Math 233 Fall 2004
' HOMEWORK #10
( Due : Thursday 12/9 . Either in class or Math Office before 5 PM )

1) Use theorems we've learned to show that for any two points A,B in R3 |
' fc z? dz + 2ydy + 2xz dz is the same for any curve C connecting A toB.
Solution : By Fundemental Theoremof Line integrals, F is path independant
if F' is conservative . Then by component Test F' is conservative if we have
a spectal condition on the partial derivativesof P, Q and R . Letus checkthat
conditionon F = 224 + 2yj + 2zzk.
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Could also be done by showing F =V (z2? + y?) .

2) Find a potential function f(x,y,z) for the vector field
F(xyz) =(eIn(y))i + (5 + sin(2))j + (ycos(z)) k .

( The answer without showing how you got it is not sufficient )
Solution : If F = V(f), then f, = e®ln(y) = f = e®In(y) + g(y, 2).
Nezxt f, = ?5 + gg = % + sin(z) = f = e®ln(y) +ysin(z) + g(2).
Next f, = ycos(z) + ¢ (2) = ycos(z) = f = €*In(y) + ysin(z).

3) Let F=V (x%?) . Calculate [, F -dr, where C is the path connecting
(—1,1) to (1,1) that consists of C, , the line segment from ( —1,1)
to (0,0), followedby C,, the line segment from (0,0) to (1, 1)

a) by finding parametrizations for C, and C, and evaluating integral , and
b) by using the potential vector, f(x,y) = x3y2.

Solution : ‘ :

a)Crisri(t) = < —=14t,1—t > and 7|(t) = <1, -1>.

Crisra(t) = <t,t> and r3(t) = < 1,1 > . Now [, = [o + [, -

F = <32%2,22% > . ForC; F = <3(t—-1)*, —2(t-1)* > and

Jo, F-dry = [{[3(t—1)* + 2(t—1)*]dt = [ 5(t—1)*dt = 1.

ForCy,F = < 3t!,2t' > and [, F-dry = [ 5t'dt = 1.

Then [, F-dr = 2.

b) By Fundemental Th™ [, F -dr = f(1,1) — f(-1,1) = 2




Homework 10 ( cont. )

4) For what values of the numbers b and c¢ , will F be a gradient vector
field , where F= (y?> + 2czz)i + y(bx +cz)j + (y*> + cx® )k .
Solution : Asin problem 1, we will usethe componenttest. If F = V(f)

then:— 2y-—Q—-cy,soc=2 Next%’:—2cx—-%—f—2c:c OK .
Finally we have —er = by = = 2y, henceweget b = 2

Theansweris b =c = 2.

5) Verify the statement of Green's Theorem for F = ( —2%y)4i + (zy?) k ,
where C is the circle x2 + y? = a? travelled in the counterclockwise
direction from (a,0) backto (a,0).

(Note: C canbe r=(acos(t))i + (asin(t))j , 0 <t <27)

Solution : 1) [, Pdz + Qdy =

f — acos®(t) a sin(t) ( — asin(t)) + acos(t)a’sin’(t) (acos(t))] dt =

J2T at cos?(t) sin?(t) + atcos?(t) sin®(t) dt = 2a* [* cos?(t) zinz(t) dt =

2a4 27!’ s‘lnz!Zt!dt - a: 021!‘ 1 COS(4t) dt = g(t n sin44t

D[y (8 = E)dA = [, (¢ +a)dA = [ [*ridrds =

4 |@ 4
27r(’—;—0

. mat
.

) = &~ . SoGreen'sTheorem is true for F .

6) Apply Green's Theorem to evaluate fc 3ydz + 2xdy, where C is
a boundary oftheregion 0 < x < 7 , 0 <y < sin(x)
Solution : ByGreen'stheorem thisintegral isthe sameas
J/p( ‘?9—2‘ - %—5) dA , where D is theregion described above .

This equals [ fosi"(z) (2 —=3)dydz = [j — sin(z) dz =
™

cos(z) Io = —2.




