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Abstract. We give a detailed account of the local cosine and sine
bases of Coifman and Meyer. We describe some of their applications;
in particular, based on an approach by Coifman and Meyer, we show
how these local bases can be used to obtain arbitrarily smooth wavelets.
The understanding of this material requires only a minimal nowledge
of the ourier transform and classical analysis. t is our intention to
ma e this presentation accessible to all who are interested in Wavelets
and their applications.

ntroduction.

t is o ten use ul to ocus on local ro erties o asi nal. n recise ath
e atical lan ua ethis eansthati eare 1 ena unction on and ant
to consider its ro erties on a nite inter al , e can anal e the unction
ulti lied , the characteristic unction o . We can, ore a le, or
the ourier series o ith res ect to a co lete orthonor als ste or
.Ane a leo suchas ste is

W -

here is thelet end oint o , ... urther discussion o this and
other s ste s ill e ienin . , ith
as , and , e o tain an orthonor al s ste

1/— sin

here ran esthrou h the inte ers and throu h the non ne ati e inte ers
, that is a asis or . ansions in ter s o such ases are re erred to
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as indo ed or short ti e ourier transor s. hou h such s ste s are

a ro riate or ocusin on local ro erties hat ha ens on the inter al
,the a ru t cuto e ected the ulti lication the characteristic
unctions in ol e so e undesira le artiacts. n , oi an and Me er

introduced othonor al ases o this eneral t e that in ol e an ar itraril
s ooth cut o . tis the ur ose o this note to resent the construction o
such ases and, in addition, sho so e o their uses. n articular, e shall

descri e, in , ho the s ooth a elets o e arie and Me er can e
o tained ro these ases. We hasten to add that this a lication as also
ointed out to us oi an and Me er.
et us e in tr in to construct a ro ection , i en an inter al
that is si ilar to the one o tained ulti lication ut is s oother .
learl , cannot ha e the or , ith a s ooth unction
ith su ort close to |, since the re uire ent that eide otent orces
to ha e alues that are either or . Perha s as ooth ersion o can

e corrected near the end oints o so that e ha ea ro ection. n order
to reduce the ro le to onl one end oint, let us tr to carr out this idea
on the in nite ra and let e a s ooth non ne ati e unction
su orted on such that i . et us also assu e that
shares ith the ro ert

or all . norder to eror the a oe correction o the o erator
so as to o tain an ortho onal ro ection e ose the uestion can e
nd a unction such that

is an ortho onal ro ection nei  ediate calculation sho s that is sel
ad oint i and onl i , or the sake o si licit , e assu e
is real alued, this relation eco es,si 1, that 1is an e en unction. he
ide otent ro ert , ecause o . , €eco es

or all . A ain usin . this e ualit holdsi and onl 1
ince 1is e en this is e ui alent to

—

his sho s that, under these assu tionson and , isa ro ectioni

and onl i
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t is not hard to ake an e licit construction o such unctions that are as

s ooth asdesired e e in choosin an e en non ne ati e unction ith
su so nor ali ed that

[ -
/

An i ediate conse uence o the act that 1is e en is that

hen let

We no ut sin and COoS .t ollo s ro . that
cos — . hat is,

hus, the ra ho is the irrori a e, throu h the ertical a is

, O
the ra ho . We also ha e the relation
c(X) $(X)
—— 1 —
\2/2
= 0 €
Thegraphsof & and G.
eno let e see that eno sthea oe ro erties in

articular, . isani ediate conse uenceo . and . . |ualit
then eco es
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here e use the notation to indicate that  is associated ith the ra
0 course, also de ends on and, in a e occasions, e sho
this additional de endence ritin instead o
ad e chosen the hal ra instead o ,co letel analo ous
reasonin  ould lead us to the ortho onal ro ection ien the or ula
here, a ain, edonote licitl denote the de endenceo on . We should

also o ser e that, in each case, the ro ections also de end on the choiceo si n
e ore the second su  and. hus, e ha e introduced the our ro ections

he construction of the ro ections
associated ith the interval

We e in translatin and toan t o oints in . ettin
e the translation o erator de ned , e introduce
the and 0 and lettin
and

t is eas to check that

ince , eseei ediatel that and are ortho onal
ro ections or each and . ser e that and are s etric ith
res ect to the line the lieono ositesideso and at a distance
ro . We sa that a unction is i
orall . tisani ediate conse uence o . that and
hen 1is e en ith res ect to . sin this co utati it ith
and , the ro erties o ,and . e
see that
as lon as . his allo s us to de ne lettin
hene er . ecause o this co utin  ro ert it is clear
that is an ortho onal ro ection. n ie o . e re ark that de

ends on the choices o and in and on aslon as
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We shall discuss the i  ortance o this de endenc a little later. e ore do
in this e introduce the bell over . his is the unction that de ends on
, ut mot on the choice o si ns, de ned

or all . We list the asic ro erties o this ell unction each is an eas
conse uenceo . andthe ro ertieso the unctions de elo ed
in in articular . and
u
u
u
oa-¢ a o+E - B B+e'

The bell b over 1=[a,].

he last ro ert , o iousl ani  ediate conse uence o , and
, is erha s, the ost use ul. ser e that the osti ortant eature o
these ro erties is the ocus on the eha iour o on the three inter als
and .
he ro ection has asi le e ression in ter s o the ell
unction
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his or ulaisani ediate conse uenceo . and . . te hiits er
clear]l the de endence o on the choice o si ns associated ith the end
oints and o theinter al . When and are ed e are dealin ith
our ro ections that are de endent on the t o polarities that is, the choice
o si ns at each end oint. he olarities are articularl i ortant hen e

ant to stud the ro ertieso and hen and are ad acent inter als.

he de endence o these ro ections on the choiceo and isalsoi ortant
in these considerations. et us e a ine this in detail.

o ad acent inter als and are compatible and ha e
bells that are compatible i
and
lear] i e a 1 . to ith re lacin e ha e
hen . , on the other hand,
hen assu in and areco ati le.

hus, hen and areco ati le,

i .Asi ilaruseo . and 1 esus
hen . his last relation e tends to the e ualit
or all | hichise ui alent to

hene er and areco ati le ad acent inter als. As entioned e ore, the
ell unctions are inde endent o the choices o si n associated ith the

end ointso . he olarit o t o ad acent inter als and ,ho e er, las
ani ortant rolei e desire that the ro ections and satis an additi e
ro ert analo ousto . . More recisel e ha e the ollo in result

ro osition
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roof ualit . isani  ediate conse uenceo . , . ,and
since the ter sin ol in the end oint cancel each other .  ualit
is a conse uence o the eneral result in il ert s ace theor i and
are ortho onal ro ections such that is an ortho onal ro ection, then
ereisasi le roo o this act. ,theide otent
ro erties o and ieus . hus,
ince and it ollo s that
[ |
Another conse uence o or ula . isasi le characteri ation o the
i ae 0 . et us sa that a unction is even odd with
respect to  on i andonl i
hen . ser ethat . can e ritten in the or
here . ut this
unctionisodd e en ithres ectto on i is chosen e ore
the second ter in . andisodd e en ithres ectto on
i is chosen e ore the third ter . thisodd e en ro ert corres onds,
at anend oint o , ith the olarit o at thisend oint, esa that
has the has at this oint. ur characteri ation o \

then, is i en

heorem
roof ro . e see that each ele ent o has the or . 0
su ose hasthis or . A 1 . to and e o tain

, , , ,and .

inall , let us sho ho to use these ro ections to deco ose
into a direct su o utuall ortho onalsu s acesthat arei a es under such
ro ections
SY

We do this as ollo s choose a se uence o reals and acco an in
ositi e nu  ers such that
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or all k. hus, each air o ad acent inter als and
isaco ati le air. et e the ello er and
et us also choose these ro ections so that the ha e o osite olarit at
We then ha e U i . ince

U

it ollo s ro . that
ettin , - assures us that i . TO
e see that
here is a unction su orted in the t o inter als
and
n the rst inter al is do inated and,
on the second, . ence, as

and it ollo s that

li

hese considerations clearl 1 e us the deco  osition

he local cosine and sine bases for

et us aninter al and consider the ro le o constructin natural

orthonor al ases or the s aces . here are our such s aces
i e take into account the t o ossi le olarities at each end oint o
We ask, rst, the si ler wuestion i the ro ection is the one o tained

ulti lication , hat are the natural aseso thei a es ace

ro the ointo ie o ahar onicanal st i li in urther,letusassu e

. Moti ated the olarit ro erties e ha e een discussin , e

seek so e orthonor al ases o that re ect these ro erties. Gi en

let us e tend it to the inter al , so that it i es us a unction

that ise en ith res ect to on this lar er inter al. Anal ticall this eans

or . We then e tend to an odd unction on
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The extension of f on [0,1] to[-2,2] so that itiseven at 1 and odd at O.

his last unction can then e de elo ed into a ourier series on
eans o the orthonor al asis

— —sin—— —cos ——
ince e are dealin ith an odd unction on , the e en art
- —cos — , la s no role in this e ansion. or the sa e
reason, a on there ainin ter s, onl those that aree en ith res ect to
on ieus ossil non erocoe cients in this ourier series de elo
ent. his sho sthat can ee anded on in ter s o the ortho onal
a il sin—— .
ad e e tended to o tain the other three airs o olarities at the
oints and , e ouldha eo tained three other su collections o the a il

hese considerations 1 e us

ro osition

sin ——
sin
cos ——

COS

et us no return to the stud o the s ace .0
our ideas let us assu e is chosen ith ne ati e olarit at and ositi e

olarit at . he ello er in this case is
and is i en see
e restrict  to , usin the rst asisin Pro osition . e ha e

Y

E sin
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here the e ualit a einter reted in thenor o
are 1 en the e ualit
a / sin

ut each o the unctions sin ——
t ollo s that e ualit
e taken in the nor o

sides e see that an

, and the coe cients

satis thesa e olarit

ro erties as
is alid on

and the con er ence can

. Multi 1 in thisne e ualit on oth
satis es

g sin

in .
We clai the s ste a sin ——
al asis o and , ien
ith res ect to this asis.
to esta lish this clai all
in . hisisdone asi
ortant role et

, is an orthonor
, is the se uence o coe cients o

t is clear ro our discussion that in order
e need to sho is that this s ste 1is orthonor al
le calculation in  hich and . la ani

sin—— ,then, t ochan eso aria les,

/ B sin

- / sin
/ sin
/ sin

/ sin
/ sin

sin

sin

sin

and

sin

hus, since on
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/ sin
/ sin

sin
the last e ualit ein a conse uenceo . 1i.
ad e chosen the other olarities, , in the de ni
tions o , e reach the sa e conclusions i, instead o the s ste
i, ewusethes ste s ii, iii,and i res ecti el . he case o the
eneral inter al no ollo s ro theseresults si le translation

and dilation ar u ents. More recisel , e o tain

heorem
{1 [ — sin — }
{1 [ — sin — }
{ — cos — }
{\/T \— cos — }
We can no co ine the results o tained at the end o ith this
theore to o tain the local sine and cosine bases of Coifman and Meyer.
et a se uence e selected as descri ed at the end o . hus,
and there e ists an acco an in se uence such
that
or all . et e constructed ith, sa , ne ati e olarit
at and ositi e olarit at . et

A / sin
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ur discussion in articular . and . allo susto

conclude that the functions in .  form an orthonormal basis for . We

can chan ethe olarit oreach ro ection andarri eatthesa e conclusion

as lon as the olarit or at iso osite to that o at oreo er,

each such choice wust e acco anied e chan in the asis . ith the
asis in  heore . that corres onds to these choices in olarit .

ere are so e urther o ser ations that ollo easil ro the results e
ha e o tained

heorem
\/i Z sin —
roof e ha e sho n that,
Z \/j sin —
ith con er ence in the nor . ut eo ser ed that the coe cients
\/i / sin —
, can also e calculated as the sine series coe cients
\/j / sin —
his is a conse uence o . ater an a ro riate translation and dilation .
ince iss uareinte ra leo er . tthen ollo s ro

arleson s theore that the series

\/jz sin

con er es to a.e. in . Multi 1 in  oth sides e then ha e
the alidit o . or a.e. . ince oth sides are odd ith res ect
to on and e en ith res ect to on , this a.e.

con er ence e tends to . i
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lear] there are ersions o heore . or each choice o olarities
associated 1ith the inter al . the se uence and the acco an in
se uence iesusa a i o utuall ortho onal ro ections hose
ran ess an choosin as and as ,
e o tain an orthonor al asiso those unctionsin that are the ourier
trans or s o theele entso the classical ard s ace . n the ne t section
e descri e another a lication in hich it is use ul to think o these local
ases as the ourier transor 1 a es o interestin  ases o .
We akeone nalco ent e ore resentin thea licationthat as ust
entioned. he ro ections are,indeed, s oother than the ones o tained
ulti lication . he arenot, ho e er, necessaril s oothin . or
e a le let and . has ne ati e olarit at |, still
has a u at . Positi e olarit at on the other hand, s ooths out
near

. he Construction of the Lemarie Meyer Smooth Wavelets.

e arie and Me er constructed a a elet asis

,  here the  other unction elon s to in act, it is the
restriction o an entire unction on and

his eans, in articular, that is an orthonor al asis or . his
asis urnishesus ithane a leo as ooth Multi esolution Anal sis as
descri ed in Ma and M . We sho that this construction can e carried out

in an eas and natural a usin the local ases e ha e ust resented.
et - —. onsider the ortho onal ro ection
ith olarit . he ell unction associated ith ill not

ha e an inter al o constanc since . ts construction is e licitl
ien . ith — —. heran eo this ro ection is

the su s ace enerated the orthonor al asis

\/— COS —

see heore . and, in articular, . iii . he dilations
, then i e us the ro ections ith ran es
s anned  the orthonor al asis

t ollo s ro the aterialin . see, in articular, the o ser ation
ollo in  heore ., concernin the s annin o , that, ith
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this choice o  olarit , the collection de ned . or s an orthonor al
asis o .
et us also carr out the co letel analo ous construction ased on the

local sine asis . i
\/— sin

. We then o tain the orthonor al asis o

n order to o tain an orthonor al asis or e consider the e en

e tensions o the unctions . and the odd e tensions o the unctions
toallo . More recisel , let
S Cos
and
— s n sin
heorem
roof et f ~ e the standard inner roduct in . he

orthonor alit relations

ollo ro the orthonor alit relations satis ed the a ilies . ,
and the act that each roduct o the or is an odd unction. he
ortho onalit relations
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or all and , ollo the si  le calculation

/

tre ainsto esho n thatthea o es ste isco lete. n order to do this
it clearl su ces to sho that or each real alued

2.2

here the con er ence is in the nor . ut, ritin , ith
the e en art and the odd art o , e see that

2.2,
2.2,

ro hich e o tain

2.2
-2

A co letel analo ousar u ent 1 es us

2.2
-

Addin e ualities . and . e 0 tain the desired result . . H

We no sho that odi in this asis sli htl ulti 1 in its e
ers scalars o a solute alue e o tain an orthonor al asis o
that is enerated the sin le unction . More recisel , e
ha e
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heorem
sn  _
roof et us ut or and .t
then ollo s ro heore . that , is an orthonor al asis
or . ur theore is esta lishedi e sho
or all . 0o roe . assu e, rst, that , then
—_— cos s n sin
L i
o i
, then — -
hus, . holds or all inte ersn. W

he ro ised a elet asisis no 1 ediatel o tained ro the unc
tions in theore . a | in thein erse ourier trans or to the . et
us carr out the details. We ado t the ollo in de nition o the

0 a unction

he in erse ourier trans or or ula is, in this case,

-/ -

theli it ein an li it. A ersion o the Plancherd theore , then tells us
that i , then

and, i is another unction in , ehae
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hus,i e de ne

ehae ™ ,
or , and the collection is an orthonor al asiso . ince
u u — — — — eseethat is,indeed,a other

unction o the t e descri ed at the e innin o this section. hat is,
enerates a e arie Me er a elet asis.

. Lemarie Meyer avelet bases ith more eneral band limitations.

n this section e shall e a ine to hat e tent e can enerali e this
construction i e consider other conditions on the su ort o ~. We ose our
ro le ina a thatisconsistent iththe asic ro ertieso local sine cosine
ases. nstead o the inter al let us consider the inter al . ilates

, then, ill then i eusaco erin o theri ht hal line

U

We construct a ell unction associated ith the inter al —— and
D . ser e that . he dilates are then
ell unctions corres ondin to the inter als . ser e that
ad acent inter als are co ati le.
n co lete analo ith the construction that led into heore .
e let or , and i and
, here

\—— oS -
\ s n sin -

he ar u ent esta lishin  heore . can eeasil e tended
to sho
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heorem
et us no e a ine i the unctions are enerated , ia
dilations inte ral o ers o and ulti lications -

a lied to as as the case or the analo ous asis in heore . . We
e in tr in toesta lisha or ulasi ilarto . . e ha e
here — then
his sho s

or all

hus, ulti lication o i esusanorthonor als ste ,
di erin ro a constant ulti le o a solute alue , ro ided
is a constant o a solute alue or all and each . ut this

eans that ~  ust ereal either or . onse uentl ,sin —

and it ollo sthat — wust eaninte ral ulti leo . hisand the condition

orce us to conclude that

or a ositi einte er. We thus o tain the ollo in analo o heore

heorem
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e let — [ ,then isa  other unction that
enerates a a elet asis 1 in us a Multi esolution Anal sis

or all , hene er — a ositi e inte er.

. Concludin remar s.

We re eat that the local ases e de elo ed in . ere introduced

oi an and Me er, and their use in o tainin thes ooth a elet ases ere

ointed outtous theset oauthors. o eo theideasin ol edinde elo in
the ro erties o the local ases are also ound in Mal ars a er . he

articular e  hasis on the role la ed the ro ections |, ho e er, does
nota earinMal ars a er andisnot ro inent in the e osition o

oi anand Me er. As entioned in the A stract, one o our oalsisto ake
this aterial accessi le to the lar est ossi le audience. ne can de elo a

arallel treat ent connected ith the discrete sine and cosine trans or s. We
shall resent this and its connection ith the corres ondin discrete ersion o
the s ooth a elet asesin asu se uent a er.
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