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1. Introduction. Suppose that we want to estimate a parameter 6 that de-
pends on a random quantity sample X = (X7, X5,..., X,,) in a complicated
way. For example, # might be the sample variance of X or the log sample
variance. If the X, are vector valued, 6 could be the Pearson correlation
coefficient.

Assume that we have an estimator

~

(1.1) 0(X1, Xa,..., Xpn) = 6(X1,Xo,..., X5)

of 6 but do not know the probability distribution of ¢(X) given 6. This
means that we cannot estimate the error involved in estimating 6 by ¢(X).
In particular, we cannot tell if we can conclude # # 0 from an observed
¢(X) # 0, no matter how large.

Can we get a confidence interval for § depending only on the observed
X1, Xo,..., X, or test Hy : 6 = 0y just using the data X1, Xs,..., X7

The bootstrap and jackknife are two methods for answering these ques-
tions without any prior assumptions about the distribution of 8(X). See the
accompanying Jackknife Handout for details about the jackknife. See Efron
(1982, 1987) and Efron and Tibshirani (1993) in the reference section below

for a more detailed discussion of bootstrap methods.

2. The Basic Bootstrap Recipe: Given a sample X = (X1, Xs,...,X,,)
of size n, a bootstrap resample of X is a sample

(2.1) X =(X7,X5,..., X))

where each value X7 in (2.1) is a random sample from X = (X1, Xa,..., X;,)
with replacement. That is, given distinct values X7, Xo,..., X,

(2.2) Pr(X;=X;)=1/n, 1<i<n

with independent choices of X7 for 1 < j <n. In particular, repeated values
X7 = Xj, = X; are allowed. Since the sample size of X* is n, repeated
values of X7 means that other values in X must be left out.

We repeat this process B times to form B independent resamples
(XD (X (X B The bootstrap resampled values for the esti-
mator (1.1) are

~

(2.3) 0r=0((x*)®) 1<k<B
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The values 5}; in (2.3) will be treated as an independent random sample with
mean ¢. Typical values of B are B = 50, B = 1000, or B = 10,000. In
particular, the number of resampled values 6} that we can use is not limited
by the sample size n.

3. A Motivation for the Bootstrap: Let F(z) = P(X; < z) be the
distribution function of the sample X7, Xs,...,X,. One can argue that,
given X, Xo,..., X, our best estimate of F(z) is the sample distribution
function Fj(z), where Fy(z) is the distribution function that puts mass 1/n
at each point z = X; (with appropriate changes for multiplicity if X; has
tied values). By (2.2), each bootstrap resample X* is a random sample of
size n from ﬁs(z)

If the estimator A(X) in (1.1) does not depend on the order of the
values X;, then é\(X) is a function of ﬁs(z), and the process of obtaining é\(X)
from X can then be pictured as

(3.1) 6, F) —— F, —— (X)=0(F,)
(background data
population) Xi,..., X,

In general, P-values for Hy : 6 = 6y and confidence intervals for # depend
on knowing what X1, ..., X, might have looked like for samples for various
values of #. Using the idea that our best estimate of F(z) is Fy(z), and that

bootstrap resamples X* are samples from ﬁs(z), we can modify (3.1) to

32  OF) ———  E s 0 =0(E)
(estimated new data
population) X5,..., X

~

We then make inferences about the distribution of 8(X) given 6 by studying

-~

the distribution of §(X*) given X. We can do this theoretically, or, usually

~

with less effort, we can simulate the distribution of #(X*) by computing
0; = 0((X*)®) for B simulated resampled data sets (X*)*).

4. Bootstrap Tests, Estimates, and ClIs: For any value of B, we can
use the resampled values ¢} in the same way as jackknife pseudovalues (see
the Jackknife Handout). Specifically, we can estimate a mean and variance
for 6 by

R L B . B )
(41) e;knean(X) = E 2627 ‘/G(X) = ﬁ Z (9;; - e;knean(X)>
k=1 k=1
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and a corresponding 95% confidence interval for 0

1 1
(4.2) (9;ean< ) = 19601 = Vo(X), Bipeun(X) + 1.960 EVG(X)>
However, it is usually not much more work to generate B > 1000 boot-
strap resampled values than for a smaller value of B, and in that case we
can usually do better than (4.1)—(4.2).
Assume that the distribution of (X)) given 6 is symmetric about 6 for

each 0. Then the distribution of g(X *) will also be symmetric about 6, and
a good estimator of # will be

(4.3) 0% .4(X) = median{ 6} : 1 < k < B}

med

Similarly, a 95% confidence interval for 6 can be constructed as the upper
and lower 2.5% quantiles of the sampled values §;. Specifically, the bootstrap
percentile 95% confidence interval for 6 is

(4.4) Oy Opi1-1))

In (4.4), G(k) are the values 0 sorted in increasing order, so that

and U = 0.025B, with U rounded down to the nearest integer unless this
would result in U = 0 (in which case U = 1). In particular, if B = 1000,

U=25and B+1—U = 951. In general, the lower value G(U) in (4.4) is the

U™ value from the bottom of the sorted array G(k) and 9(B+1 ) is the Uth
value from the top.

One advantage of (4.4) over (4.2) is that the endpoints of the confidence
interval (4.4) are realizable values of 6 = «/9\(X ). For example, assume that 6
is a sample proportion, so that we know 0 < # < 1 in advance, and that
0 < 6(X) <1 for any sample X. The endpoints of (4.2) can be well below
zero or well above 1. However, each value 5;; = @\((X *)(®)) is a value of §(X)
for some sample X, so that the endpoints of (4.4) are within the range
0 <60 < 1. (Of course, one could always round up the lower endpoint
of (4.2) to zero and round down the upper endpoint to one if needed, with
equal precision or imprecision, but with (4.4) this is not necessary.)

5. Bootstrap Samples are Invariant. Recall that, in some cases, the
jackknife seemed to work better if we applied the method to log(6(X)) in-

stead of @\(X ) and then exponentiated the resulting estimates and confidence
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interval. However, by (2.3),

log 6, = log(})

and more generally
(5.1) 9(0);, = 9(0r)

for any monotonic function g(#) of 0, where g(f), means the k™ bootstrap

~

sampled value for g(6(X)). In other words, replacing # by any monotonic
function of 6 replaces the bootstrap resamped values for 6 by the same mono-
tonic function of those values. This implies that generating the median esti-
mate (4.3) and confidence interval (4.4) for log(¢) and then exponentiating
the results leads to exactly the same results as if we had worked with 6 in
the first place.

This suggests a second advantage of the bootstrap percentile confidence
interval (4.4) over the jackknife-like confidence interval (4.2). The proper
scaling of 6 is not clear in many instances. If 6 is the size of a dust particle,
it may not be clear whether # = x (the width), § = 22 (surface area), or
6 = 23 (volume or weight) is more important. One may be tempted to log-
transform the values in (4.2) to eliminate outliers, or not to log-transform to

avoid making the distribution of the values 5}; too even. The invariance (5.1)
means that we obtain the same confidence intervals and median estimate in
(4.3)—(4.4) for any monotonic transformation of 6, so that we do not need to
worry. (Of course, this invariance does not apply to the basic data X; itself,

~

as opposed to the parameter 6, unless the form of (X)) is suitable.)
Recall that the bootstrap percentile estimators (4.3) and (4.4) were mo-

~

tivated by the assumption that the distribution of 6(X), as a function of 6,
was always symmetric about 6. The basic invariance property (5.1) means
that this assumption can be weakened to assume that there exists a strictly-
increasing monotonic function g(#) such that g(6(X)), as a function of 6,
is always symmetrically distributed about g(#). This is potentially a larger
class of estimators.

6. How Many Values are Left Out of a Bootstrap Resample? Given
a sample X1, Xo,..., X, of size n, the probability that a particular value X;
is left out of a resample X* = (X7,..., X}) is

n

1 n
Pr(X; # X;,1<j<n)= (1——)
n

by (2.2), where we assume that the X; are distinct for simplicity. This
means that the expected proportion of values X; that are not represented in
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a particular resample X* is also (1 — (1/ n))n If n is large, this proportion
is approximately e~! ~ 0.37. This means that approximately 37% of the
values X; are left out of any particular resample X*, although (of course)
these values may appear in other bootstrap resamples.

Recall that one of the disadvantages of the jackknife was that the pseu-
dovalues of the delete-one jackknife were too close together for large n, so
that a delete-k jackknife with a correspondingly smaller sample size had to
be used instead. Since bootstrap resamples normally drop about 37% of the
original sample values for all values of n, bootstrap resample recipes should
be valid for all sample sizes.

7. The Parametric Bootstrap: In the recipe (3.1), we approximated the

unknown distribution (6, F) by the sample distribution function Fj(z). Sup-
pose, instead, that we assume that we know the distribution of X;

F(z) = F(0,2)

within a parameter 6. In this case, we could use F(g, z) instead of Fj(2)
in (3.1). The recipe (3.2) would then mean that the resamples X would be
taken from F (6, z) instead of from Fj(z).

For example, assume that F'(6, z) is the double exponential distribution
with density (1/2)e~1*=9. The maximum likelihood estimator of @ for this
family is

0(X1,Xs2,...,Xp) = 0, = median{X; : 1 <i<n}

If we use F(/G\, z) instead of F,(z) in (3.2), then the resamples X* =

(X7{,..., X}) are independent random variables with density
fla) = (1/2)e71e=0m]
instead of samples with replacement from the n values X1, Xo,..., X,,. Since

this procedure uses more information about the distribution of X;, this

should give a more reasonable set of resampled values 0} = 6((X*)*).
Using F'(0, z) in (3.2) in this way instead of Fs(z) is called the paramet-

ric bootstrap. In contrast, using Fy(z) is the nonparametric bootstrap. These

ideas are connected by the fact that, within the class of all possible distribu-

tion functions F'(z), it can be argued that the maximum likelihood estimator

Five(X1, -+, Xp)(2) of F(z) is the sample distribution function F(z).

8. Biased Bootstrap Estimates: Suppose gzled(X) < a(X), or equiva-

lently

(8.1)

~
*

(X) = median{#((X*)*):1<k < B} < 6(X)

med
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In this case, one could argue that estimating 6 = gjned(X ) is not sensible,
since (8.1) implies that the resampling process tends to yield smaller values
of f. If the process of sampling X from nature is like the process of resam-

pling (X*)®*) from X (which is implicit in the bootstrap recipe (3.1)—(3.2)),

then (8.1) should imply 6 > 8(X), not 6 = 8% _,(X) < (X).

med
One way of quantifying this concern is the notion of median bias. Define

“bias” as the proportion of resampled values 6; that are less than or equal

-~

to 6(X):

-~

#{k<B: 0(X")W) < §(X)}
B

(8.2) bias =

where #A means the number of elements in the set A. This is an approx-
imation of P(6(X*) < 6(X) | X), where bias = /2 means that there is no
median bias about (X) in the resampled values (X*)®).

A reasonable rule of thumb is not to be concerned if 0.40 < bias < 0.60 or
0.35 < bias < 0.65. Otherwise, one should consider finding a better-behaved

-~

estimator 6(X) of 6.
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