Mathematics 412: Advanced Calculus II
‘Worked Solutions to Problem Set 7

PRror. M. V. WICKERHAUSER

Problem 1: Suppose that f; : R — R is defined and bounded on the compact interval [a;,b;] C R. If
fi € R([a;,b;)) for i =1,...,n, prove that

b1 b
Q a an

where Q = [a1,b1] X -+« X [ay, by] C R™.

Solution 1:  We prove this by induction on n. It is evidently true when n = 1, for then both sides are
the same.

Suppose the result holds for n —1; let g : R"~! — R be defined by g(z1,...,2,_1) = f(z1) - f(xn_1)-
This g is defined and bounded on Q,,_1 def [a1,b1] X -+ X [an—1,bn_1]. For any f, € R([an, b)), the function
gfn =9(x1,...,2y_1)fn(x,) belongs to R(Q) by Lebesgue’s criterion for Riemann integrability, and we have

—.bn

/Qg(:cl,...,:z:nl)fn(zn) d(x1, ..., 2Tn) —/n1 [/ang(:cl,...,xn1)fn(xn)dxn] d(x1,...,Tn-1),

by Theorem 14.7, p.396. But g(z1, ..., 2z, 1) may be removed from the inner upper integral, since it has no
zp-dependence, and the remaining function f, is Riemann integrable, so the upper integral may be replaced

by a Riemann integral. The value of that integral may be factored out to give:

/Qg(arl,...,mn1)fn(xn)d(x1,...,xn) = [/ain fn(xn) dxn] / g(x1,.. . xp1)d(T1,. . Tn1),

n—1

and the result for n follows from the inductive hypothesis. m

Problem 2: Let Q =[0,1] x [0,1] and f(z,y) = 22 + y2. Compute fQ flz,y)d(z,y).

Solution 2:  Since f is defined, bounded, and continuous on @, it is in R(Q) by Lebesgue’s criterion, so

we may use interated integration and the Calculus to evaluate
1 1 1 1 1 1
1 1 1 1 2
/f:/ (/ [m2+y2}d:v> dy:/ [—mg—i—myQ] dy:/ (——I—y2> dy = {—y—l——yb} =—.
Q 0 0 0 3 =0 0 3 3 3 y=0 3

Problem 3: Let S = {(x,y9) € R? : |z|+ |y| < 1,2 > y > 0} and put f(z,y) = 2% + y>. Compute
[s f(z,y)d(z,y)-

Solution 3: The region is a right triangle with vertices (0,0), (1,0), and (%, %) Thus S is Jordan

measurable, since its boundary is a finite union of line segments in R2. To use Theorem 14.13, we decompose
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S into two subtriangles, which are likewise Jordan measurable, separated by the line {(z,y) : = 1}. Then,

we use Theorem 14.14 to evaluate the integral of the continuous function f on each of the two parts:

/Sf:/m 0</ymo[z2+yz]dy) dw—l—/:% (/ylom[l'z—i-yz]dy) da
:/x:

1 x 1 1 1—x
{1‘2@/ + —y3] dr + / {:L'Qy + —yg} dx
0 37 Jy=o T=3 37 Jy—o
34 1o 4
:/ —.Z'gd:L'—i-/ (——x+2x2——m3) dzx
=0 3 w:% 3 3
1

1 1

2 1 1 2 1 1 3
_ |14 t._ 12,423 1.4 - 42 - =
_{ :1:] _0+[3x o+ s ?):L’L_é 8+ 18 |

[N

=]

2 3 12

Problem 4: Let Q =[0,1] x [0,1] € R? and Define f: Q — R by

0, if at least one of x, y is irrational;

f@.y) = { 1/n, if y is rational and z = m/n,
where m, n are relatively prime nonnegative integers expressing the rational number x in lowest terms. Prove
the following facts about Riemann integrals:
fo z,y) dr = 0 exists,
(b) N [fo z, y d:r} dy = 0 exists,
(c) fQ ,y) = 0 exists, but
(d) fo dy does not exist for any rational z € [0, 1].

Solution 4:  For (a), note that for any fixed y € [0, 1], the function g(x) def f(z,y) is zero and continuous
at each irrational x € [0, 1]. By Lebesgue’s criterion, g € R([0,1]), and g = 0 almost everywhere on [0, 1], so
fol f(z,y)dx = 0 exists. Then (b) follows immediately.

For (c), note that f is discontinuous only at points in @ with both coordinates rational. Elsewhere in
@, f is continuous and takes the value 0. Since the rational-coordinate points in () form a countable set,
they have measure zero, so f € R(Q) by Lebesgue’s criterion. Since f = 0 almost everywhere in @, we have
f Q f=0.

For (d), note that if x = m/n in lowest terms, then the function g(y) e f(z,y) takes the value 0 at
irrational y, and 1/n # 0 at rational y. But this function g is therefore discontinuous at each y € [0,1] and

fails to be integrable by Lebesgue’s criterion. m

Problem 5: Suppose that S C R™ is a bounded set having finitely many accumulation points. Prove
that ¢(S) = 0.

Solution 5:  We will show that (Ve > 0)&(S) < ¢, which implies that &(S) = 0 and thus ¢(S) = 0.

So, let € > 0 be given. Let A = {s; : k =1,..., K} be the accumulation points of S C I, where I is a
bounded n-interval. We may construct a partition of I with subintervals of measure less than e/(2" "1 K). Let
Q7. be the union of all the subintervals containing s, € A. If s; belongs to the interior of some subinterval,

then Q} consists of a single subinterval and has measure less that ¢/(2"T'K). If, however, s; belongs to
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the boundary of some subinterval, then ();, might have as many as 2" adjacent components. Assuming this
maximum number of components, we still have Zszl Q5] < 2"Ke/ (2" K) = ¢/2.

By our construction, s belongs to int )} for each k, so we have constructed an open cover A C
def

Uie: int Q; = Q.

There can be at most finitely many, say B = {z,, € S : m = 1,..., M}, points of S outside Q*, since
an infinite set would have to accumulate somewhere outside Q*, giving an accumulation point not in A. We
now refine the original partition to insure that its subintervals have measure less than ¢/(2"*1M). For each
point x,, € B, let R}, be the union of all subintervals of the new partition containing x,,. There are at most
2" of them, so |R},| < €/(2M) for each m = 1,..., M. Let R* = L_Jj\mdz1 R, be the union of these M bunches
of subintervals covering B. The total measure of R* is less than Me/(2M) = ¢/2.

But S C Q* UR*, so ¢(S) < |Q*| +|R*| < ¢, and the proof is complete. m

Problem 6: Let f: R — R be a continuous function defined on [a,b] C R, and let S = {(z,y) € R?:
x € [a,b],y = f(x)} be the graph of f. Prove that the two-dimensional Jordan content ¢(.5) is zero.

Solution 6:  Since f € R([a, b]), Riemann’s integrability criterion applies. Given e > 0, choose a partition
P € P(la,b]) such that 0 < U(f,P) — L(f, P) < e. But then the rectangles {I; x [my, My]: k=1,...,N}
have total area less than e, where I, % [zr—1, 2] is one of the N subintervals of P, my, = inf{f(z) : « € I},
and My = sup{f(z) : € I;;}. These rectangles cover the graph S of f. Since e was arbitrary, we have

shown that ¢(S) = 0, and since 0 < ¢(S) < &(S), we conclude that ¢(S) =0. m

Problem 7: Let S be a bounded line segment in R™, n > 2. Prove that S has n-dimensional Jordan

content zero.

Solution 7:  First note that each pair of corner points a = (as,...,a,) € R” and b = (by,...,b,) € R"

determines an n-interval [a, b] ef |a1,b1] X -+ X |an, by|, where

def [p7 Q]7 lfp S q,
p,al =

lg.p], ifp>gq.
Now, let a,b € R" be the endpoints of S, so that S = {f(t) % (I-tla+tb:0<t<1} CR"™
We choose N > 0 and partition [0, 1] into N equal subintervals [%, %] This determines N equal

n-subintervals [f (£22) , f (£)], which each have volume less than (||b — a||/N)". These cover S, and since
there are N of them, their total volume is less than ||b — a||”/N™"!. Since n > 1, we can making this total

volume as small as we like by choosing sufficiently large N. We conclude that ¢(S) =0, so ¢(S) =0. m

Problem 8:  Define . . .
e sinzsiny, if x>0 andy > 0;

ﬂ@m={

Prove that both iterated integrals exist, with

/R[/Rf(a:,y)dm} dy:/rt{/r{f(m’y)dy] iz,

but that the double integral of f over R? does not exist. Why does this not contradict the Tonelli-Hobson
test (Th.15.8, p.415)7

0, otherwise.



Solution 8: In fact this function is integrable over R?, by the Tonelli-Hobson test! We use a table of
Laplace transforms such as Table 17.13, p.1178 of Gradshteyn and Ryzhik, Table of Integrals, Series, and
Products, ISBN 0-12-294755. Line 34 on p.1179 states:

o th 2
/ | sina| dy = T2,
0 1+y

_ [%° |siny| coth(my/2)
/R[/le(w,y)ldx] dy—/o T dy,

where coth® = (¢ +¢79)/(e? —e=%) ~ 1/6 as  — 0, while coth# — 1 as y — oo. Thus sin(y) coth(my/2) ~
2sin(y)/my — 2/ as y — 0, and the integrand at right is continuous and dominated by 1/(1 + y?), which

so that

is Lebesgue integrable on [0, +00). The Tonelli-Hobson test applies, and we conclude that f € L(R?). m

Problem 9:  Prove that fR2 e Y’ d(z,y) = 7 by transforming to polar coordinates. Use this to prove
that [*°_e %" dz = /7.

Solution 9:  We use the coordinate transformation g : (r,0) — (z,y) = (r cosf,rsin ), whose Jacobian
determinant is 7 according to Example 1, p.418. Put T' = (0, +00) x (0, 27) and RY o {(z,0) c R?: 2 > 0}.
Then g: T — R?\ Rl+ is 1-1, onto, and continuously differentiable with nonzero Jacobian determinant. The

omitted range set R}r has zero 2-measure, so by Theorem 15.11, p.421, we have

/ e d(z,y) = / e d(z,y) = / el
R2 R2\R% T

Now |r| = r for 7 > 0, and the function re~"" belongs to L(T'), so we may use Fubini’s theorem to evaluate

5 2m o) 5 2w 1
/ e " r| :/ (/ re " dr) de :/ () do =,
T 0 0 0 2

For the second part, note that

the integral as follows:

as required.

X = / e dx = / eV dy,
—0o0 —0o0

since all that changes is the dummy variable of integration. But then, by the solution to Problem 1,

™ :/ e d(x, y) :/ e e d(x,y) = (/ e d:c) (/ eV’ dy) = X2,
R? R2 oo o

But X > 0, since it is the integral of a nonnegative function, so we conclude that X = /7. =

Problem 10:  Let V,, denote the n-measure of the n-ball B(0; 1) of radius 1. Prove that V,, = #"/2/I'(3n+

1), where

def [
I(s+1)= / tsetdt
0
exists as an improper Riemann integral for all s > —1.
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Solution 10:  We prove this by induction on n > 1. We will exploit the identity I'(s + 1) = sI'(s) for all
s > 0, which may be proved using integration by parts. Since a direct evaluation of the integral when s =0
gives I'(1) = 1, we get the identity I'(s + 1) = s! whenever s is a nonnegative integer.

To begin the induction, note that V; = 2 since the 1-ball is an interval. Now,

1 o0 o0 o0 o0 1
M(z+1) = / tY2etdt = 2/ s2¢ % ds = —/ sde™ = / e ds = =7'/?,
2 0 0 s=0 s=0 2

where we applied the coordinate transformation variable ¢t « s2, performed integration by parts, and used
Solution 9. That verifies the formula V4 = 71/2/I'( + 1) for the case n = 1.

Second, note that V5 = 7 by elementary geometry, and since F(% +1)=T(1+1) =1 =1, we have
7%2/T(2 4+ 1) = 7 as well. That verifies the case n = 1.

We next note that if » > 0 and V,,(r) is the volume of the n-ball B(0;r), then by the coordinate
transformation x < ry we obtain the identity V;,(r) = r"V, (1) = r"V,,. When needed, we will write By, (r)
for the n-ball of radius r, centered at 0.

Now suppose that n > 3, to obtain a recursive formula for V,, in terms of V,,_5. For any 0 < r < 1, we
separate the coordinates (z1,...,z,) of a point in the unit n-ball into the pair (z1,22) = (r cosf,rsinb),
satisfying 23 + 23 = r2, and the remainder (z3,...,,), satisfying 23 + --- + 22 = 1 — r2. Using Fubini’s

theorem and polar coordinates, we obtain:

2 1 1 n_
Vn:/ / / 1d(zs,...,zpn) | rdr d9=27TVn—2/ 7"(1*7"2)5 Ldr
0=0 | Jr=0 \JB,_s(vVI_12) =0

n__
2

It remains to evaluate f::o r (1 — 1"2) Ydr =1 /n, which is evident after the substitution r « +/¢. Thus,

by the inductive hypothesis,
2w T /21 /2

R T G TR TG

finishing the proof. m



