Math 217 Sp‘az()()l Final Exam

9 May 2001

0
Notational Remark: In this exam, the symbols P y(x) and D(y)(x) both mean 'the
ox

derivative of y(x) with respect to x, evaluated at x."

No calculators of any kind. No ''cheat sheets." Two Hours

B

1. Which one of the differential equations listed in answers (a) - (h) is pot exact?
(If each of the equations in answers (a)-(h) is exact, then choose answer (j). If two
or more of the equations in answers (a)-(h) are not exact, then choose answer (i). )

a) 2xy3dx+3x2y2dy=0
b) cos(x+y) dx+cos(x+y)dy=0

x+2 xX+2
c) e( y)dx+2e( y)dy=0

d) 3dc+ydy=0
e)(2x+3y)dx+(3x+2)dy=0

f)(4x-y)dc+(6y—x)dy=0
g) (2xy” +3x7 ) dx+(2x"y+4y°) dy=0

h) 2 y2 dx+(dxy+ Jo(y)) dy=0 (J, is Bessel's function of order 0)

1) At least two of the differential equations above are not exact.

j) All of the above differential equations are exact.



0 t
. The solution to the initial value problem (5“ ¥{x) J+ y(x}=y(x )2 y ¥(0)= 3
X

has what value at x =In{2)?

3
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a){ b)"_':; c)j}’w d)“{ e)“é" f)
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g)3 ) 1)6J) p

e |

1 3. If y{x) is the solution to the initial value problem

- |
a" d

%) |5 [5’; ¥(x) )*" 6 ¥(x) =0, y(0)=2, D(y}(0) =S5, then what is

ax ) :

y(In(2})?

a)6 b)7 8 d)9 €10 il g 12 h) 13 D4 j) I3

. The solution to the initial value problem

d y{x} 3 ]
........ X R e RS , ¥ 0) =
( y(‘f))* Lo x (1+x)7, ¥{0) P



| 5. Which one of the following expressions for y(x) is a solution to the differential

2
equation 4 “’"5 vix) |+ 100 y(x)=0?
ox
a) 2cos{8x})—3sin(Sx} b) 3 sin{2 x) +x sin{2 x)
(5x) , (ox _
c)de ’ {cos{x)+sin{x}) d)e ) {cos(x)+ 2 sin(x})
Sx) {10 x) .
e) e Ve f) cos(4 x) — 3 sin{4 x)
g) cos{4 x) — 2 sin{ 4 x}) h) cos{(2 x)~ 2 sin{2 x)
i) 3 cos( 10 x) + sin{ 10 x) i) 2 cos(100 x) + sin( 108 x)

-
3 d
—y(x) |- 4 (L ¥(x) ]+ 4y(x)=0,y(0)=2, D(y)(0)=5, then whatis y(1)?

ox G

a) e b) 2e c) % d) e2 e) 2e2
-2 2

3¢ g 2+e h)l+ze i) e ) 1y

€



o

| 7. Let yix)= X ¢ x" denote the power series of the unique solution of the
a=0

initial value problem y '{x)= x2 y{x}+ 1, y{0)=2. Whatis the value of ¢ 4?

a)l b)12 13 d)2/3 el/4 3/4 g 1/8 h)3/8 i)1/12 j) 512

|8. Let yix)= X ¢ x"* denote a power series of a solution of the differential
n=4 =
equation y "{x)}+xy '(x)+y(x)=0. Then the coefficients satisfy which of the
following recurrences for 1 <n ?
c 2+c
R b) ¢ = 2
1™ nel ) Cpt1= nr1
c 2+c
= = d) ¢ =——
©) TS n+l n+1
C c +c
n n n-1
D nt1" n(nt1) D 2= (nr1)(nr2)
cn_cn—l b —cn
B 2™ i ) “nt2 12
c,tc,_, ) €n " Cn-1
T D 2= 1) (n+2)




9. When we seek a Frobenius series centered at 0 for a solution, which of the
following equations is the indicial equation of the differential equation

z&ﬂn=

xy"(x)+y'(x)- 0?

2 r 2 r 2 r 2 r r
ar ——=0 b)r-—-1=0 ¢ r+—-=0 d)r+—-1=0 e ——1=0
2 2 2 2 2
2

2 T 2 )
Hr-2=0 g r —2+1=0 h)yr " —r-2=0 i)r —r+2=0

j) There is no indicial equation because 0 is not a regular singular point of the equation.




E 3 10.Which one of the following Frobenius series might be a solution of the

2 . ,
: : K , J cos{x) y(X) :
differential equation x™ | —— vy{x) [+ 2 x 5* y(x} |+ ={ with
X

axz 4
¢y # 0?7
‘ -3
oo - o nw-;
a) y(x)= X ¢ x byix)= £ ¢ x
n="9 n=0
-3 -3
no-- -
* o) 3 O 2
©) y(x)= X ¢ x dy(x)= X ¢ x
n=0 " =
-4 -3
n—- n—-=
Qy(x)= X ¢ x Dy(x)= X ¢ x
n=0 " n=0 "
1 1
oo Ilm“:““g - nm*;i
g)y{x)= X ¢ X hyix)= X ¢ x
n=0 " n=1_0
) -5)
oo n-—r o n-—"
i) y(x}= X ¢ x Dyx)= 2 ¢ x



3

:

a)e 7 (4 cos(5£)+3 sin(5 1))
c) e(—St) (3 cos(13¢)—45in(13¢))

(-

ee O (15cos(5¢)—3sin(5¢)) 1) e

(-131)
g) 3e cos(5¢)

(=59
3e cos(12¢)

12. Which expression is the inverse Laplace transform of

b) 3¢

(-

3e(

1. Which expression is the inverse Laplace transform of

13¢)

ISy
l)

" ?
5+ 245+ 169

cos(12¢) + 4 sin(12¢)

26

h)

(-12
e

i)

8

)

d) e(—St) (15 cos(12 ¢) — 3 sin(12 ¢))
9 (15 cos(5 t) + 4 sin(5 1))
cos(5¢)

(15 cos(5¢) — 36 sin(5 ¢))

(-55)
e

? (In the
5—

answers, the function « is the Heaviside function: u(t) = 1 for t > 0 and 0 for t <

0.)

_{1-3)
a)u(f—-2)e

) u{f+2) e(
L (21-5)
eu(f—S)e
. {21-3)
gu(f+5)e
(—35)
Du(i—-10)e

| (7
b)u(i—~2}e
| {t
d)u(r+2)e

+ 5)

+3)

(21-10)

f)u(t'---- 5} o

(¢~ 10)

h)u(f+5)e

j) ufr~10)e

(1—10)




|13, If x(¢) is the solution of

2
J" J
= x(f} |~ 2 ("' x{t)]-f- x(¥) = et, () =0,D(x)0)=0
2 ot
ot
then whatis x{1)?
a) - b) e c) i+e d) 1+e e) 2
2 2
f)2+e g)l-i-";" h) ze i) 1+2e J)—;"+e

# 14. The matrix .4 of the system

atX()——x “)

— ) =2x~4dy
atyt ) ]

has an eigenvector v = [1,b] where b is an integer. If .4 v=A v then what is A.?

a) —4 b) -3 c) 2 d)-1 e)0 H1
g)2 h) 3 i) 4 j) insufficient information

=

o]

15. If a solution to the system of the preceding problem satisfies x(0)=1 and
y(0) =2 then what is x(1) eﬁz ?

a) 1+2e b)Z-e¢ ¢)2+3e d) 3-2e¢ e 4+e
f) 4-3e g 5+ie h4-8¢ i) 6+5¢ J) 5~6e

-

4 16. If x(¢) is the solution of g () =x(¢)+ 3
] 5 y=x(t)+ 3t~ 1), x(0} = 0 then what is x{2)?

a)o0 b) 1 c)e d)e:Z e)e— 1
2 2
He" -1 g " -2 h) e+2 i)n(2) ) I+n(2)




i
-3

} has a chain of generalized eigenvectors {[1,-2],

[2,b]}. Whatis b?

a)-4 b)-3 -2 d)-1 €0
N1 g2 h3 D4 j)5

“l18. Suppose f(¢)=¢ for ¢ in the interval {§, =] and 0 in the interval ( &, 2 7 ).
Extend f so that it has period 2 z. What is the coefficient of sin( 2 ¢) in the
Fourier series of /7

a)0 b)-12 ol d)32 e-2 NH-52 g3 hI2 )4 j)U4

119, Let S be the periodization (of period 2) of the function that is -1 on the interval

[-1,0) and 1 on the interval (0,1]. Which of the following statements best
describes the Fourier series

% [ = |
— 4| X (a, cos(hnt)+b sin(krr))
2 k=1 k k

of /'? (Read all proposed answers before choosing since more than one answer
may be true. If that is the case, then choose the answer that conveys the greatest
amount of true information about the Fourier coefficients.)

a) a, = 0 forallG <k
13

e)b P § for all positive odd &

f) a4, = 0 for all positive even k4 and 5, = 0 for all positive odd %
2 12

i

k

ja P 0 for all 0 £k and #, =0 for all positive odd %



= sim(n) ] .
Y — . Which of the following expressions is the Fourier
n=1 7
series expansion of a particular solution of the differential equation
"
=x{(¢} [+ 5 x(H3=11)?
o »
1 o cos(nt)+sin(nt
gl § costnd) : (n1)
10 =1 5
/
1 - cos{nt
b)—+| X2 (1)
10 |, . 5 nz
o sin{nf
5 ( : )
n=1 g5g°
i o cos(nt)+sin{nt
o L. F costnt)esintn)
21 | = 2.2

1 (5-n")n”
i - cos(ni) ]

%

b’

n=1 (5-n2)n y

S sin(n e

n=1 nz
1 - cos(nr)
g) PO X —— g
oS st
n=1 §5_ 4%
b sin{ 5 1)
i) > ( 5 ' 5
=1 (85— n%Yyn
< sin{nme)
J) 2 ................ 7 ............
n=1  p”




