Mathematics 411: Advanced Calculus I
Problem Set 6 — Due Tuesday, November 15, 2001

Pror. M. V. WICKERHAUSER

Please return your solutions to the instructor by the end of class on the due date. You may
collaborate on these problems but you must write up your own solutions.

Problem 1:  Determine (with proof) whether the function f(x) et 1/ cos(m/2x) if x # 0, with

f(0) dof 0, has bounded variation on the interval [—1, 1].

Problem 2: A function p = pu(x) defined on R¥ is called a Marcinkiewicz multiplier if there
is some M < oo such that Vu(2j , 271 < M for all integers j; that is, 4 has uniformly bounded
variation on intervals of the form [27, 27+1].

(a) Prove that u(x) = logz is a Marcinkiewicz multiplier. Thus such functions do not have to
be bounded.

(b) Prove that p is a Marcinkiewicz multiplier if and only if there is some A > 1 and some
N < oo such that V,(a, Aa) < N for every a > 0.

For Problems 3 and 4, a real-valued function f defined on [a,b] C R is said to absolutely
continuous on |[a,b] if for every € > 0 there is 6 > 0 such that for every finite collection of disjoint
open subintervals (a;,b;) C [a,b] with ) . |b; — a;| < J, we have Y. |f(b;) — f(a;)| <e.

Problem 3:  Prove that a function which is absolutely continuous on [a, b] is continuous and of
bounded variation on [a, b].

Problem 4:  Prove that if f and g are absolutely continuous, then so are f+g, f —g, cg (where
¢ is a constant), |f|, and fg. Prove also that if in addition |g(z)| > n > 0 for all z, then f/g is
absolutely continuous.

Problem 5:  Suppose that f is a rectifiable path of length L defined on [a, b] and assume that
f is not constant on any subinterval of [a,b]. Let s(z) = Af(a,z) if a < = < b and put s(a) = 0.
Prove that s™! exists and is continuous on [0, L].



