Ma 233: Calculus 111
Solutions to Midterm Examination 3

Profs. Krishtal, Ravindra, and Wickerhauser
17 questions on 17 pages

Tuesday, April 12th, 2005

1. Evaluate the iterated integral

2 2
/ / (z 4 2y) 2 dady
1 1

(a) 1
(b) 5
(©) 5
(d) 55
(e) 51
(f) &0
© % =
(h) 515
Solution:
2
/yil [Dil(x+2y)_3dxdy = /yz:l @:—'—_22‘7”2]:6_1 dy
_ /2 (2 +2y) 2_(1+2y)_2] p
| -2 i)




2. Calculate the volume under the elliptic paraboloid z = 222 + 3y? and over the rectangle
R=1-2,2] x [-3,3].

(a) 180
(b) 210
(©)
(d
(e
(f)
(g) 320
(h)

)
) 280 <«

Solution:  The volume is the integral of the height function f(x,y) = z — 0 over the base
rectangle R. This may be evaluated by iterated integration:

2 3 2 3
/ / (222 4 3y*) dydz = / {23:234 + y?’} dx
=—2Jy=-3 r=—2 -3

_ [ 1222 + 54] dw = [42° + 54z = 280.
r=—2 r=-2



3. Evaluate the double integral

I://xydA
D

where D is the triangular region with vertices (0, 0), (2,0), (2,1).

1/16

Solution:  Write D = {(z,y) : 0 < 2 < 2,0 < y < x/2} and compute the double integral
by Fubini’s theorem as an iterated integral in the y-variable first:

-Fi/ / Iwmh:/ﬂ W dx:/ Tlde= 2] =2,

0

Also by Fubini’s theorem, the iterated integral in the other order gives the same result. O



4. Evaluate the integral by reversing the order of integration.

2 2 ,
/ / e " dxdy
y=0Jz=y

(@) 1-e/2 <«
(b) (1—e72)/2

(©) (1-e2)/4

(@) (72— e))2

() (et —e )2

(f) (e —e2)/4

(8) (et —e?)/3

(h) 1—e™

Solution: The domain of integration has the two descriptions {0 <y <2,y <z < 2} and
{0 <2 <2,0<y <z} Usethesecond to compute the iterated integral in the other order
as suggested:

2

2 2 5 2 T 5 2 5 1 5
/ / e dxdy :/ / e dydx :/ re ¥ dr=——e | =(1—-eh)2
y=0 Jax=y =0 Jy=0 =0 2 0



5. Using polar coordinates, evaluate the integral

//R cos(z? +y%) dA

where R is the region 4 < 22 + y? < 9.

Solution: Let 2 = rcosf, y = rsiné, so 22 +y? = r2. In these polar coordinates (r,#),
dA =rdrdf and R = {(r,0) : 2 <r < 3}, giving

sin(r?)

2 3
// cos(z? +y*)dA = / cos(r?)rdrdf = 2 l ] = m[sin 9 — sin 4].
R 9=0Jr=2 9



6. Let X, Y be two random variables and f(x,y) = Ce~(@+%) be the joint probability density
function. Find the constant C' and the probability P of (X,Y") being within the unit circle.

(a) C=0, P=1

b) C=1, P=x(l—-et)

(c) C=1, P=m(e?)

d) C=1, P=1/2r

(e) C=1/ym, P=(1-e)ym
() =1/ P=e'yr

(&) C=1/y7, P=1/2/7

(h) C=1/n, P=1—¢! =
(i) C=1/r, P=e!

() C=1/7, P=1/2

Solution:  Since the joint probability density function is f(z,y) = Ce= @) we must

27 e’}
1= // f(z,y)dA = // Ce@*+v*) g4 = C/ / e " rdrdf = Cr.
R? R? o Jo

Hence C'=1/m and

have

1 2 rl
P(X2+Y2§1):// f(x,y)dA:—/ / e rdrdd=1—e".
r24y2<1 m™Jo 0



7. Find the surface area of the bounded region below the sphere 22 + ¢ + (z — 1)2 = 1 and

above the cone 22 = 22 4 y2.

(a) (1+1/v2)7

(b) (2+1/v2)m

() B+1/v2)m

(@) 1+ v2)m

(e) (2+V2)r =
(f) B+v2)r

(g) m

(h) 27
(i) 37

Solution:  The boundary surfaces, the sphere and the cone, intersect in a circle {z? + 32 =
1,z = 1}. The center of the sphere is (0,0, 1), so the upper part of the surface is exactly a
half-sphere of radius 1. Thus its area is 47(12)/2 = 2.

To find the surface area of the lower part, the cone, use spherical coordinates. The equation

of the cone becomes ¢ = 7/4 and, therefore, the appropriate parametrization is

r(p,0) = psingcosfi+ psinpsinfj+ pcospk = [cosfi+sinfj+ k],

P
V2

for 0 < 0 < 2w, 0 < p <+/2. Now we have

1
ry(p,0) = \ﬁ[cos@i—l—sinﬁj—l—lk],
ro(p,0) = P [—sinfi + cosj + 0k] .

V2
Hence, r, X rp = § [~ cosfi—sin6j+ 1k], and |r, x rg| = p/V/2.

Now, using the formula for the surface area we get

2 /2 2 V2
p p
Scone:/ / dpdh = 2n)—=| =7V2
(cone) = | | Nk ( )2\/5 .
Thus, the total area is 27 4+ 7v/2 = (2 + v/2)7. O



8. Evaluate the triple integral

///E(x2+y2—|—22)dv,

where F = {22 + 9% <1, |z| < 1}.

(a) 27
(b) 37/2
(c) 2m/3
(d) 3w/4
(e) 4m/3
(f) 37/5
(g) 57/3 =
)
)

)
)
(h) 37/7

(i) 77/3

Solution: This is easier in cylindrical coordinates £ = rcosf, y = rsin6, z, for then
E={0<r<1, 0<60<2m, -1<z<-1}.

The integrand becomes x? + 3% + 22 = r? 4+ 2% and the volume element is dV = r drdfdz in
the (7,0, z) coordinates, so the integral may be evaluated by iteration:

///E(:L‘2+y2+z2)dv = /1 /ZW/l(r2+z2)rdrd9dz
27 [ 2,2

://[+Lﬁﬁ

2

- L4

= /_17{24_22} dz

1
z+z3
2

] dfdz

=

2
= 77[14-} = 57/3
1 3



9. Evaluate the Jacobian of the transformation

x = arctan E, y = In(u® + v?)
v

Solution:  Compute the partial derivatives at (u,v) = (1,1):

Ox 1 1
%(1’1) B <U) 1+ (u/v)? )

500 = (-3) Ty

(1,1)

oy 2u

—(1,1) = —— = 1;

8’LL( ’ ) U2+U2 (1’1) ’

oy 2v

—(1,1) = ——= = 1.

Bv( ’ ) u2+’l)2 (1’1)

Hence o ) . .
Ly) 1L L _
S = G- =1



10. Find the area of the image in the zy-plane of the annulus
R={(u,v): 1<u®+0?<4}

under the transformation:
_ U _ 2 2
x = arctan —, y = In(u” + v*).
v

3

(a
(b

™

=N

C ™

)

)

()

(d) mln2

e) 2rln2

f) 47In2 =
)
)
)

(
(
(g) In

(h) 2In2

(i) 4In2

Solution: Compute the partial derivatives:

Ox _ (1) _ 1 . Ox _ (_u 1 .
ou — \v) 1+(u/v)?2? v v2 ) 1+ (u/v)??
oy _ 2u . dy v
ou — u2+4v2? ov — u40?c
Hence the Jacobian is
Nz,y) 2

O(u,v) w2+ 02’

The area of the region in the zy-plane that is the image of R under the transformation

T3]

Since R is an annulus, it has a simple description in polar coordinates: R={1 <r <2, 0<

(u,v) — (x,y) is given by

6 < 27}. But then the integral may be solved by iteration:

2m
// g(x y) / / —rdrdd = 4rlnr
Rr|0(u,v

2

=4rIn2.
1

10



11. Estimate the value of the line integral / x ds, where C is the arc of the parabola y = 22 from
C
(0,0) to (1,1).

1
(a) 5\% ~ 848 e
0) ey 9%
(©) 5\/56“ ~ 492
(d) 5\6/5 ~ 537
() 5\1/5 ~ 089
(f) \}g ~ 447
(&) % ~ 583
(h) 5;25 ~ 931
(i) {25 ~ .186
G) 1% ~ 417

Solution:  Parametrize C by r(t) = (z,y) = (¢,%) for 0 <t < 1. Then r'(t) = (1,2t), so

ds = ||v'(t)|| dt = V1 + 4t dt, so

1 1 1
/:Uds:/ t\/1+4t2dt:§/ V1 +udu,
c 0 0

after the substitution u = 4t2, du = 8t dt. But this evaluates to

(1+uw)??'  5/5-1
2 |, 12 7
and a calculation (or arithmetic with the value /5 ~ 2.236) gives the estimate. O

11



12. Evaluate the line integral [ F - dr, where
F = zsin(y)i+ xyzk,
and C' is given by the vector function

r(t) =ti+t*j+t’k, 0<t<l1.

(a) §

(b)

(c) % - %cos(l)

(d) % — %cos(l)

(e) % — %sin(l)

(f) §— 3sin(1)

(g) § — gsin(1)

(h) - gsin(1)

(i) % — %cos(l) =
() §— 3 cos(1)

Solution: r'(t) = 1i+2tj+ 3t?k, so
F-dr = F[r(t)] - r'(t) dt = (tsin(t?) + 3t°) dt.
Thus
1
/ F.-dr = / (tsin(t?) + 3t%) dt
C 0

1 5 ol! 1 1
= —icos(t)+1/3t 02_5008(1)—1_5 3

12



13. A popular Klingon dish requires 0.4 1b of targ tails per warrior. Assume that an average targ
tail is 3 inches long and can be parameterized with respect to the arc length by

_ S cos(s), sin(s),
r(s) = 73 + NG J+ /2

Assume also that the maximal density of the tail is 0.1 Ib/in and that it decreases at the rate

of 0.01 1b/in? along its length s. What is the minimal number of targ tails needed to prepare
this dish for 5 Klingon warriors?

(a)
(b)
()
(d)
(e)
(

s

)

)
)

(g
(h

© 00 N O Ot s W NN

(i)
()

—
o

Solution: Find the mass of an average targ tail by integrating the linear density function
p = p(s). But this satisfies p(0) = 0.1 and p/(s) = —0.01, so p(s) = 0.1 — 0.01s.
Since the parametrization is already with respect to the arc length, the mass integral is just
3 3
m = / p(s)ds = 0.1s — 0.0055%| = 0.300 — 0.045 = 0.255
s=0 0

The number needed is thus (5 warriors) x (0.4 1b/warrior)-=-(0.255 1b/tt)=7.8. Round up to 8
for the answer. O

13



14. If C is the curve given by

IN
~
IN

r(t) = (1+sint) i+ (1+sin?t) j+ (1+4sin®t) k, 0
and F is the radial vector field
F(x,y,2) =2zi+2yj+ 22k,

compute the work done by F on a particle moving along C.

(a)
(b)
()
(d
(e
(

0
3
15

) 30 =
) 32

) 33

(g) 36
(h)

—h

h) 39
(i) 60

Solution: The work done by F is given by the line integral

/F-dr
C

Note that F = V f for the potential function f(z

, = 22 +y? + 2%, Thus F is conservative
and the line integral may be evaluated as f(C(5)

Y, 2)
)—f(C(O)) :f(27275) _f(lalvl) =30. 0

14



15. Let F = 2142y j and let n be the outward unit normal vector to the positively oriented circle
x? +y? = 16. Compute the flux integral JoF -nds.

(a) 3/2
(b) 2/3
()
(d
(e
(f) 127
(g) 24m
(h)

)
) 67

481 =

Solution:  Parametrize C by r(t) = 4costi+ 4sintj. Then r'(t) = —4sinti+ 4costj, so
It/ (t)]] = 4, so ds = ||r/(t)]| dt = 4 dt.

The outward pointing unit normal to the circle C at r(t) € C' is n(t) = costi+ sintj, since
r(t) makes an angle ¢ at the origin with the z-axis.

Thus,
2 27
/F-nds — [T RRE@)] - n(t)|r (0] dt :/ [4cos?t + 8sin” ] 4.t
C 0 0

2
= 16/ [1+sin?t] dt = 16[27 + 7] = 487,
0

Alternatively, let D be the disc of radius 4 enclosed by C' and evaluate the flux integral using
the divergence theorem:

/F-nds:// dideA:// 3dA = 3A(D) = 3 x w(42) = 48,
C D D
since divF =1+ 2 = 3. O

15



16. Determine which of the given sets is open, connected, and simply connected.
L{(z,y): a>1,y <2}
IL {(z,y): 22° +y% <1}
L {(z,y) : 2% —2y* < 1}
V. {(z,y) : 22% —y*>>1}
V. {(z,y): 1<2®+y? <4}

(a) T only.

(b) I, II only.

(¢) I, II, III only. =

(d) 1, 11, II1, TV only.

(e) II, V only.

(f) III, IV only.
)
)

(g) All of them.
(

h) None of them.

Solution: (I) is a quarter-plane; (II) is the interior of an ellipse; (III) is the region “inside”
a hyperbola. These are the only connected regions without holes, as (IV) is the two regions
“outside” a hyperbola and (V) is an annulus. O

16



17. Find a parametrization of the curve 22/3 + 4%/ = 4 and use it to compute the area of the

interior.

Solution: Let D be enclosed region. Parametrize the bounding curve C' with
r(t) = (x(t),y(t)); x(t) =8cos®t, y(t)=8sin’t; 0<t<2m,

for then x%/3 4 4?/3 = 4 cos? t 4 4sin®t = 4 for all points on C = {r(t) : 0 <t < 2r}.

Let
F(z,y) = P(z,y) i+ Q(z,y)j = (-y/2)i+ (z/2)],

for then %—g — %—]; = 1 and Green’s theorem may be used to compute

A(D)://DldA://DldA://D (‘222—‘;];) dA:/CF-dr: O%F(r(t))-r’(t)dt.

Now F(r(t)) = (—4sin®¢,4cos3t) and r'(t) = (—24 cos? tsint, 24 sin? t cost), resulting in
27 27
AD) = 96 / (cos? tsin t + cos® tsin®t) dt = 96/ cos® tsin? t dt
0 0

2w
= 24 / (sin2t)®dt = 24r.
0
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