
Ma5051 — Real Variables and Functional Analysis
Solutions for Problem Set #9 due November 19, 2009

Prof. Sawyer — Washington University

The measure m(E) below is Lebesgue measure on B(Rn).

1. (a) Choose a constant K such that
∫
|x|≤K

|f(y)|dm ≥ (1/2)
∫

Rn |f(y)|dm. Re-
call that m(B(r, x)) = Cnrn for B(r, x) ⊆ Rn. If |x| ≥ K and Kx = |x| + K, the
ball B(Kx, x) ⊇ B(K, 0) and

Hf(x) ≥ 1
m(B(Kx, x))

∫

B(Kx,x)

|f(y)|dm ≥ 1
Cn (Kx)n

∫

B(K,0)

|f(y)|dm

≥ C1

|x|n
( |x|
|x|+ K

)n

(1/2)
∫

Rn

|f(y)|dm ≥ C/|x|n

for some C > 0, since |x|/(|x|+ K) ≥ 1/2 if |x| ≥ K.
(b) By part (a), Hf(x) > α whenever |x| ≥ K and C/|x|n > α, or when

K ≤ |x| and |x| < (C/α)1/n. Thus

m
[{x : Hf(x) > α }] ≥ m

[{x : K ≤ |x| ≤ (C/α)1/n }]

= Cn

(
(C/α)−Kn

)
= Cn(C/α)

(
1− Kn

C/α

)
≥ C2/α

for C2 = CnC/2 provided that α is sufficiently small so that C/α > (2K)n, or so
that α < α0 = C/(2K)n.

2. By definition, x ∈ Lf if

lim
r→0

1
m(B(r, x))

∫

B(r,x)

|f(y)− f(x)|dy = 0

If |f(y) − f(x)| < ε whenever |y − x| < r0, then the integral above is bounded by
εm(B(r, x)) for r < r0 and the expression inside the limit is less than ε. Thus
limy→x f(y) = f(x) implies x ∈ Lf .

3. By the Lebesgue differentiation theorem in the form Theorem 3.18,

DE(x) = lim
r→0

1
m(B(r, x))

∫

B(r,x)

IE(y)dy = lim
r→0

m(E ∩B(r, x))
m(B(r, x))

= IE(x) a.e.

In particular, DE(x) = 1 a.e. for x ∈ E and DE(x) = 0 a.e. for x ∈ Ec.
Let E = [0, 1] × [0, 1] = { (x, y) : 0 ≤ x, y ≤ 1 } and set x0 = 0. Then

m(E ∩B(r, 0)) = (1/4)m(B(r, 0)) whenever r < 1 and DE(x0) = 1/4.
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4. Define

VF (y, π(y)) =
k∑

j=1

|F (xj)− F (xj−1)|

for partitions π(y) = {xj : 0 ≤ j ≤ k, −∞ < x0 < x1 < . . . < xk = y }.
Then VF (y) = TF (y) = supπ(y) VF (y, π(y)). By assumption, Fn(x) → F (x) for
all x, so that, for each fixed partition π(y), VFn

(y, π(y)) → VF (y, π(y)). Since
VFn

(y) = supπ(y) VFn
(y, π(y)) for each n,

VF (y, π(y)) = lim
n→∞

VFn
(y, π(y)) ≤ lim inf

n→∞
VFn

(y)

Since this holds for all partitions π(y), VF (y) ≤ lim infn→∞ VFn(y).

5. Let G(y) = F (y+) is increasing and right-continuous (see Theorem 3.23 on
page 101). Thus there exists a Borel measure µG such that µG((a, b]) = G(b)−G(a)
for all a, b ∈ R, a < b.

By the Lebesgue-Radon-Nikodym Theorem (page 90), dµG = dλ + g(x)dx
where λ ≥ 0, dλ ⊥ dx, g(x) ≥ 0 a.e., and dx is one-dimensional Lebesgue measure.
In particular

G(b)−G(a) = µG((a, b]) = λ((a, b]) +
∫ b

a

g(x)dx ≥
∫ b

a

g(x)dx

By the general Lebesgue differentiation theorem (Thm 3.33, page 98), G′(x) = g(x)
a.e. (and λ′(x) = 0 a.e.), so that

G(b)−G(a) ≥
∫ b

a

G′(x)dx

In general, if G(y) is any increasing function such that G(y) ≥ h(y) where h(y) is
a continuous function, then, by considering points of continuity y of G(y) and then
taking increasing and decreasing limits, G(y±) ≥ h(y) for all y. By Theorem 3.23
(page 101), F ′(x) = G′(x) a.e. Putting this together

G(b±)−G(a±) ≥ G(b−)−G(a+) ≥
∫ b

a

F ′(x)dx

Finally, since G(b−) ≤ F (b) ≤ G(b) and G(a−) ≤ F (a) ≤ G(a), we conclude for all
a < b that

F (b)− F (a) ≥ G(b−)−G(a) ≥
∫ b

a

F ′(x)dx

Remark : You can also use step functions based on difference quotients, Fatou’s
lemma, and Theorem 3.23 to conclude F (b)−F (a) ≥ ∫ b

a
F ′(x)dx. Indeed, from this

point of view, the use of the Radom-Nikodym theorem plus the Lebesgue differention
theorem is overkill.


