for example, at the space C™ and define C' to be pointwise
complex conjugation, a bounded operator M on C™ is C-symmetric if it is complex
symmetric as a matrix.
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In L2(T), the operator Cf = uzf is a conjugation which bijectively maps uH?
to zH? and K2 to itself. From here on, C' always refers to this operator. We will
sometimes write f for C'f for sake of readability. An operator that will come up
frequently in what follows is the conjugate reproducing kernel I/(vj{ = @ By

the definition of a conjugation, we can see that for f € K2, f()x) = <I’{V§f, f>

As it turns out, truncated Toeplitz operators are C-symmetric. The following
result is Garcia and Putinar’s:

Lemma 2.2. For ® € L?(T) such that Ag is bounded, C AeC = Ag.

Necessary and sufficient conditions for the product of two CSOs to be a CSO are
straightforward.

Proposition 2.3. Let A and B be CSOs on some Hilbert space H. Then AB is a
CSO iff AB = BA iff (AB)* = A*B*.

Proof. We will show 1 = 2 =3 = 1.
(1= 2) AB=C?ABC? = C(AB)*C = CB*A*C = C?BC?AC? = BA.
(2= 3) (AB)* = (BA)* = A*B*.
(3= 1) CABC = CAC?BC = A*B* = (AB)*. O

2.3. Some algebraic properties of Truncated Toeplitz operators. We will
need a number of technical lemmas which can be found in [3, 9, 11] which we
include here for reference. The following is Theorem 4.1 in [11], which gives us a
Brown-Halmos-like characterization of the truncated Toeplitz operators.

Fact 2.4. Aisa TTO iff A — S, AS; =P @ K¢ + K{ ® VU for some ®,¥ € K2,

in which case A = Ag, g, and hence if ® € L*(T) then Ag = 0 if and only if
®cuH?®uH? .

Definition 2.5. For two functions ® and ¥ in L?(T) say ® 2y if Ag = Ay.

In what follows, when dealing with a TTO A we will usually use a symbol
of the form @1 + P2 where ¢; € K2. This symbol is not unique. For example,
Apiizs = Ay ekpigz—crr for all ¢ € C, but o(K§ — K¥) # 0 if u(0) # 0. The
following is a necessary and sufficient condition for a TTO to be zero.

Proposition 2.6. Let p1,p2 € K2. Then Ay 15 = 0 if and only if p1 = cK{
and o = —cK§ for some c € C.

Proof. Let 1 = cK{ and ¢y = —¢K{§. Then

Aotz = Acky— R = Acu(yu@- a0
SO Atpl-‘r@ =0.
Now suppose Ay, 45z = 0. Then A — S,AS? =0 = 1 ® K§ + K§ ® 92, so

p1 = cK{. Hence cKy ® K§ + Ky ® p2 = 0 and so ¢y = —cK{j as required. O
Proposition 2.7. [ = A, = AKg = AK—S,

Proof. Let f € K2. Then A;f = P(1- f) = f, so the first equality holds. Now
Ay — Ay = A1—1+mu(z) = Awu(z) = 0, so the second equality holds. Finally,
this implies that Ay is self-adjoint, and so the third equality holds. O
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Corollary. Let ¢ and v be in H? such that A@JFE s bounded, and let ¢ € C. Then

A@+E+0K5‘ = Aap+@+c = A@+E+0K7§,"
Fact 2.8.
(1) For A e D,

SyKY = MK} — u(NKY, SuKy = AKY — u(\KY
(2) For nonzero A € D,
w_ Ll pu e l(pu_ 7
SuKy = 5 (KX - K§), SLKY = Y (KA *Ko)
(3) These equalities all hold for A € T such that u has an ADC at A.

Fact 2.9.
(1) I —5,S; sz(j@)fﬁ
(2) I-S:S, =K} K}

The only compact TTO in H? is the zero operator. In K2, however, there are
many finite rank TTOs.

Fact 2.10.
(1) Let A € D. Then IA(E\‘ ® Ky isa TTO. If A € D, then

Ky @Ki=Au
(2) Let A € T such that v has an ADC at A\. Then
KX ® Ky = AK;+K7;'—1
(3) Let A € D (or let A € T such that v has an ADC at \). Then

Til n—1\ (d@Ky dni-lKv
= X -
J dN dxnfjfl

Jj=0

isa TTO. If A € D, then
n—1 P .
—1 VK d’ﬂ*j*lKu
Z <n . > ,.)\ ® = 4_1>‘ =Am-1)u
= 7 d\I d\" ™’ G—n

2.4. The H®° functional calculus.

Definition 2.11. A TTO A is of holomorphic type if there is a function p € K2
such that A = A,. TTOs of anti-holomorphic type are therefore the adjoints of
TTOs of holomorphic type.

Corollary. Let ¢, € K2. Then ASDJFE is of holomorphic type if and only if
Y = cK§ for some c € C.

The product of two TTOs of holomorphic type is itself a TTO of holomorphic
type.

Proposition 2.12. Let ¢, € H? such that A,, Ay are bounded. Then A,A, =
Ap,[pPuy], and so A¢AE = Am.
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Proof. We proceed using Fact 2.4.
ApAy — SuALAYS, = AgAy (I — SuS;,)
= Ay Ay (K @ K¢)
= (Ap Ay K¢) @ Ky
= (Ao Puyp) ® K¢
= (PulpPut)) & K§
O

Thus the TTOs of holomorphic type form an algebra. It turns out that this
algebra is precisely the commutant of the compressed shift S,. Details are laid out
in [9, 12]. We reproduce those results here for reference.

Fact 2.13. Let ¢ € H*. Define ¢'(z) = ¢(z). Then

(1) 1Al < [l

(2) The map ¢ — A, is linear and multiplicative.

(3) If ¢ is the greatest common inner divisor of u and the inner factor ofy,
then

ker A, = %Hz o uH?

so in particular A, = 0 if and only if ¢ € uH? and A, is injective if and
only if the inner factor of ¢ and u are relatively prime.
(4) A.n converges to 0 as n goes to infinity in the strong operator topology.

Sarason gave the following characterization of the commutant of S, in [9].

Fact 2.14. Let A be a bounded operator on K2 that commutes with S,. Then
there is a bounded function ¢ € H*> such that A = A, and [|A]| = [|¢||oc-

Recall that the spectrum of an operator A on a Hilbert space H is the set
{AeC : (A — A) is invertible on H}.

Fact 2.15. X is in the spectrum of A, if and only if inf,ep(|u(2)|+ |p(2) —A]) = 0.

3. 5.C

In what follows, the operator S, C will feature prominently. Note that since
S, is C-symmetric, we have that S,,C = C'S}, and that therefore, since S} = S*

restricted to K2 we can explicitly compute S,Cf = C (Z(f — £(0))) = u(f — f(0)).

Proposition 3.1. Let f € K2.
(1) If u(0) = 0, Ker S,C = sp (K{). If u(0) # 0, Ker 5,C = {0}.
(2) If Suf = K§, then u(0) # 0 and f = cK{ for some c € C.
(3) S.C is a bijection from K2 ©sp (KY) to itself.

Proof.

(1) Follows from Fact 2.13. If u(0) = 0, then ker S,,C = C(uzH?©uH?). Thus
elements of ker S, C' are of the form g where g is a holomorphic function.
Hence g is constant, which means ker S,,C = sp (K{). If u(0) # 0, then
ker S,, = {0} and the conclusion follows.
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(2) First note that if «(0) = 0 then
S.f(0) = (SuF.K5) = (F.8uK8 ) = (£.0) =0
for all f € K2. So since K¢(0) = 1, u(0) # 0. Thus it remains to show that
if S,.f = K, then f = cK{. Since S,C(—K{/u(0)) = K} by Fact 2.8 we
have f + % € Ker S,,C = sp (K{), and the conclusion follows.

(3) Let f € K2 with f(0) = 0. Then S, f(0) = <Sui€g;,f> — 0 and so S,C
maps K26sp (KY) to itself. The fact that S,,CS,C = S, S} = [-K{ @K
finishes the proof.

d

Proposition 3.2. Let ® = @1 + 03, ¢; € K2 such that Ag is bounded. Then

ApKY = 01 + 02(0) K — u(0)S, 53 and AeK¥ = 3 + ¢1(0)KY — u(0)S% ;.

Proof.
Ao K = Pu[(¢1 +%3) (1 - u(0)u) |
=P, [%01 + P2 — u(0)pru — U(O)wu]
=1+ Pu (¢20)) — u(0)P, (uz3)
= ¢1+ 92(0)K§ — u(0)S,p2
The second equation follows from the first. O

4. TWO CONDITIONS FOR THE PRODUCT OF TwO TTOs 1O BE A TTO

We are interested in the case that AeAg is a TTO. Here is a necessary and
sufficient condition for this to be true.

Lemma 4.1. Let ® = 1 + @3 and U = 1y + ¥y where p;,; € K2 such that
Ag, Ay are bounded. Then Ag Ay is a TTO if and only if

P1 @by — (SuPz) @ (Suthy) = B @ Ky + K¢ @ ¥y
for some ®g, Vg € K2.

Proof. In what follows, ®; and Wq represent functions in K2 that can be different
from use to use. By Fact 2.4, Ag Ay is a TTO if and only if Ag Ay — S, AsAw S =
Dy @ K + K ® . It suffices to show that Ag Ay — Sy, AsAwS] = v1 ® P2 —
(Sup2) @ (Sutn) + @0 @ K + K ® ¥y. By Fact 2.9, I = S5, + K¢ ® K¥, and
by Fact 2.4 we have that S, A¢S) = Ap — 1 @ K§ — K§ ® @2 and so

ApAy — SuApAeS: = AgAy — (Squj{vg) ® (SuAgffv@
— (Ao — 1 @ K — K§ @ ¢2) (Aw — 1 @ K — K ®1)2)
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For sake of readability, we simplify each term in the right hand side separately.
First the second term.

SuAeKY = S (&5 + o1 (0)Kg — U(O)Siiwl)

= Suipz — u(0)p1(0) Ky — u(0)S, Sy p1

= Suipz — u(0)p1(0) Ky — u(0)¢p1 +u(0) (Kg ® K¢) 1
= Suipz — u(0)p1(0) Ky — u(0)p1 + u(0)p1(0) Ky

= Sup2 — U(O)‘Pl

The first equality is by Proposition 3.2.
Therefore,

(5.40K5) @ (SuAaf@) = (Suf2 —u(®)p1) © (Suth — u(0)v)
= 5u%2 © Syt — u(0) [901 ® Su{/)\l/il

—u(0) [Suz ® o] + [u(0)|* [p1 © 2]
Next, the third term.

(Ap — 1 @ K§ — Ky ® ¢2) (Ay — 1 @ K — K ® 1)
= Ap Ay — (Apth1) ® K — (Aa K) @ 12
— 01 @ (AgK§) + ¢1(0) (01 @ K§) + (1= [u(0)]?) 1 © 4o
— K @ (Agypa) + (U1, 92) (K @ Kg) + ¢2(0 )(Ko ® ¥2)
= Ao Ay — (Aotp1) ® K¢ +191(0) (¢1 @ Ky) — (A\p902)
+ (Y1, 2) (K§ © KY) + 92(0) (K§ @ ¥2) + (1= [u(0)]?) o1 ® 12
- (801 + 02(0)K§ — u(0)Suipa ) ® 1o
- ® (¢2 +¥1(0)K§ — m&#ﬁ)
Grouping the F @ K\ and K§ ® G terms together, we get
Ap Ay + [(¢1, p2) K§ — Asth1] @ K¢
— K§ © (Agpa) — (L4 [u(0)]%) o1 @ ¢

+u(0) (SuF2 ® ) + u(0) (91 © Sutr)

By combining the expanded terms together, we get

AsAy — SuAeAuSE = o1 @ P2 — SuPs @ Syt
+ [Aathr — (1, p2) K§] @ K§
+ K§ @ (Agy2)
and the result follows. O

In fact, we have found the symbol of the product of two TTOs in the event that
their product is a TTO.
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Proposition 4.2. If ® = ¢ + 33 and ¥ = 1y + )9 where @;,1; € K2 and A, Ay
are bounded, and @1 @1y —(Syup2) R (Syt1) = PR K+ Ki@¥q for some &g, ¥y €
K2, then Ag Ay is the TTO with symbol Apipy — (11, p2) K¥ + Agpa + ®o + Ty

Lemma 4.3. Let Ag Ay be a TTO. If one of the two operators is of holomorphic
(resp. antiholomorphic) type, then either that operator is actually cI or the other
operator is also of holomorphic (resp. antiholomorphic) type.

Proof. Since AgAg be a TTO, Agp and Ay commute, and by taking adjoints we
have that AzAg is a TTO as well. Thus without loss of generality we suppose Ag
is of holomorphic type. We will show that either Ag = ¢l or Ay is of holomorphic
type. Let ¢, 11,19 € K2 such that ® 4 @ and U 4 Y1 + 9. Then AsAy =
ApAy, + AWAEQ is a TTO, and hence AWAEQ is as well. By Lemma 4.1 this is
true if and only if ¢ ® 1y = g @ K¢ + K¢ @ ¥ for some g, ¥y € K2. So either
Dy = 1 K§ or ¥g = oK. If &9 = ¢1 K, then it follows that ¢ = c3K§ and
Ag = cl. Similarly, if ¥y = co K, then it follows that 1 = ¢4 K and so Ay is of
holomorphic type. O

Definition 4.4. For a € C*, B* := {A¢+am+c|cp €K2ce (C} with B under-

stood to mean the vector space {Agic|¢ € K2,c € C}. Note that this makes B°
the vector space of TTOs of holomorphic type and B> the vector space of TTOs
of antiholomorphic type. An operator is of type « if it is in B<.

The following is a useful alternative symbol for the operators in B¢.
Proposition 4.5. If Ag is of type o, then there exists oo € K2 and ¢ € C such
that po(0) =0 and A = A¢D+am+c

A N ~ .
Proof. By definition, ® = ¢ + S, @ + ¢; for some ¢ € K2 and ¢; € C. Rewrite
© = o + caKY, where p € K2, 9(0) = 0 and ¢y € C. Then

Sup = SuC(po + c2aKy)
= Supo — C2U(O)Kg

Then by Proposition 2.7, the result follows. O

Vi 2 « — —
Definition 4.6. Let ¢ € K and ¢ € C. Define BZ, . = A¢+c+am =
A, o5z = By +cl for a € C\{0}. ¢+ cis the B*-symbol of the operator B
it B=B2,.,.

Proposition 4.7. Let B be of type « for some a € C*. Then B* is of type 1/a
using the convention 1/0 = oo and 1/00 = 0.

Proof. If a = 0 or oo this is obvious, so assume « € C\ {0}. There exists p € K2

with ¢(0) = 0 and ¢ € C such that B = B3, . = A_, ., .55

since ¢(0) = 0. So let x = @S, @. It follows that ¢ = 1.5,X and so

Now S, S.p = ¢

.
B = Agizvas.3

= Ax+6+ 15.x

_ pl/= 1/a
=B/ e B
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d

Proposition 4.8. B = cl if and only if v € sp(Kg). Specifically, B?{g =
(1 -« (O)) I, and so if 1 # au(0), then any TTO of type a can be written in
the form By, ¢ € K2. More generally, Bg. . = Apre)1+am) for any ¢ € K2 and
ceC.

Proof. Say

BS—CI:A =0

o+aS,p—cKy
Then by Proposition 2.6, ¢ — cK} = c2K{§. In the other direction, B}X(SL =

K +oSuRE — AKg—am = (1 — au(())) I by Proposition 2.7. Finally, Axu(14am) =

A(l—mu)(l—i—aﬂ) = A
Write ¢ = g + c1 K.

1 a(0Vutati—ou(0) = (1 - au(O)) I and the result follows.

a _ pa « «
B¢0+C1K€+C - BSOO + BC1K6‘ + BC

_ «
- A<Po+aSu<,’aVu + ClBKSL +el

= Alpo-‘raﬁtpo + AclKé‘(1+aﬂ) + Ac(1+aﬂ)

The conclusion follows. O

The following is a method for determining when a TTO is of type a.

Proposition 4.9. Llet A:= Ay, 15 be bounded, where p; € K2.

(1) Let a € C, then A is of type « if and only if @S,p1 — @2 € sp (KY).
(2) A is of type oo if and only if 1 € sp (KY).

Proof.

(1) Let Ay, 475 be of type . Then there is some ¢ € K2 and ¢ € C such
that Ay, 455 = Aw+cKé‘+aW' Thus we have A¢1_¢_0K5+@_am =0. So
by Proposition 2.6 we have that ¢1 — ¢ € sp (K{) and that @3 — @S, ¢ €
sp (K§). So then by Fact 2.8, we have that S,1 — S,@ € sp (K{) and so
551[!71 - aSuSZ"i_ P2 — aSu& = 55«[!71 — 2 € Sp (Kg)

Now suppose that @S, 1 — @2 € sp (K{). Then 3 = @S, o1 + cK{ for

some ¢ € C and thus A, 155 = A%JFQWJFW is of type a.
A —
(2) A is of type oo if and only if ¢; + Pz =t for some ¢ € K2, which is true
A
if and only if ¢1 = P, (¢ — p2) == ¥(0) — v2(0) which is true if and only
if 1 € sp (K§).

O

The following is a generalization of Lemma 4.3.

Lemma 4.10. Let AgAy be a TTO and let « € C*. If one of the operators in
the product is of type «, then either it is a constant multiple of the identity, or the
other is of type a as well.

Proof. Since ApAy is a TTO, AgAy = AgAgs and we assume wlog that Ag is
of type a. If @ € {0,000} then the conclusion follows from Lemma 4.3, so assume
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A N — A -
a€C,a#0. So® = pg+aS,po+cKy and U = 1)1 +1) for some g, 11,12 € K2,
©0(0) =0, ¢ € C. By Lemma 4.1, there exists ®g, ¥g € K2 such that

By @ K + Ky © o = (o0 + cKy) @ s — (Su(@5.520) ) © (S0
= 0o ® o+ cKY @ s — g0 @ (asu%)
=0 ® (1/)2 - a&ﬂ%) +cKY @1y

So we have that ¢o® (1/12 - ESU%) =P Ky +Ki®@W;. So either &y and Ky are
linearly dependent or ¥, and K are. If &y and K are linearly dependent, then
&y = ¢1 K which means ¢g = c2 K, but this and ¢ (0) = 0 then imply that c; = 0,
and so @9 = 0 and Ag = cI. Otherwise, U; = c3K§ and so 1y — &Su{p: = K,
which means Ay is of type a by Proposition 4.9. O

We now present our main result.

Theorem 4.11. Let ,¥ € A (KZ) Then Ag Ay is a TTO if and only if one of
two (not mutually exclusive) cases holds:

Trivial case: FEither Ag or Ag is equal to cI for some c € C.

Non-trivial case: Ag and Ay are both of type o for some o € C*.

Proof. In what follows we will use the fact that if ® and ¥ are functions such that
ApAg is a TTO, then for any complex constants c1,ca Apye, Avie, is also a TTO.
First we prove the sufficiency of both cases. In the trivial case, if either Ag or Ay is
equal to ¢l, then Ag Ay is clearly a TTO. In the non-trivial case, if & = 0 or oo, the
product is clearly a TTO, so assume a € C\ {0}. A = BZ, ., and Ay = B
for some ¢, € K2 such that ¢(0) = ¥(0) = 0 and c¢;,c2 € C. It follows from
Propositions 2.7 that B2, . BY,  isa TTO if and only if BB is as well. By the

p+c1 T YP+ea
fact that S, C = CS} and Fact 2.9, we have that

o (9 8.0) —a[(Su5:5) @ Sub] = (¢ - 8uS70) © Sud
= (K3 ® K)ol © (a5.0)

—K'® [W(O)Suﬂ —0

So by Lemma 4.1 and the earlier discussion, it follows that the product of the
operators in the non-trivial case is a TTO.

In the other direction, suppose AgAyg is a TTO. By Lemma 4.10 it suffices
to show that one of Ag and Ay is of type a for some « which we can do with
Proposition 4.9.

There exists ¢;,1; € K2 such that we may assume wlog that ® = 1 + 3 and
that ¥ = v + 102. Then it follows by Lemma, 4.1 that

1@ P2 — (Sua) @ (Suth) = B0 @ K§f + K ® g

holds for some ®q, ¥g in K2. This can happen in one of five ways:

(1) ¢1 ® P2 — (Sup2) @ (S %/11) =0

(2) p1 @2 — (Sup2) ® (Suﬂfl) c(Kg ® Kg),c e C\ {0}
(3) p1 @2 — (Supz) @ (Sup) 1) o @ K§, Po # cK§

(4) 1 @y — (SuPa) @ (Suthr) = K& @ Uy, Uy # cKY
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(5) Y1 @2 — (Sup2) ® (Su;/f;) =P R K + Ki @ ¥o, Do, Vg # cKy

If one of @1, 19, Sy P2, Su;/zvl is in sp (K¥). If S,z (resp. Su{/;;) equals cK(, then
2 (resp. 1) is also a constant multiple of K¢, and thus Ag is of holomorphic type
(resp. Ay is of antiholomorphic type). Similarly, if ¢; (resp. 12) equals cKY, then
Ag is of antiholomorphic type (resp. Ay is of holomorphic type).

In what follows, ¢ and ¢; represent complex constants that may change from
paragraph to paragraph. . s

Case 1: We have 1 ® 19 = (Syp2) ® (Syut1), which means that ¢ and S,
are linearly dependent. Both ¥y and Su;bvl are non-zero, so Yy = ESU{ZJ\I for a # 0
and it follows that Ay is of type a. -

Case 2: We have @1 ® 1y — (Su92) @ (Suth1) = c¢(K§ @ K{),c # 0. So either ¢4
and S, are linearly dependent or Sua and vy are. In the latter case, we again
get that Ay is of type a for some a # 0 Assume instead that @7 = ¢1.5,¢> for
c1 # 0. Tt follows that S, o3 = co K§ which meansAg is of holomorphic type.

Case 3: We have p1 @1 — (Sy92) ® (Suth1) = Po @ K, Py # cK{'. So either ¢
and S, are linearly dependent or Suﬁ and 1 are. In the latter case, we again
get that Ag is of type « for some a # 0. Assume instead that 7 = ¢1.5,p2 for
c1 # 0. Then 5,73) @ (e1ths — Suthy) = o @ K, 50 eths = Sythr = oK, 3 7 0.
So by Proposition 4.9 Ay is of type « for some a.

Case 4: We have @1 @ ¢2 — (S,2) ® (Su{bvl) = K{®@Wy, Uy # cKY¥. So either ¢,
and S,z are linearly dependent or Su% and 1o are. If o1 and S,y are linearly
dependent, then it follows that ¢ = ¢; K and hence ® is of type co. Otherwise,
there exists a 7 0 such that ¥y = 6Su{/)vl which means Ay is of type a.

Case 5: We have @1 @19 — (S, $2) @ (Suth1) = e@ K + Ky @Wg, &g, Uy # K.
There exist f € K2 such that f(0) = 0 and (f, ®g) = 1. Then we have

Ky =Ty Kj+ Ki® ) f
= W@ 1) f = (Suth 0 9.52) f
= o (f, 1) — Suthr {f, Suz)

If (f,o1) = 0, then cK¥ = W1, and so Ay is of type oo. Similarly, if
(f, Sup2) = 0, then cK} = 15 and Ay is of type 0. So we can assume that
Yo = @Sy, + cK{ for some a # 0. Thus Ay is of type a by Proposition 4.9. O

Example 4.12. Let A € D and consider the rank one TTO A = IA(E\‘ ® Ky, A
— 2 N
simple computation shows that (K; ® K}\‘) = ' (A)KY @ KY so it follows that

[f(zf ® K} is of type « for some a € C*. Furthermore, in the event that u/(\) = 1,
A is idempotent, and in the event that «/(\) = 0, A is nilpotent. Fact 2.10 says
that the function u/(z — A) is a symbol for A, and since

w/(z = \) 2 KY +u(N)/(z — \) 2 K¢ + u(\)2Kx = K¢ + u(\)S, KV

A is of type u()).

Now instead suppose that A € T such that v has an ADC at A\, and consider
A=K} ® K}. Again it is clear that A? is a scalar multiple of A and hence A is
of type a for some «. Since A is self-adjoint, it follows that « is unimodular. A
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simple computation shows that K = Au(N)KY so

SuKy = AKY —u(NK§ = u(X) (K} — K§)

Thus K} —1 4 ()\)Suf?gf and so by Fact 2.10 K} + u()\)S’uI,(vjf is a symbol for A,
which is therefore of type u()).

5. GENERALIZED SHIFTS AND ALGEBRAS OF TTOs

The families B and B> are actually algebras by Proposition 2.12. We will now
show that for all « € C*, B* is an algebra. In order to do this, we introduce the
notion of a generalized shift operator.

Definition 5.1. Let o € D. Then
S% = 8y + — = K¥® K
1 —u(0)a
Note that S0 = S,.

These are the generalized shift operators and were defined by Sarason in [11].
They are the sum of two TTOs and hence are all TTOs themselves. If « is unimod-
ular, then S is in fact one of the Clark unitary operators as defined in [3]. The
assumption that |a| <1 ensures that 1 — u(0)« is non-zero.

Lemma 5.2. Let o € D. Then S is of type a. Specifically,
1

(o3 (o3

Y1 —u(0)a Suky+

au/(O)Ké‘
1—u(0)a

Proof.

a —~—
Se=8,+———K{ K}
1 —u(0)a 0 0
a
:Au u—i—iA
Suks 1 —u(0)a

wllgf

= A e —
SuK§+ 125 (Kngu(o)z)

=A

1—au(0)+au(0) o —u
Squ( 1—au(0) )+17u(0)a Kg
1

1—u(0)a Suks+aky
Which is of type a. The symbol of BZ is ¢ + .Sy, ¢.

v W (OKS\ A o ooy, G/(0)SuKY
&c@my% >&&m+1_w®

1 —u(0)a
au’ (0)u(0)KY
1 —au(0)

=
S

= u'(0)Kg -

u'(0)
1 —au(0) Ky

is

1ES
2
IS

Therefore the symbol of B

(X'U// u
Sy K4 2 OKG

1—u(0)a
au’ (0)KY (~ u’(0) )
o1 u(0)a ¢ 1—au(0) "’

1ES

S Ky + ozKTO“
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The result follows. g

Lemma 5.3. Let A be a bounded operator on K2 and let € D. Then ASY =
S A if and only if A is of type a.

Proof. If A is of type a, then ASS = ST A by Proposition 2.3 and Theorem 5.4.
To prove the other direction, assume ASS = ST A. The first corollary of Theorem
10.1 in [11] implies that A is then a TTO, and hence C-symmetric.

Using the equations

«

AS® = AS, + ———— (AKY) @ K
Y- au(0) (AKs) 0
and
SeA = SuA+ ——Ki © (AKY) = Sud+ — —K§ @ (AKY )
“ 1 — au(0) 1 — au(0)
we can compute the symbol of A using Fact 2.4.
A= S,AS! = A— AS,S: — — 2 _AK'® S, K¢ + —— KU ® S,AKY
1 — au(0) 1 — au(0)
Ak e Ko+ —00 gpne ke — g e s, AR
1 — au(0) 1 — au(0)
AKY AKY
=L @K{+Kyeas,C | —2L=
1 — au(0) 1 — au(0)
And so the symbol of A is 1:45% + aS,C (%) which is the symbol of
1
ot DAKy- 0
. o 1 @
Corollary. If A is of type «a, |a| <1, then A= 71704@3141(6‘"

We are now ready to prove our initial claim.

Theorem 5.4. Let a € C* and let Ag, Ay both be bounded TTOs of type a. Then
their product is also of type o and hence B* is an algebra.

Proof. By taking adjoints if necessary, assume that Ag and Ay are both of type a €
D. Then it follows that S& commutes with both As and Ay, and thus commutes
with their product. Therefore, their product is of type a as well. ([l

By Proposition 2.3 we see that B is an algebra of commuting operators. If
|a] =1 then B¢ is an algebra of commuting normal operators by Proposition 4.7.
More interestingly, B is a weakly closed algebra.

Theorem 5.5. Let A, be TTOs of type o € D such that A,, converges to A in the
weak operator topology. Then A is of type a.

Proof. Let f,g € K2. Then (SYAf g) = (Af,S%"g) = lim, .o (Anf, S g)
limy, o0 <An‘s’3fa g> = <A53fa g>

m
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6. BOUNDED INTERPOLATION OF TTOS
Recall the following result due to Sarason [9]:

Fact 6.1. Let A be a bounded operator that commutes with S,,. Then there exists
a function ¢ € H* such that ||A]| = ||¢]|c and A = A,,.

Hence every bounded operator of type 0 has a bounded symbol. In this section
we show that any operator of type a € D has a bounded symbol. By taking adjoints,
it follows that if a is not unimodular, then any operator of type a has a bounded
symbol. In the event that « is unimodular, we will show that there are TTOs of
type a with no bounded symbol.

6.1. |o| = 1. The case of |a] = 1 is indirectly dealt with in [11, 1] and we collect
those results here. There are TTOs of unimodular type without a bounded symbol
under certain conditions. Specifically, in [1] the following is proven:

Fact 6.2. Suppose that u is an inner function with an ADC at ¢ € T but such that
K¢ ¢ LP(T) for some p > 2. Then K ® K¢ is a bounded TTO with no bounded
symbol.

They also give some conditions on the zeroes of u to ensure that K¢ ¢ LP(T).
Example 4.12 shows that K¢ ® K¢ is of type u((), and hence it is an example of a
TTO of unimodular type without a bounded symbol.

If, however, we weaken what we mean by “bounded symbol” we can find a
bounded symbol for any TTO of unimodular type. Specifically, we change the
measure with respect to which we take the sup norm of a function.

Let a be unimodular, and fixed for the rest of this section. An operator is of type
« if and only if it commutes with S&. S¢ is unitarily equivalent to M, on the space
L*(T, po) where p, is the Clark measure associated with S¢. The commutant of
M, is the space of multiplication operators induced by L (1) and so by using the
unitary equivalence, every operator of type « is equal to ®(S¢) where ® € L (puy).
In this sense we can think about ® as a “bounded symbol” for the operator. This
gives us a symbol calculus of sorts for operators of type a: given ®, ¥ bounded g,
almost everywhere, the product of Mg and My is clearly Mgy where ®V is itself
bounded p, almost everywhere. Hence ®(S2)U(SY) = dU(S2).

We can use this symbol calculus to precisely describe the unitary TTOs on a
given model space.

Proposition 6.3. Let A be a TTO. Then A is unitary if and only if it is equal
to ®(SY) for some a € T and some ® € L>®(T, py) such that |®| = 1 pe almost
everywhere. Specifically, any unitary TTO is of unimodular type, and commutes
with the Clark unitary operator of the same type.

Proof. If A is unitary then AA* = I, which means that A and A* must both be of
the same type . Thus a = @ ! which implies that « is of unimodular type. So A =

®(S2) for some ® € L®(T, j1). Then I = AA* = &(S2)P(52) = |®]?(S2) which
implies that |®| = 1 pu,—almost everywhere. The other direction is obvious. O
6.2. |al # 1. Recall that u, = == for a € D. In what follows, we will be dealing
with TTOs on both K7 and K . Let A refer to a TTO on K2 and Ag* a TTO
on K2 .

We first consider operators of the form Af ;) for ¢ € H 2,
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Proposition 6.4.

(1) AL (1—am = B§ for ¢ € K2 and a € D.
(2) Ifago € Iiz, then AZ ) _a) = Ag- Specifically, Aaﬂm),l =1.
(3> Su = Az/(lfaﬂ)'
Proof.
(1) Since

1 =~ n
1—au - Z(au)
n=0

we can compute

Y =

But since up € zH? it follows that Y > o(aw)” 4 ©(1 4+ om) and so
AL /(- om) :AB? .,

(2) /(1 — au) =p+ aup/(1 — au) = p, since up/(1 — au) € uH?.

(3) First note that S = #m (Bg‘uKéb +au’(0)1), so it suffices to show
that (1 —au(0))AY,_,m) = BS, ky + au/(0)I. Since z = S, K + uP(uz),

_ _\ A _
Ag/(lfaﬁ) = BguKé‘ +AuP(ﬂz)/(lfaﬂ)- Now uP(uz)/(l—au) = aP(uz)/(l—
at), and since K¢ = (u — u(0)) %z, P(uz) = K¥(0) — u(0)z = v/ (0) — u(0)z
and so A%, = B§, ku o' (0) +au(0)AY, _ 7). The result follows.

O

1—am)

In [4] it is shown that T, = M _|q2)-1/2(1—gy) 1S an unitary map from KZ
onto K2, called a Crofoot transform. Note that T — a~! = M _japy2(—au)-1-

Lemma 6.5. Let p € H? anda € D. Then TaAgaTa_l = AL (1—am) ond TQA%“Ta_l =
A%/(l—au)' Therefore Ag> and AZ/(l_aﬂ) have the same norm, and if 1 € H?, then

AZ/(l_aﬂ) = Az/(l—aﬂ) if and only if ua|(@ — V).
Proof. It suffices to show that the equalities hold on K2°, so let f € K°. Then

u _ fe \ _ fe ufe
Aw/(l—au)f_P“<l—au =F 1—auw ub 1—-au
On the other hand,

TaAZj,aTa_lf:(l—au)Pua< fe )

1—au
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Similarly,

d

Theorem 6.6. Let A be an bounded operator on K2 and let « € D. Then A is
of type  if and only if there is a function ¢ € H? such that A = AZ/(lfaﬂ). In
either case, there is a function ¢ € H* such that ||{)||oc = || Al| and A= A}, _ 0
and therefore every operator of type o has a bounded symbol. Further, if p,v in

LE=(M)then AL 1 am A ja-am) = Agy/(1-om)

Proof. Let B = T *AT,,. Then
AAY _am) = AL j—am A
if and only if
Ua __ -1 u o —1 qu _ AUq
BAZ - Ta AAz/(lfoﬂ)Ta - Ta Az/(lfaﬂ)ATa - Az B

But this is true if and only if B = Ag~ for some ¢ € H? which is true if and
only if A =AY, ) for some ¢ € H?, hence the first claim holds. To prove
the second claim, note that Fact 6.1 implies that there is a function ¥ € H* such
that AZ> = Ay® and [|[AZ*| = [¢[lc. By Lemma 6.5 it therefore follows that
A=A 1 _om)- Since Ty is unitary, ||A[| = [|¢]|c.

To prove the last claim, compute

_ -1 a AUa =1 pua _
A AZ/(PO@ =T, AZ Aw T, =T, Aw}Ta = AZW(

u
¢/(1—am) 1—am)

d

If |o] > 1 and A is of type «, then A* is of type 1/@ € D, and so the above results
can be applied to A* to get similar results for A. Specifically, A has a bounded
symbol. Thus for all « such that |a| # 1, any operator of type a has a bounded
symbol.

Since any operator of type « has a B*symbol in K2, we might want to figure

out the B¥symbol of the operator A, (i_qz) in the event o € D. We can achieve
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this by looking at the decomposition of H? induced by the Wandering Subspace
lemma by Proposition 2.1.

Proposition 6.7. Let ¢ =  u"p, where ¢, € K2 for alln € N. Then

A_e_=Asx e,

~i-am

Proof. Let f,g € K:°. It suffices to show that
A_e f=Ass anp, f

t—au 1 o
A simple calculation yields
¥
< <1 o fg>
i< W 5 >
n=0 1-
U= Pn
z:: <1 —au 1.9 >
Since (1 —am)~! =3, a™u™, for each n we have

n
U Pn

o0
— Un‘ﬁn E amam
1—ou
M — m n
Pn § «
QOnan E a™a™

m=0
a"on
1—au

[1] [1] 1S

ITES

and so the conclusion follows. O

7. INVERTIBLE T'TOS OF TYPE v AND THEIR INVERSES.
We begin with a theorem that follows from the above.

Theorem 7.1. Let A be an invertible TTO. Then A~' is a TTO if and only if A
is of type a for some o € C*. As a result, A~1 is also of type a.

Proof. If A=! is a TTO, then both A and A~! are of type «a for some alpha by
Theorem 4.11 since their product is I = Agy. If A is of type a, either |a] < 1
or A* is of type 8 = 1/a < 1. In the first case, we have that ASS = S$A, so
ATI8Y = A7182AAT = A71ASY A = 82 A1 and A7 is a TTO of type a by
Lemma 5.3. In the second case, we have that A* is an invertible TTO of type 3
where |3] < 1, so its inverse is a TTO of type S as well. By taking adjoints again,
the result follows. ]

This raises the question of when a TTO of type « is invertible in the first place.
We consider two cases — when |a] =1, and when |a] < 1.
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7.1. |a| = 1. We again consider the picture in L? (T, u,). In this picture a TTO
become the multiplication operator Mg where & € L™ (T, u,). It is easy to see
precisely when this operator is invertible.

Proposition 7.2. Let ® € L>° (T, py). Then Mg is invertible if and only if there
exists 6 > 0 such that |®| > 0 po almost everywhere, and its inverse is M /g .

For a more concrete example, assume u is a finite Blaschke product of degree n.
Then by Fact 77 it follows that

_ - d¢;
o ™ ; [ ()]

where (; are the n distinct zeroes of u — . Thus it follows that Mg is invertible if
and only if ® is non-zero on the set where u = a.

7.2. |a| < 1. Fact 2.15 gives necessary and sufficient conditions for an operator of
holomorphic type to be invertible. The following result is a generalization.

Proposition 7.3. Let a« € D and let p € H*. Then AZ/(lfaﬂ) 1s invertible if and
only if infep(|ua (2)| + ¢(2)[) > 0

Proof. AZ J(1—o7) is invertible if and only if AZ~ is invertible, which is true if and
only if inf,ep(|ua(2)| + |¢(2)]) > 0 by Fact 2.15. O

Again we consider the case that w is a finite Blaschke product.

Proposition 7.4. Let o € D and ¢ € L™(T), and let u be a finite Blaschke
product. Then Ag> is invertible if and only if ©(€) # 0 for all ¢ such that uy = 0.

Proof. From our assumptions, we have that u,, is a finite Blaschke product. Suppose
there exists ( € D such that u,(¢) = »(¢) = 0. Then clearly AZ~ is not invertible.
If, on the other hand, inf.ep(Jua(2)| + |¢(2)]) = 0 then since |uq(z)| is bounded
away from zero near T it follows that there exists some ¢ € D such that u,(() =

¢(¢) =0. O
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