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1. Introduction. Suppose that we have n observations, each of which has
d components. For example, we may have measurements of d = 5 air pol-
lutants (CO, NO, etc.) on n = 42 widely-separated days, d test scores for n
different students, best results for d Olympic events for teams from n differ-
ent countries, or d different physical measurements for n individuals (human
or animal) that we are trying to classify. These observations take the form
of a n x d matrix

TYll Y12 o Yld
1/21 Y22 e Y2d

Yy = (1.1)
Ynl Yn2 <o Ynd

The it row in the display corresponds to the i*" observation, such as the i*®
day, the " student, the i*" country, or the i** individual. Each column
corresponds to a particular pollutant, test, event, or measurement (height,
weight, sitting height, head breadth, etc.).

As in univariate (d = 1) observations, we also assume that we have p
covariates for each observation (day or student or country or individual).
For air pollution, these might be wind strength and solar intensity (p = 2),
age, sex, and income for students (p = 3), or species or country of origin for
physical measurements. These are connected in the regression model

p
Yij =5+ ) XiaBaj + €35 (1.2)

a=1

for the j*® component of the " individual, where 1 < a < p refers to
covariates. As in the univariate case (d = 1), there are r = p 4+ 1 parameters
for each component including the intercept terms p;. If we leave out the
intercept terms p;, so that we have a no-intercept regression, then r = p.

A key assumption in (1.2) is that the measured covariate terms Xj;,
are the same for all components of the observations Y;;. For example, wind
strength and solar intensity have the same numerical values for all pollutants,
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although the response to wind and solar intensity (measured by p; and G,;)
may be different for different pollutants. Similarly, the same student has the
same values of age, sex, and income for all tests.

In the example of athletic events, this assumption means that each indi-
vidual belongs to the same country and has the same physical measurements
for all athletic events. (According to the news, it is not unheard of for ath-
letes to accept dual citizenship in another country to join an Olympic team,
but we assume that this does not happen here.) In contrast, the parameters
p; and B,; can depend on the individual components j.

The form of (1.2) means that the sum on the right-hand side of (1.2)
has the form of a matrix product rather than being more complicated, which
means that the resulting statistical analysis is much simpler than it would
be otherwise. In particular, the fact that the X;, are the same for all j also
means that (1.2) has the form of d parallel univariate regressions for the d
components with the same design matrix X.

The errors e;; in (1.2) are assumed to be a jointly normal random vector
with mean zero in R™?, where 1 < i < n for observations and 1 < 7 <d
for components. The rows of e;; are assumed to be independent, since they
correspond to different observations.

However, the columns of e;; are allowed to be correlated. In practice,
the values of Y;; for a particular 7 are often positively correlated over j. For
example, if one pollutant is high after correcting for wind and solar intensity,
then the other pollutants may be high as well. If a student does well on one
test after correcting for age, sex, and income, then he or she is likely to do well
on the other tests as well. If one physical measurement on an individual is
large after correctly for country of origin, then other physical measurements
may be large as well.

In more detail, we assume that the errors e;; in (1.2) are mean-zero
jointly normal random variables and satisfy

Cov(e;j,ere) = 0, i #k
COV(Gij,ew) = Ejg (13)

for all 4, j, k, £. The assumption of the same d x d covariance matrix ¥ for all ¢
replaces the assumption of a constant variance o2 for a univariate regression.
To keep things simple, we assume that ¥ is positive definite (or invertible).
An equivalent way of writing (1.3) is

Cov(eij,ekg) = (In)iijg (14)

where [,, is the n x n identity matrix.
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2. The Regression Model (1.2) in Terms of Matrices: As in the uni-
variate case, we set r = p+1 and shift indices in (1.2) so that the first compo-
nent 1 = p if we include intercept terms, but have r = p for a no-intercept
regression. In either case, we can write the regression

s
Y = E XiafBaj + €ij
a=1
in matrix notation as

Y=X0B+e (2.1)

In (2.1),Yisnxd, X isn xr, and

ﬁll 512 <o 516[

/821 622 e ﬂQd
p = : D :

5’/’1 ﬂrQ cee ﬂrd

is an r X d matrix. If we allow intercepts, the first column of X is identically
one and the first row of 3 are the intercepts u;. In general, the ™ row of 3
corresponds to the a'" covariate (or intercept). The ;' column of 3 are the
regression coefficients for the j** component of Yij;.

For example, suppose that we measure d = 5 air pollutants on n = 42
different days. Each pollutant has p = 2 parameters for response to wind
strength and solar intensity. Adding an intercept term means r =p+1 =3
coefficients and the parameter matrix § is 3 x 5. In a particular numerical
example, the estimated values of the parameters 3 were

4718 4106 10.115  8.276  2.358
3= [-0138 —0.192 —0211 —0.787 0.071 (2.2)
0.012 —0.006 0.021  0.095 0.003

Each column in (2.2) is the estimated parameter values [ for a particular
component of Y. The first row {31, } contains all of the intercepts of the d = 5
univariate regressions on wind strength and solar intensity. The second row
{B2;} are the coefficients for wind, which might scatter some pollutants but
not others, and the third row {fs;} are the coefficients for solar intensity.

3. Kronecker Products of Matrices. In a univariate regression (d = 1),
the observations Y and parameters 0 in Y = X[ + e are column vectors.
For a multivariate regression (d > 1), Y is a n x d matrix and § is an r x d
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matrix. Sometimes it will be more convenient to treat the observations Y as
an nd-dimensional vector or § as an rd-dimensional vector, where nd = 210
and rd = 15 in this case. If d = 1, then Cov(Y) and Cov(e) are n x n
matrices, but if d > 1 they are not obviously defined as matrices, but would
be 210 x 210 if they were defined.

We will use the subscript L when we view Y, 3, and e as column vectors.
Thus Y and e are n x d matrices, but Y7, and ey, will be nd x 1 column vectors.
Similarly, 8, will be a rd x 1 column vector. To be explicit, we assume that
the matrix entries are stored in the column vector by rows. This means that
the I'" entry of the column vector Y7, for example, is

(YL)[ = Y;d for I = (Z — 1)d—‘r—j (31)

Note that the relation I = (i—1)d+j gives a one-one correspondence between
pairs (i,7) with 1 < j < d and 1 < ¢ < n and indices I with 1 < I < nd.
(Ezxercise: Prove this.) This is called the lexicographic ordering of (i, ),
since it is the same as alphabetical ordering if i, j were replaced by letters.
In particular, if n = 2 and d = 3, then the N = nd = 6 indices 7j are ordered
11, 12, 13, 21, 22, 23.

If the basic regression equation Y = X3+ e in (2.1) is written in terms
of vectors, it should take the form

Y = X)BL +eL (3.2)

where X () is an nd x rd matrix that depends on the n X d matrix X. The
notions of Kronecker product or tensor product of vectors or matrices are a
useful way to describe these larger matrices.

In general, if A = { 4;; } is an my x n; matrix and B = { B, } is an
Mg X Ny matrix, the tensor product or Kronecker product (matrix) of A and B
is the matrix C' = A ® B with components

Cip.jq = AijBpy ~ (C=A® B) (3.3)

The matrix C'is m1mq X naong, which can be much larger than either A or B.
A subtlety here is that (3.3) does not define a matrix in the usual sense since
the pairs ip and jq are not obviously linearly ordered. To complete the
definition, we define

Cry = AijBy, (I=(@—-1ma+p, J=({—1)n2+q) (3.4)

using the same lexicographic ordering as in (3.1). Then C7; is an mymy X
N9 matrix.
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For example, the basic regression equation (2.1) can be written

.
Yij =Y XiafBaj + €
a=1

d

=3 ) (Xiabjp) Bav + €i

a=1b=1
In terms of the ordering of indices in (3.1) and (3.3), this is
Y = (X®14)Br + er (3.5)
and (3.2) holds with X7y = X ® I4. In general, the matrix relation

k n

k
Wij = ZAiaBaj = Z Z(Aiaéjb)Bab
a=1

a=1b=1
where W is m xn, Aisn x k, and B is k X n implies
W, = (A®I,)BL (3.6)

This is like the matrix equation W = AB, but now Wy, and By, are vectors.
Similarly, the relations

Cov(eij, €kg) = (In)zkzy€
in (1.4) are equivalent to
Cov(er)=1,®% (3.7)

(Exercise: Why is Cov(er) = I,, ® ¥ in (3.7) and not ¥ ® I,, or something
different? Explain clearly.)
With lexicographic ordering of the indices, the entries of

Cry = Cip,jq = AijBpq

in (34) for 1 < p < mg and 1 < g < ng are adjacent in Cyy if i and j
are fixed. This means that the matrix C = A ® B can be written in block
partitioned form as

allB algB .. alnlB
ang CLQQB e CLQHZB

am,1 B an,2B ... amn, B
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In particular by (3.7)

X 0 0
0 X 0

Cov(er) = | . . . . (3.8)
0 0 ... X

is an nd x nd block diagonal matrix with n blocks of the d x d matrix ¥ down
the diagonal.

4. The MLE of the r X d matrix 3. We first give explicit component-
wise derivations of the matrix MLE § and its covariance matrix Cov () and
follow it by shorter derivations that use Kronecker products.

In terms of components, the errors e;; in (2.1) are jointly normal, are
independent for different ¢, and have covariance matrix ¥ in j for fixed i.
This means that the likelihood function of the first observation Y; in the
regression Y = X + e in (2.1) (or equivalently of the first row of the n x d
matrix Y) is the multivariate normal density

L(Y1,B) = ! exp(—S51/2) where (4.1)

(2m)? det(X)

d d
S1 = > > (Yia— (XB)1a) Sy (Yis — (XB)1)

a=1b=1

Since the rows of e;; are independent, the likelihood function of all n obser-
vations Y in (2.1) is the product

L(Y,3) = 1 exp(—S5/2) where (4.2)
\/(27r)”d det (Z)n
n d d
— 231 bz_; —(X0) m) abl (Yib - (Xﬂ)ib)

Finding the matrix MLE B is equivalent to minimizing the triple sum S
in (4.2) as a function of 8. Since (X3)i, = > j_; Xijfja in (4.2), setting
(0/0Bke)S = 0 leads to the set of equations

S (XY )k — (X XB)is) = 0

M=

2ZZX’k2cb Zb_(Xﬂ)zb) _ 9

i=1 b=1 b=1
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for all k and c. This is X71(X’'X8 — X'Y) = 0 in matrix form. Premulti-
plying by X leads to the matrix “normal equations”

X/Xﬁ:X/Y or (X/X@)Id)ﬁL = (X/(X)Id)YL

by applying (3.6). If the r x r design matrix X’X is invertible, then the
matrix-valued MLE of 3 is

f=X'X)'X'Y o Br=(X'X)'X'@lL)Y; (4.3)

The first formula in (4.3) is exactly the same formula as in the univariate

case (d = 1), except that now /3 is 7 x d. The columns of 5 for individual
components of Y;; are formed by applying the same r x n matrix (X’X)~! X"
to each of the columns of Y.

In terms of components, (4.3) and Y = X + e imply

Baj = Bag + Y Queerj, Q= (X'X)"'X’
=1
Then by (1.4)

COV(B@j,B\bk) = Z Z QaZQbm COV<€€j7 emk)

/=1 m=1

= ZQangz Yik = (QQ")ab Zii

=1
= (X'X) Db Zjk (4.4)

since QQ' = (X'X) !X’ X(X'X)! = (X'X)~!. Thus
Cov(3) = (X'X)'oXx (4.5)

We can also derive the relations (4.3) and (4.4) using tensor products. First,
we need

Lemma 4.1. Suppose that C = A® B and F = D ® E and assume that
the matrices AD and BE can be defined. Then
(i)
CF=(A®B)(D® E)=AD® BE (4.6)
(ii) I, ® I, = I, for all integers m,n > 1
(iii) The transpose ¢! = A’ @ B’
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(iv) If A and B are invertible, then so is C' and
Cl'=A'1eB! (4.7)

Proof. (i) Write Cj, j» = AijBapy and Fjp xc = DjiEpe. Then

(CF ta,kc = Z Cza ij]b kc
= Z Z AijBap D Epe = (AD)ix(BE) e
i b

which implies CF' = AD ® BE. Parts (ii) and (iii) are similar. Part (iv)
follows from parts (i) and (ii).

To begin a second proof of (4.3) and (4.4), recall that the MLE 3 of the
univariate regression equation with possible correlated errors

Y = X(+e, e~ N(0,V)
where V' is a positive definite n x n matrix is given by

3 = (XVv'X)'X'v-ly (4.8)
The fastest way to verify (4.8) is to note that

Vi = VTY2Y = (VTI2X)B4+ VT2 = XiB+ e

Since Cov(e;) = V~Y2Cov(e)V~1/2 = V-1/2vV=1/2 = [, the usual
formula for Cov(e) = o021, implies § = (X|X1)"1X]Y;. Substituting
X, =V~12X and Y; = V~Y2Y then implies (4.8).

Write the multivariate regression Y = X[ + e in vector form as

Y, = (X ®Id)ﬁL + er, COV(GL) =V=I8X (4.9)

where V' is nd x nd. Then by (4.8)

-~

Br = (Xo L)V {(Xel) (Xel)V 'y
-~ (<X®Id (L, o%) X @ 1)) (X @ 1) (I, ® %)Yy,
(X’ @) (X' @Y )Y,

= (X’ X) 'X'®14) YL

by multiple applications of Lemma 4.1. This is (4.3). Since Cov(AX) =
ACov(X)A" for any random variable X and matrix A and Cov(Yy) =
Cov(er),
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Cov(B) = ((X'X)"'X' @ 1) Cov(Yy)((X'X)"'X' @ I)'
( )X ® 1) (1, @ 2)(X(X'X) ' @ 1y)
= (X'X)"'®% (4.10)
since (X'X)7!X'X(X'X)"! = (X’X)~!1. This completes the second proof
of (4.3) and (4.4).

5. The MLE of the d X d matrix 3. In principle, this should be easier
than finding g since no Kronecker products should be involved. The next
result shows that the maximum likelihood estimator of the matrix ¥ is a
natural generalization of the corresponding one-dimensional result.
Theorem 5.1. The maximum likelihood estimators for (3, %) for the like-
lihood (4.2) is given by B= (X'X)"1X'Y (by (4.3)) and

-~

= _Z a Xﬁ za)( zb_(Xﬂ)ib) (51)

That is, the maximum likelihood estimator S is the sample covariance matrix
of the residuals of the multivariate regression Y = X3 + e in Section 1 with
n — 1 replaced by n.

Proof. The likelihood (4.2) is
1

\/ (2r)nd det (%)

L(Y,3,%) = exp(—Sx/2) where (5.2)

n

d
- S (i (X0 i (- (X))

=1 a=1 b=1

Note

d d
Sy = ZZQabE;bl = tr(QZ_l)
a=1b=1
where
Qab = Z - Xﬁ m)( zb_(Xﬁ>zb) (53)

Thus the likelihood in (5.2) can also be written
1

\/(@m)nd det (5)"

L(Y,5,%) = exp(— tr(QE ) (5.4)
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Since the maximum likelihood estimators are defined by the maximum over
both 8 and ¥, and since the maximum over (3 in (5.4) does not depend on 3
(see (4.3) ), Theorem 5.1 follows from

Lemma 5.1. Let Q be a d x d positive definite matrix and n > 0 an arbi-
trary number. Then the maximum of

;n exp(—(1/2) tr(QE™)) (5.5)
det (X)

for d x d positive definite matrices ¥ is attained at ¥ = (1/n)Q

Proof of Lemma 5.1. By the spectral theorem for symmetric matrices,
we can write Q = E? where E is positive definite. By (5.5), it is sufficient
to maximize

#(¥) = —nlogdet(X) —tr(QX™1) (5.6)

Set A= EX"'E. Then A~ = E~1YE-1 and EA~'E =X. Then

$(3) = p(EATE)
= —nlogdet(FA™'E) —tr(QE~AE™)
= —nlogdet(FE)? + nlogdet(A) —tr(E~'E*E~1 A)
= —nlogdet(Q) + nlogdet(A) — tr(A)

where @ is fixed. By the spectral theorem again, A = U'DU where D
is diagonal and U is orthogonal, and det(A) = det(U'DU) = det(D) and
tr(A) = tr(U'DU) = tr(D) by properties of the determinant and trace of

matrices. Thus if D = diag(vy,ve,...,v4)
d

#(X) = —nlogdet(Q) + Z(n log(v;) — v;)
i=1

The expression on the right above is maximized when v; = n for all 7. This
implies D = nly, hence A =U'DU = U'(nl3)U = nl, and hence

Y = EAT'E = (1/n)E? = (1/n)Q

This completes the proof of Lemma 5.1 and hence of Theorem 5.1.
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6. Hypothesis Testing: A natural generalization of univariate tests for
whether or not coefficients in the regression Y = X3+ e in (2.1) are nonzero
is

H()(CL) Iﬁaj = 0, 1 Sj S d (61)

This hypothesis says that the a'" row of the r» x d matrix 3 is identically
zero, which is equivalent to saying that the a'® covariate column in X;, does
not affect any of the components of Y = X3 4 e. That is, the data vectors
{Y; € R%:1<1i<n} donot depend on the a'® covariate.

A natural generalization of (6.1) is

Hy: W3 =0, hisrx1 (6.2)

where h is a r X 1 column vector. This is equivalent to
(WB); =) hby=0 1<j<d (6.3)
b=1

This says that the same linear relationship (6.3) holds for the coefficients [,
in the d componentwise univariate regressions (1 < j < d) that are implicit
in the multivariate regression ¥ = X + e.

If d = 1, the usual way to test h/3 =0 (or 5, = 0) is to use the identity

Var(W'3) = ' Cov(B)h = o*W (X'X)"'h  (d=1)

If Hy : W' 3 = 0 is correct, then the test statistic

= h/B ere
"= esprex s (64)
MSE = — 3 (v - (xB))° 65)

has a Student’s t distribution with n — r degrees of freedom.
If d > 1, then h/3 is a 1 x d row vector, and a plausible generalization
is to compare the d x d matrix

Hy, = (W) (WB)/(W(X'X)~"h)
= (B'h)(B'R) /(h'(X'X)" ) (6.6)
with the d x d residual error matrix
E=(Y - XB)(Y — XB) (6.7)

with entries
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Bay =Y (Yia — (XB)ia) Vi — (XB)as) (6.8)
i=1
If d =1, Hy,/E is the same as t?/(n — ) for t in (6.4), and has distribution
Fipyr/(n—r)if MG =0.
If d > 1, the fact that Hy/F is a ratio of matrices for Hy, and F in (6.6)
and (6.7) is made even more awkward by the fact that the three matrices

E~'H, H,E~! E~Y2H,E~1/? (6.9)

are in general different. However, the eigenvalues of the three matrices (6.9)
are exactly the same. This follows because all three matrices have the same
characteristic polynomial (for example for E~!H},)

f(A) =det((E~'Hp) — M) = det(E~'(H, — AE))
= det(H}, — A\E)/ det(E) (6.10)

For the “rank one” case (6.2), it turns out that (i) the three matrices in (6.9)
have exactly one nonzero eigenvalue A\ for Hy, in (6.6), (ii) the eigenvalue A\
can be easily found, (iii) the eigenvalue A\; has an F' distribution given Hj :
h'8 =0, and hence (iv) a practical test of Hy : h'3 = 0 can be based on ;.

To show (i) and (ii), first note that 8’h and B'hin (6.6) are d x 1 column
vectors and that (6.6) can be written

H,=w'/C, wv=03h, C=hn(X'X)"h (6.11)
which is a d x d matrix of rank one. Similarly
E~Y2H,E7YV2 = (B2 (B2 /C (6.12)

is also a d x d rank-one matrix.

In general, if A = cxa’ is a symmetric d X d matrix for a d x 1 column
vector x and a constant ¢, then A has at most one nonzero eigenvalue Aq,
which is given by A\ = cz’z. To show this, first assume Ay = Ay for some
eigenvalue A # 0 and eigenvector y # 0. Then Ay = cx(x'y) = Ay. Since
A# 0,y = cx(x'y)/\ = ax for a = c(z'y)/\. Thus Ay = \y = A(az) =
cax(x’'z) = Aax, which implies A = cz’z since y = ax # 0. Conversely, if
'y =0, then Ay = cx(a'y) = 0. It follows that the d X d matrix A has one
eigenvalue \; = cz’z and an additional d — 1 zero eigenvalues.

This implies that the matrices in (6.9) and (6.12) have the sole nonzero
eigenvalue

M o= (E7YV2)(E7Y20)/C = vE~Ww/C
= (BR)E~(B'h)/ (W (X'X)"'h) (6.13)
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For the special case of Hy(a) : B,; = 0 in (6.1), this is
M) = BETB/((X'X)7Y),, (6.14)

where {3, is the a'® row of 3 and E is the d x d covariance sum matrix in (6.8).
Note that the matrix X appears directly in the statistic A\; in (6.13) only as
the scalar constant h'(X’X)~1h, exactly as in the univariate case.

We will derive the exact distribution of \; given Hy : A3 = 0 in Sections
8 and 10 below. This will allow us to find P-values for “rank one” multivariate
hypotheses using standard probability distributions. Before proceeding, let’s
show how a simple multivariate two-sample problem also leads to a statistic
that is very similar to (6.14).

7. A Multivariate Two-Sample t-Test: Suppose that we have two in-
dependent d-dimensional vector-valued samples

(Zl)la<Zl)27---a(Zl)n1 where (Zl)z =~ N(,ul,Z) (71)
(Zg)l,(ZQ)Q,...,(ZQ)n2 where (Zg)j ~ N(/LQ,E)

with the same covariance matrix Y and that we want to test Hy : pu; = po.

Examples of (7.1) would be two sets of d-dimensional pollution profiles
for two different cities, d tests for two sets of students, Olympic results for
two sets of athletes from two different countries, or d physical measurements
on two sets of human skulls.

Note that this is exactly the same setup as in the classical two-sample
t-test. The only difference is that the observations Z;; in (7.1) are vector-
valued with the same unknown d X d covariance matrix X, as opposed to
being univariate normal with the same unknown variance 2.

We could could analyze the data in (7.1) by carrying out d different two-
sample t-tests on the d components of Z;;. However, this can definitely lead
to misleading results if the random vectors Z;; have a significant vector dif-
ference that is not aligned with one of the coordinates axes. An appropriate
test of (7.1) would take this possibility into account.

If d = 1, the standard classical test of Hy : u1 = po is based on the

statistic
n1Nn9 — —
T=,—"(Z1—-Z 2 h 7.2
«/n1+n2( 1 2)/\/3 where (7.2)

1 2 ng .
g DI BCIE )

i=1j=1
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Here s2 is the pooled variance estimator of o2. If 1 = pg, then T has a
Student’s t distribution with ny + no — 2 degrees of freedom. If py # po,
then T has a noncentral Student’s t distribution with nq, + no — 2 degrees of
freedom.

A generalization of T' for d > 1 due to Hotelling (1931) is

ninaz —

T? = Zy\—Zy)'S 21 - Z h 7.3
n1+n2( 1 — Zs2) (Z1—Z2)  where (7.3)
1 2 T4
s L s~ 20

Here S is called the pooled sample covariance estimator of the matrix 3. The
statistic 72 in (7.3) is called the Hotelling T?-statistic for the two-sample
multivariate problem (7.1).

The data in (7.1) can be put in the form of a multivariate regression
Y = X3+ e by viewing the data (Z1);,(Z2); in (7.1) as the row vectors of
an x d matrix Y with entries

Yij = (Z1)i5, 1<i<ng, 1<j<d
Yij = (Z2)i—n. 5 n+1<i<n, 1<j<d
where n = ny + ng. Then the model (7.1) is equivalent to

Yij = (n1)j + eij, l<i<m, 1<j<d
Vij=(u2)jtey m+l<i<n 1<j<d

where the rows e; of the n x d matrix e are independent random normal
vectors with distribution N(0,3). This can be written in matrix form as

10
1 0

- — _ (M

Y=XpB+e for X= 0 1 and ﬁ_<,u2) (7.4)
0 1

where p1 and po are now viewed as row vectors. Here X is an n x 2 matrix
with ny rows equal to (1 0) followed by my rows equal to (0 1). Notice
that this is a no-intercept regression. With only slightly more effort, we
could also have transformed the problem into a regression in which the first
column corresponds to an intercept.
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If h = (1 —1)/, then W' = p; — pg in (7.4) and Hy : py = po is
equivalent to Hy : A’ = 0. We now apply (6.2) through (6.13) in Section 6.
For X and (in (7.4),

X'X = (%1 0 ) B=(X'X)"'X'Y = (%) (7.5)

na2

where Z, = (1/n4) Y., Za;i are the two sample means in (7.1) viewed as

row vectors. In particular, 3, = Z,, for a = 1,2 for the two rows of the 2 x d
matrix (. Similarly

glh - <§;> (_11> = (71—72)/ and

() () A

The eigenvalue \; in (6.13) can now be written

Moo= (Bh)YETHFR)/ (W (X'X) 7 h)
= M 7 ZYVENZ, — Zs) (7.6)

n1 + N2

-~ -~

where E = (Y — X(3) (Y — X[3) is the residual error matrix in (6.7)—(6.8)
and Z, are now viewed as column vectors. Since the matrix X in (7.4) is
(n1+mn2) x 2, \y in (7.6) corresponds to n = ny +ng and r = 2 in Section 6.
The residual error matrix £ in (6.7) depends on the matrix of fitted values

~ (71
(Xﬁ)w - {(72

)j 1<i<ng, 1<j5<d
)j n+1<i:<n, 1<j<d

so that
ni n2

E = Z(le' — Z\)(Zvi — Z1) + Z(ZQi — Z2)(Zai — Z2)' (7.7)

i=1 i=1
Thus the pooled covariance matrix S in the two-sample Hotelling T2 statistic
in (7.3) is S = E/(n1 +ny — 2) for E in (7.6), and the eigenvalue \; in (7.6)
can be written

ninz —

A= Z1—Z))ENZ,-Z
1 n1+n2< 1 2) ( 1 2)
1
= —— 77 7.8
ny+ng —2 (7.8)

for the two-sample Hotelling T2 statistic in (7.3).
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8. The Distribution of \; for “rank one” tests Hg : h/3 = 0:
The test procedure of Section 6 compares the d x d rank-one matrix

Hy = (B'R)(B'R) /(W (X' X) " h) (8.1)

with the d x d residual error matrix

-~ ~

E=(Y -Xp3)(Y-Xp)

We showed in Section 6 that the matrix Hy, in (8.1) is rank one, and that the
three matrices E~'Hj,, H,E~', and E~Y2H, E~'/? in (6.9) have the single
nonzero eigenvalue

M o= (Bh)YEYE /(R (X'X)" h) (8.2)

Since B’ his a d x 1 column vector and F and X’X are positive semidefinite
matrices that are generally also positive definite, A\; in (8.2) is a nonegative
number that is generally positive.

We next derive a representation of the distribution of the test statistic Ay
in (8.2) given Hy : A’ = 0. By (7.6), this will also give us the distribution
of the two-sample Hotelling T2 statistic (7.3).

First, if L is any ¢ X r matrix, then LB is ¢ X d and

~

(LB)L = (L& Ia)BL
by (3.6). Hence
Cov((LB)L) = (L ® Iy) Cov(BL)(L @ L)
= (LeL)(X'X) ') (L' ®1y)
= (LIX'X)"'LhYox (8.3)

by Lemma 4.1. If L = b/ is 1 x r, then L(X'X)"'L' = W(X'X)"1h is a
number and

Cov((W'B)r) = Cov(F'h) = (K (X'X)"'h)%

Since B = (X'X)"'X'Y = B+ (X'X)~1X’e, 3 has a joint normal distribu-
tion. Hence the random vector 3’h has the distribution

GF'h =~ N(B'h, (M(X'X)"'h) %) (8.4)

(Ezercise: Derive (8.4) by writing h'[3 in terms of its components and using
(1.4) or (4.4) directly.)
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The relation (8.4) implies that the random vector
Zy=(B'h—Bh)/VHEX'X)"h ~ N(OY) (8.5)
If '3 =0, it follows that the principal eigenvalue A; in (8.2) can be written
M\ = ZyE~' Z, (8.6)
where Zy ~ N(0,%) is given by (8.5) and E = (Y — XB)'(Y — X[3) is the
residual error matrix. I now claim that if A’3 = 0, then \; can be written
n—r -1
A\ o= Z) (Z ZiZ;> Zy  where (8.7)
i=1
Zoy Z1y. .y Zp—y are independent N(0,X)
It will also turn out that the distribution (8.7) does not depend on X.
The distribution in (8.7) is called the Hotelling T? distribution (abbre-
viated T2(d,n — r)) in honor of Hotelling (1931), and is the d-dimensional

generalization of a Student’s ¢ distribution.
To prove (8.7), first note that the fitted value matrix

XB = X(X'X)'X'Y) = X(X'X)'X'(XB+e) = XB+Ke (88)

where K = X (X'X)71X’ is an n x n orthogonal projection matrix. (That
is, K = K? = K'.) The residual value matrix is

Y —XB=(XB+e)— (XB+Ke)= (I, — K)e

Since K = K’ = K2, it follows from the spectral theorem that

K=UDU, D= (Ik 0) (8.9)
0 0
where U is an n X n orthogonal matrix and k is the number of nonzero
eigenvalues of K. Note that k is the same as the dimension of the range
space of K. Since tr(K) = tr(U'DU) = tr(DUU’) = tr(D) = k and tr(K) =
tr(X(X'X) 71 X') = tr((X' X)X’ X) = tr([,) = r, it follows that k = r.
Define Z = Ue for the n x n matrix U in (8.9). Thus

Zij:ZUiaeaj7 1<i<n,1<j<d
a=1
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This means that the same n X n rotation matrix U is applied to each column
of e. Viewing the n x d matrix Z = Ue as an nd x 1 column vector as in
Section 3, Z1, = (U ® I;)er, by (3.6) and

Cov(Zy) = (U® 1) Cov(ep)(U ® Iy)
= UL)LeoX)(Uel) = UU)eL=1,3%

by (3.7) and (4.5). This means that Z;, has the same distribution as ey,. In
particular, the n rows of Z are independent random vectors with distribution
Z; = N(0,%).
By (8.8) and (8.9), the fitted values
X3 = XB+Ke = XB+U'DUe = X3+ (U'D)Z  (8.10)
Similarly, the residual matrix ¥ — X B is
Y- X8 = (I.— K)e = U'(I, - D)Ue = U'(I, — D)Z

In particular

~ -~

E = (Y-XpB)(Y—-XB)
= 7'(I, - D)'UU'(I, - D)Z = Z'(I, - D)Z
We also have
B = (X'X)'X'Y = B+ (X'X)'Xe
= B+ (X'X)"'X'Ke = g+ (X'X)"'X'U")DZ

since X'K = X’X(X'X)"'X'’ = X’ and K = U'DU by (8.9). Thus if we
write F and 3 in terms of their components

Ew = )Y Zialln=D)ijZp = ) ZiaZiv (8.11)
i=1 j=1 i=r+1
Baj = fBq; + Z Z LoiDinZi; = Baj + ZAaiZij
=1 k=1 i=1

where A = (X’'X)~1X'U’. This means that B and B’h depend on only the
first r rows of Z, while E depends only on the last n — r rows of Z. In
particular, 5 and E are independent. Finally by (8.11)

E= Y ZZ (8.12)
i=r—+1
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where Z; is the i'" row of Z viewed as a column vector. Since Zj in (8.5)
is a linear function of B, it follows from (8.11) that Zy, Z,41,...,Z, are
independent random vectors. The relations (8.5), (8.6), and (8.12) complete
the proof of (8.7).

To put the multivariate distribution (8.7) in more perspective, we need
some more definitions.

9. Wishart and Hotelling T2 Distributions: A d x d random matrix
W is said to have a Wishart distribution with parameters 3, d, and m (ab-
breviated W ~ W (X,d, m)) if W has the same distribution as the random
d X d matrix

> 2z where Z,...,Zy are independent N(0,%)  (9.1)

In particular, the Wishart distribution is a distribution of random nonegative-
definite d x d matrices, rather than of a single univariate random variable.
The random matrix (9.1) can be shown to be positive definite and invertible
(with probability one) if and only if m > d.

We can sum up the first principal result of Section 8 in a theorem:

Theorem 9.1. Consider the multivariate regression
Y = X0 +e, er, = N(0,I, ®X) (9.2)

where Y is n x d, X is an n X r matrix of rank r, and 3 is r x d, and Ap,
for a matrix A means the column vector of the matrix entries of A written
in lexicographic order. Let 8 = (X'X)"'X'Y be the MLE of 3 (Section 4).
Then

(i) B ~ (ﬁL (X'X)" @)
(i) B = (Y - XBY(Y — X) ~ W(S,dn—r+1)
(iii) B and E are independent.
Proof. Part (i): See (4.5) or (4.10). Parts (ii,iii): See Section 8.

It follows from (7.4) that the residual error matrix in the multivariate
two-sample problem (7.1) also satisfies £~ W (X, d,n; + ny — 2).

The Wishart distribution is a multivariate generalization of the chi-
square distribution, but also depends on the matrix . For simplicity, let
W(d,m) = W(I4,d,m) denote the Wishart distribution with ¥ = I;. Then

Lemma 9.1. In terms of distributions, for any r x d matrix A,
(i) W(Z,d,m) ~ X2W (d, m)x/?
(il) AW (2,d,m)A’ =~ W(AX A", r,m)
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Proof. If W =3"", Z;Z! where Z; are independent N (0,Y), then
AWA =AY Z,Z]A' =) (AZ)(AZ;)
i=1 i=1
Since Cov(AZ;) = ACov(Z;)A" = AXA" and A is r x d, it follows that
AW A’ is Wishart W(AX A’ r;m). It follows from the same argument that
if W = >, N;N/ for independent N; ~ N(0,I;) and A = %!/2 then
AWA ~ W (S, d,m).

A random variable T is said to have a Hotelling’s T? distribution with
parameters (d, m) (abbreviated T ~ T?(d,m)) if T has the distribution

1 m
T ~Y'S7lY, S==) 72z 9.3
sy 9
where Y, Z1,..., Z,, are m+1 independent N (0, ) for some positive definite

matrix Y, or equivalently if

Y’ <%W(E, d, m)>1 Y, Y ~N(OZY) (9.4)

T

Q

where Y is independent of W (X, d, m).
The distribution 7' ~ T?(d,m) does not depend on ¥. For, by (9.4)
and Lemma 9.1,

S ~ iW(z,d,m) ~ ni/? (iW(d,m)) »i/2

m m

and hence

T ~ Y/sfly ~ (Zl/QNO)/(Efl/QSZijl271/2)21/2]\[0

Q

1 m
NySN'No, Sy = ~ > NN
=1

where Ny, Ni,...,N,, are independent N(0,1y). It follows that the distri-
bution of T2(d, m) does not depend on ¥, so that we can assume ¥ = I in
the definitions (9.3) and (9.4).

We can state the second principal result of Section 8 as a second theorem:

Theorem 9.2. For the multivariate regression (9.2), consider the test
statistic A1 in (8.2) for the hypothesis Hy : h/3 = 0 for an arbitrary r x 1
column vector h. Then

T?(d,n —r)

MR 9.5
! n—r (9:5)
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has a Hotelling 72 distribution divided by n—r. In particular, the null distri-
bution for \; for the test Hy : h’3 = 0 is a scaled Hotelling 72 distribution.

Proof. See (8.7) in Section 8 and the definition (9.3).

We prove in the next section that Hotelling T?(d,n) distributions are
F-distributions with

dn

T ~ T?*(d ~ —
(d; ) n—d+1

Fa,n—d+1 (9.6)

for n > d. In particular T%(d,n) ~ d*F;; if n = d. If n < d, the matri-
ces (9.1) are not invertible (with probability one) and (9.3) and (9.4) cannot
be defined. If n > d, the eigenvalue A; in (9.5) satisfies

T?(d,n — 1) d %1
A\~ ’ ~ Fy v N o—
! n—r n—r—d+1 d, dt1 Vs

(9.7)

where V7 and V5 are independent chi-square random variables with d and
n —r —d+ 1 degrees of freedom, respectively.

Examples of (9.6) for Tests Hy : h’3 = 0: By (8.1)—(8.2) and (8.7), the
sole nonzero eigenvalue \; of the three random matrices E~'Hj,, H,E~!,
and E~Y2H, E~'/? in (6.9) has the distribution (9.7) if »’8 =0, h # 0, and
n—r>d.

Similarly, the two-sample Hotelling T2 statistic in (7.3) has the distri-
bution

nine = = -
T? = - 1+ 22 (Z1 — Z5)'S™(Z, — 7o)
~ (n1+ny—2)\

d(n1+n2—2)
ny+ne—d-—1

~ T2 ~
~ T (d, ny +ng — 2) ~ d,n1+nz—d—1

by (7.8), since n = ny + ng and r = 2 for Ay in (7.6) or (7.8), and (9.7).
Ezxercise 9.1: Suppose that A3 # 0 in (8.1)—(8.2). Show that

n—r 1
M= Zo (Z ZiZ,L() Z! (9.8)
i=1
where Zy, Z1,...,Z,_, are normally-distributed independent random vec-

tors, Zy is N(v,14) for some v # 0, and Zy,..., Z, are N(0,I;). Find ~ in
terms of h, (3, and X.
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10. The Distribution of T?(d,n): The purpose of this section is to
prove that Hotelling distributions are F-distributions. Specifically,

Theorem 10.1. If T has the Hotelling 72 (d, n) distribution defined in (9.3)
and n > d, then

dn
T =T*dn) ~ ———— Fy 10.1
Generally, if
—1 n
1
T ~ Z(') (EW) Z0 for W = El ZiZ,L{ (10.2)

where Zy, Z1,...,Z, are independent N(0,1;), then T has the F-distri-
bution (10.1).

Proof. The main step is to show that the conditional distribution

{ZW 20| Zo =20} = (2020)/V., V=X’ (n—d+1) (10.3)
That is, the conditional distribution of ZjW~1Z, in (10.2) given Zy = 2
depends on zy only through z{zp and is given by (10.3).

I claim that (10.3) is sufficient to prove (10.1). For, (10.3) implies that
the conditional distribution

ZtW-12,
7 Z

in particular does not depend on zy3. By Lemma 10.1 below, this implies that
the unconditioned random variable Q = (Z)W ~1Z)/(Z}Zo) is independent
of Zy and has the same distribution (10.4). In turn, this implies that

ZO:ZO} ~ 1/V, Vaxi(n—d+1) (10.4)

V1 nd(Vl/d)
T = n(Z.7, N n— =&
n(Z0%0)Q ~ nyz (n—d+1)(Va/(n—d+1))
nd
~ — F — 1
e (dyn—d+1)

where Vi = Z§Zo ~ x*(d), Vo = V = x?*(n —d + 1), and Vi and Vs are
independent. Given (10.3), this completes the proof of (10.1).

To prove (10.3), first note that the independence of Z; and W implies
that for any n x n orthogonal matrix ()

n -1
z(’)W*le = z(’) (ZZzZz/> 20
Zzl » ) »
20 (Z(in)(QZi)/) 20~z <QZZZZZ{ Q/> 20
i=1

=1

~ (Q/ZO)/W—1<QIZO)

Q
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where, by (10.3), @ could depend on zy. In particular, we can choose @ so
that Q'z9 = (\/2420 )e1 where e; is the first coordinate vector in R?. In that
case

oWl = (2620)<W_1>11 (10.5)

where the last expression above means the (1,1) entry of the random ma-
trix W 1. Next, write W in the partitioned form

Ny (Wi W
W = ;ZZZZ- = (W21 W22> (10.6)

where W7y is 1 x 1, Wis is a 1 x r row vector for r = d — 1, Wy, = W/, and
Wag is v X . Then by Lemma 10.2 below

<W_1>11 = (W - I/V12VV2_21VV21)_1

Since Wy and W12W2_21W21 are 1 x 1 (that is, are numbers), (10.5) implies

/
AW 2 & 0% (10.7)
Wi = WiaWoy Wan
and it is sufficient for (10.3) to prove
Wi — W12W251W21 ~ XQ(n —d+ 1) (108)

for the d x d matrix W. We express W;; in (10.6) in terms of the independent
standard normal random variables Z;, in (10.2), using the fact that the Z;
are independent N (0, ly). Specifically, let ¥; = Z;; (1 < i < n) be the
first column of Z and consider the n x r random matrix X;, = Z; 441 for
1 <a<r=d-—1 composed of the remaining columns. Then by (10.6)

Wiu=3) ZuZun=) Y=YV
=1 =1
(Wiz2)a = Z ZinZia+1 = ZYz'Xia = (Y'X)iq
i=1 i=1
(W22)ab = Z Zi,a+1Zi,b+1 = (XIX)ab
=1

Since Wy = Wi, = X'Y,

Wi — WiaWa'Way = Y'Y — V' X(X'X)"'X'Y = Y(I, - K)Y (10.9)
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Here K = X(X'X)"1X’ is a (random) n x n orthogonal projection matrix
with rank(K) = r = d — 1 that is independent of Y. In fact, K is the same
matrix as in (8.8) except that now X is random.

Since X is random, we cannot conclude from (10.9) directly that the
expression in (10.9) has a chi-square distribution as in (8.9) and (8.11), but
we can conclude as before that the conditional distribution

{WH - W12W251W21 |X = ZC‘} ~ XQ(TL—’T’) =~ XQ(TL— d+ 1) (1010)

for an arbitrary n x r constant matrix x using the fact that the matrix entries
Ziq are independent. Then Lemma 10.1 implies that (10.10) holds without
any conditioning. This implies (10.8) and hence (10.3), which completes the
proof of (10.1).

We now give the statements and proofs of three lemmas.

Lemma 10.1. Assume that () and X are two arbitrary random variables
with a joint density f(q,z). (Either or both of @ and X may be vector
valued.) Suppose that the conditional distribution of @ given X = x does
not depend on z, which we can write as

fax(qlz) = fox(q) (10.11)

Then
(i) @ and X are independent and
(i) foix(q) = fq(q) is the same as the marginal distribution of Q.

Proof. The joint density f(q,z) for any two random variables ) and X can
be written

flgz) = fx(2)fox(q | x) (10.12)

where fx () is the marginal density of X and fg x (¢ | x) is the conditional
density of @) given X = x. Similarly, the marginal distribution of @ is

fole) = / f(q,z)dx

It then follows from (10.11) and (10.12) that

folg) = / £(g,7) dz = foix(q)

Thus the conditional density (10.11) is the same as the marginal den-
sity fo(q). Moreover, by (10.11) and (10.12)

flg,7) = fx(z)folq)
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This implies that () and X are independent, which completes the proof of
Lemma 10.1.

Lemma 10.2. Let A be a symmetric d X d matrix that we can write in
partitioned form as
A An
A =
<A21 Ago

where Aq1, Aso, and A are invertible square matrices. Define

B B
A"l = B = 11 12)
(321 Baa

in the same partitioned form. Then

1

(A™H1 = Bu = (An —A12A2_21A21)7 (10.13)

Proof. This is just the generalization of Cramer’s Rule for 2 x 2 real matrices
to 2 x 2 partitioned matrices, but is still somewhat nasty to prove. First,

define c c
(T (I,
p=(o )= (% 1)

where Aq1 is di x di, C' is a d; X do matrix, etc. Then
r i C All A12 I 0
par = (¢ ) (40 a2) (& Y)
(A +CAy A+ CAx I 0

_ A1 + CAgy + Ag1C' + CAxnC’ Ay + CAgs
A1 + A C’ Ago

Let C = —A12A2_21, so that A12 +CA22 = 0. Since A21 = Allz, A21 —|—A220/ =
0 as well and

;A — ARAS Ay 0
DAD" = ( 0 Aoy
Note D is invertible with D=1 = <é _IC) and define By by (10.13). Then
. (Bi 0 _
A — D 1 ( (1)1 A22) (D/) 1

and hence
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_ B 0
A 1 — D/( 11 ~ )D
0 Ay

(T 0\ (B 0 I C
—\C T 0 Ay J\0 I
. Bll 0 I C
— \C'B Ay )\o T

_ By, B, C
C'By; C'ByiC + Ay
This completes the proof of Lemma 10.2.

We include a final lemma, which can be used to obtain a shorter proof
of Lemma 10.2 if A is positive definite.

Lemma 10.3. Assume X =~ N(u,X) is a normally-distributed random
vector that we write in partitioned form

(Y _(a _ (X1 X2
=(z) o-00) == )
If Yoo is invertible, then the conditional distribution

{(Y|Z=2} = N(a+ 21255 (2 = b), 11 — L1285, So1) (10.13)

Proof. Write Y =Y — CZ + CZ for a matrix C. Then
Cov(Y —CX,CX) = Cov(Y,CZ) - Cov(CZ,CZ)
= Cov(Y,Z)C" — CCov(Z,2)C’
= (812 — C¥90)C’

Set C' = %1535, . Then Cov(Y — CZ,CZ) = 0, which implies that Y — CZ
and C'Z are independent. In turn, this implies

Y Z=2} =2 {Y-CZ+CZ|Z=2z} (10.14)
~ (Y-CZ)+C=z
Thus the conditional distribution {Y | Z = z } is normal with
EY|Z=2)=EY-CZ)+Cz=a—-Cb+Cz=a+C(z—-b)
and by (10.14)
Cov(Y | Z=2) = Cov(Y —CZ) = Cov(Y —CZ)Y —CZ)
= Cov(Y) — CCov(Z,Y) — Cov(Y, Z)C" + C Cov(Z, Z)C'
= 313 — O — X120 + CXgC’
= Y11 — T12%5 oy
This completes the proof of Lemma 10.3.
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Ezxercise 10.1: Assume that the matrix A in Lemma 10.2 is positive defi-
nite. Use (10.13) to provide a shorter proof of Lemma 10.2. (Hint: Consider
the form of the conditional densities of Y and X.)

11. A Higher-Rank Version of Hy : h’3 = 0: A natural generalization
of tests of the form Hy : h'3 = 0 for the regression Y = X3 + e is

Hy:LB=0 (11.1)

where L is a ¢ X r matrix with rank(L) = ¢. Since L{ is ¢ X d, equation (11.1)
is shorthand for ¢ different relations of the form h’3 = 0 for r x 1 column
vectors h. If ¢ = 1, then L is 1 x r, so that L = A’ for an r x 1 column
vector h.

An example of (11.1) would be three independent vector-valued samples

(Zl)la(Zl)QwH;(Zl)nl where (Zl)z ~
(Z2)1,(Z2)2, - (Za)n,  where (Zs); ~ N(ua, %) (11.2)
(Zg)l, (23)2, ey (Z3)n3 where (Z3)k ~ N(,ug, Z)

=
=
o

with Hy : g1 = po = ps. The one-way layout (11.2) can be put in the
form Y = X3 + e as in (7.4) where now X isn x 3, § = (ul po wps)’, and
n =mny + no + ng. In this case, Hy : u1 = pe = ps is equivalent to

M1
_(1 -1 0 _(m—p2) _ (0O
=00 ) (e ) ()= () s
M3
which is Hy : LG = 0 for a 2 x 3 matrix L.

In the univariate case (d = 1), one can show that if Hy : L = 0 holds
and MSE is defined by (6.5), then

F = (L3 (L(X'X)" 'Ly~ (LB)/MSE (11.4)

has a F-distribution with (¢,n — r) degrees of freedom.

Exercise 11.1: Show that, if d = 1 and L is ¢ x r, the matrix dimensions
in (11.4) work out so that (11.4) exists as a number.

Exercise 11.2: Prove or disprove: If d = 1 and the one-way layout (11.2)
is written as Y = X3 + e for 8 = (u1 po ps)’ analogously to (7.4) for L
in (11.3), then F in (11.4) is the same as the classical one-way ANOVA test
statistic.
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Multivariate ANOVA and Regression Tests: A multivariate (d > 1)
version of the test Hy : LB = 0 for rank ¢ > 1 can be based on comparing
the d x d matrix

Hy, = (LB) (L(X'X) "' L))" (L) (11.5)
with the d x d residual error matrix

E=(Y-XB)(Y - Xp)
as before. Recall

Cov((LB)) = (L(X'X)"'L)®@ %

by (8.3). If d = 1, then H; and E are numbers and Hy/E has an F
distribution given L3 = 0. As in the rank-one case (¢ = 1), the multivariate
(d > 1) analog is more complicated, since H;, and E are d X d matrices and
the three matrices

E~'H, H E™1 E~Y2H E71/? (11.6)

are generally different. However, as in (6.9)—(6.10), the eigenvalues of the
three matrices (11.6) are the same. Since E~! is invertible, the number of
nonzero eigenvalues is the same as the rank of Hy, which can be shown to
be the same as ¢ = rank(L) if 5 # 0.

If ¢ = rank(L) = 1, the three matrices (11.6) have a unique nonzero
eigenvalue A\, which has the F-distribution (9.7) if A’ = 0.

If ¢ > 1, the matrices (11.6) are generally not of rank one and have more
than one nonzero eigenvalue. Since the third matrix in (11.6) is positive
semidefinite, we can assume Ay > Ao > ... > Ay > 0. Tests of L3 = 0
that do not depend on which matrix is chosen in (11.6) can be based on
expressions that depend on different functions of the eigenvalues A;.

The four most-common tests of Hy : L3 = 0 for ¢ > 1 and the corre-
sponding functions of \; are:

1. Wilk’s Lambda: A = det(E)/det(H,, + E) = [, v
2. Pillai’s Trace: Sy = tr(Hp(Hy + E)™") = 37 A
3. Hotelling-Lawley Trace: Sy =tr(HLE™') =3\

4. Roy’s Greatest Root: S3 =\

The last test is named after the Indian statistician S. N. Roy, so that Roy
is not a first name. Wilk’s Lambda is essentially the likelihood ratio test
statistic for Hy : L3 = 0.
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If ¢ = rank(L) = 1, then only one eigenvalue A; > 0, and that eigenvalue
has the F-distribution (9.8) if 4’3 = 0. In that case, the four tests above are
equivalent and have identical P-values.

If ¢ = rank(L) > 1, the four tests use different approximations of their
test statistics in terms of F' distributions and give different P-values. In this
case, the four tests can be viewed as tests of Hy : LG = 0 against different
alternatives.

The standard test for Roy’s Greatest Root is a little different than the
others in that the approximation only gives a lower bound for the true
P-value. That is, one concludes P > 0.01 (for example) and not that P
is approximately 0.01, as is the case for the other three tests. In fact, it of-
ten happens that the P-value for Roy’s Greatest Root is significantly smaller
than the others, which could then be significantly misleading.

See the SAS documentation for references and more details, and in par-
ticular for references for approximations of the four P-values.
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