Ma 5051 — Real Variables and Functional Analysis
Solutions for Problem Set #5 due October 8, 2009

Let (X, M, i) be a measure space. Recall [, f(x)dp = [I4(z)f(x)dp for A e M
and f € LT U L', where I4(z) is the indicator function of A.

1. Since g,(z) £ fn(x) > 0, gn(x) — g(x) a.e., and f,(x) — f(x) a.e., by Fatou’s
Lemma

n—oo

/(g(x) — f(z))dz < liminf/(gn(:l;) — fo(z))dx

/(g(x) + f(z))dx < liminf/(gn(x) + fo(z))dz

n—oo

Subtract the limit [ g,,(z)dp — [ g(x)dp from both inequalities and note that the
second inequality is equivalent to limsup,, . [ fu(z)dp < [ f(x)dp. Then

[ f@ydn < tmint [ fu@)dn < s [ f@de < [

n—oo

Since the first and last integrals are the same and finite, [ f,(z)dp — [ f(z)dp.

2. (&) If [|fn — fldu — 0, then

‘/Ifnldu—/\fldn‘ - ‘/(Ifnl—lfl)dﬂ‘ < [ |igal = 111 e

< [15a=fldu—0

(b) Let gn(z) = [fn(z)| + |f(2)| and g(z) = 2[f(x)|. Then |fu(x) — f(z)| <
90 (), 1fn2) — @) — 0 e ga(z) — 9(2) ace and [ godu — [ gy since
[ 1faldp — [|f|dp. Hence, by the previous problem, [ |f, — f|du — 0.

3. It is sufficient to show that z,, — x implies F(z,) — F(x) where
F@) = [ 1wy = [ I f0)dy

Note that I(g ., () f(y) — L0,2)(y)f(y) for y # = (that is, for a.e. y) and

[ (—o0,2) W) f(W)] < (W)

since f € L' implies [|f(y)|dy < oo. Thus F(z,) — F(z) by the dominated
convergence theorem.



Ma5051— Real Variables and Functional Analysis— October 8, 2009 ............ 2

4. (Problems 28ac, page 60 in text)

(a) Evaluate lim, o [~ (1 + (z/n))” " sin(z/n) dz. Proofs I and II below are
from student homeworks, in comparison with my more long-winded Proof ITI. There
is also a shorter Proof IV.

In all cases, let f,(z) = (1 + (z/n)) " sin(z/n) and gn(z) = (1 + (z/n)) "
Then |f,(2)] < gn(x), fu(x) — e 0 =0 and g,(z) — g(x) = e~ * for all x > 0,
but g, (x) is not uniformly bounded by e~* since g, (x) ~ C), /™ > e~ 7 for fixed n
as & — 00.

In Proofs I-111, the problem is to find dominating function(s) for g, (x). Proof IV
uses a direct estimate of |f,,(z)| and doesn’t really use the dominated convergence
theorem.

If we can show (i) g, (x) < g(x) where [;* g(z)dx < oo, then [ fndz — 0
by dominated convergence. If (i) [,° gn(z)dz — [;° g(z) dx < co where g, (z) —
g(z) = e~*, then we can use Problem 1 to show [~ fu(z)dz — [;° 0dz = 0.

Proof I: By the binomial theorem for z > 0,n > 4, (1 + (x/n))n =1+
n(z/n)+ (5)(z/n)?+... > 1+ ((n—1)/2n)z? or even > 1+ (n(n—1)(n—2)(n —
3)/24)(z/n)*. Thus (1 + (z/n))" > 1+ (1/4)22 or > 1+ (1/256)2* for n > 4.
Thus |(1 + (:z:/n))_n sin(z/n)| < 4/(4 + 2?) or < 256/(256 + z*) and we can use
dominated convergence.

Proof II: We use the “moving dominated convergence” result of Problem 1
HWS5. Let f,,(z) and g, (x) be as above. Then |f, (z)| < gn(x), gn(x) — g(x) = ™7,
and f,,(z) — e"(0) = 0 for all z. If we can then show that lim, e [ gn(z)dz =
Iy g(x)dx = [;° e "dx = 1, then we can conclude that [, fn(z)dz — 0.

Now [“(1+ (z/n)) "dz =n [°(1+z)"de =n [ 2 "de = n/(n—1)
— 1 as n — oo. Since |f,(2)| < gn(z), we conclude [} fn(z)dz — 0.

Proof III: The following argument is longer in this case, but is easier in other
cases. I claim that, for fixed x > 0, (1+ (z/n))™™ | as n 1. This would imply (for
example) that e < (1+ (z/n))™" < (1+ (x/2)) 72 for fixed x > 0 and n > 2. The
statement is equivalent to K (y) = (1 +2y)~/¥ 1 as y . Note

d d log(1+ xy log(1 4+ zy) —yx/(1 + 2y
g sy = LB E ) _ gl ) /1 52y
Y Y Yy Yy

1+A

For A>0,log(1+A)= [, " (1/y)dy > A/(1+ A). Thus, for A = xy, we conclude
(d/dy)log K(y) > 0 for z > 0, y > 0. Tt follows that (1 + (z/n))™" < (1 +z/2)?2
for n > 2 and x > 0. Thus for n > 2

1

sin(z/n)
= U+ 227

(1+ (z/n))"
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which is integrable on (0, 00). Hence by dominated convergence

_ °° sin(z/n) > sin(z/n)
lim T dr = lim ————"—"o dr =
n—>00/0 (1+ (z/n)) /0 n—oo (14 (z/n)) ’

Proof I'V: More directly, if n > 3, the integral is bounded by
/ 1((1+ (x/n))_n sin(z/n)|dx < / (1+ (ac/n))_n(ac/n) dx
0
= n/ (1+2x) "xdr = n/ xM(x—1)dx
0 1

=n/ (IL‘_”H—IB_n) d:z::n(/ g dw—/ z‘”dx)
1 1 1
1 1 n 0
— — = - —>
"\n—2 w1 n—1)(n—2)

(c) This integral is f;~ sin(@/n) _dr _ gy where, since | sin(z)/z| < 1,

z/n 14z
sin(z/n) 1 1
x/n 1+22| = 1422

which is integrable on (0, 00). Thus by dominated convergence

, *sin(x/n) dz . sin(xz/n) dx < dx ™
lim = lim = = —
n—oo [y x/n 1+ 22 g n—oo  x/n 1422 o l+a? 2
5. (Problem 3lac page 60)
(a) For a > 0,
> 2 > 2 — —1)"™ 2n > 2 —
/Oo e ? cos(ax)dr = /Oo e ” nz_% % dr = /OO e ” nz_:ofn(:c) dz

where f,(zr) = (—1)"(az)?>"/(2n!). The problem is to justify interchanging the
integral and the infinite sum. Note

/_o; e g |fn(x)|dz = /oo oo i (?232)27 .

o axr —axr
— / e_mQ—(e +2€ )dl’ < 0

— 00
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Thus, by a form of dominated convergence (see Theorem 2.25 in the text), we can
interchange the sum and the integral and obtain

S g [ = S CE

! uzl
o (2n)! 47 n!

2

- Ay () - R

(c) For a > 1, since the terms in the sum below are nonnegative, and by a form
of the monotone convergence theorem (see Theorem 2.15 in the text)

[e%e] 1 [e%e) e—gc [e%¢) S
/ 21 dr = / 22! dr = / xa_IZe_"Idm
0 e? —1 0 1—e* 0 —
[e%e] 00 o0 1 [e3e)
= Z/ e dy = Z—a/ 2" te %dr = T'(a)((a)
n=1 0 n:ln 0




