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Abstract

Given two functions approximable with short wavelet series, we wish to find the short wavelet series
representing their product. This can be done by pre-calculating the connection coefficients which express
the product of two wavelets or scaling functions as a wavelet series. We follow a method suggested
by Daubechies and also used by Dahmen, et al., to rapidly compute these coefficients as elements of a
matrix which solves a fixed-point problem, and derive some of the formulas and identities satisfied by
the coefficients. We estimate the complexity of the connection coefficient multiplication algorithm by
counting the number of terms, and then illustrate through a series of graphs how few of these terms are
non-negligible.

1 Introduction

We are motivated in our present work by recent speedups in numerical simulations obtained by representing
solutions to complicated problems as superpositions of relatively few basic functions. These good basic
functions are called wavelet packets; they have three useful properties:

e They are almost as well localized in both position and wavenumber as the Heisenberg uncertainty
inequality allows;

e They can be assembled into orthogonal bases;

e They come equipped with fast well-conditioned transformations: to compute N expansion coefficients
of a function costs only O(N log N) operations.

The wavelet packet approximation scheme is nonlinear, since the function choice depends upon the solution
at each time instant. It works by keeping only those component functions with significant amplitudes; the
others are discarded. Making this choice to minimize a description length or information cost criterion is
called a best basis algorithm [3].

Computed simulations of fully-developed turbulence in the two-dimensional Navier—Stokes equation (2D-
NSE) provide an example [7, 19]. 2D-NSE simulations on 10* to 10% grid points indicate that the number of
components needed to obtain deterministic predictability for short times is about one-tenth the number of
grid points. The number needed for statistical predictability, such as estimates of the slope of a line fitted to
the vorticity power spectrum, is about one-hundredth the number of grid points. Turbulence simulations are
thus an example “compressible” high-dimensional problem; the relevant features contain far fewer degrees
of freedom than the original mathematical model. Transformation into wavelet packet coordinates holds
the promise of reducing the number of parameters in large but compressible problems by many orders of
magnitude.
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To take advantage of this reduction, it is necessary to perform all of the numerical computations in
wavelet packet coordinates. In a series of papers [1, 2, 8, 12, 15, 17, 18], we and others have developed
some of the needed tools. The operations which are well understood and efficiently implemented include
matrix-vector and matrix-matrix multiplication, numerical differentiation, and certain integral operators.
Conspicuously absent from this list is a method for multiplying two functions when each is a superposition
of just a few wavelet packets, without re-computing their values at all grid points.

In this article, we consider only wavelet basis functions rather than the more general wavelet packets.
Also, we focus our attention on the compactly-supported wavelets of Daubechies and Mallat [5, 13], which
are refinable functions in the sense that they can be expressed as short linear combinations of dilated and
translated versions of themselves. Refinable functions have a cross-scale self-similarity that can be used to
compute integrals of their products, and thus to find connection coefficients.

The algebraic properties of refinable functions are well known, and have been heavily exploited in recent
papers on wavelets and numerical analysis. Dahmen and Micchelli [4] considered the problem of evaluat-
ing integrals of products of refinable functions and their derivatives. Kunoth [10] later implemented the
algorithms described in that paper. Latto, Resnikoff, and Tenenbaum [11] also derived a linear system of
equations for connection coefficients involving two-scale equations for refinable functions.

Our work supplements theirs and was inspired by a discussion with Ingrid Daubechies. Our goal is to
present the algebraic relations satisfied by integrals of refinable functions, to provide a simpler proof of the
basic fixed-point theorem behind the iterative numerical algorithm, to implement the algorithm, and then
to compute and plot the connection coefficients. The plots will show rapid decay as the scale or position
differences grow large, indicating that relatively few connection coefficients contribute significantly to the
product. This suggests multiplying wavelet series will have much lower complexity than that which a coarse
estimate from the wavelet’s support lengths would indicate.

It should be noted that some recent work by Beylkin on wavelet multiplication provides an alternative
method of multiplying short series, relying on the paraproduct formula for wavelet expansions [14] and the
observation that certain orthonormal wavelets are good approximations to interpolating functions.

2 Definition of Connection Coeflicients

2.1 Abstract Orthonormal Bases

Suppose that {ej : k € Z} is an orthonormal basis for L?(R) consisting of bounded functions. Then the
triple product ejere; is defined and integrable over R, so we can define the abstract connection coefficients
of this basis to be the following integrals:

Tjn = (ej, ener) & /R e;(t) e (t)ey(t) dt. (1)

These coefficients are used to find the expansion of a product. If u(t) = Y, urer(t) and v(t) = Y, viei(t),
then

u(tyo() = 3 S0 Cjrunr | e5(8). (2)
j k,l
2.2 Examples

The space L?(R) is separable and thus has the countable bases needed for the formula in Equations 1 and
2. However, the most useful of these bases require somewhat complicated indexing which can obscure the
main ideas. Thus, we will first explore some simpler spaces and their simpler connection coefficients.

2.2.1 Kronecker Basis

The space of sequences £ has the Kronecker basis ex(n) = §(n — k), where §(x) is the Kronecker symbol
which is 1 if z = 0 and 0 otherwise. The inner product in Equation 1 is a sum rather than an integral,



and we see that I'ji; = 6(j — k)d(j — ). The inner summation of Equation 2 simplifies into the pointwise
multiplication formula Zk,l Ljpugv = ujv;.

2.2.2 Fourier Basis

The Fourier basis for L?([0, 1]) consists of the functions e, (t) = 2™, k € Z. Since this collection of functions
is both orthonormal and closed under multiplication, we can easily compute that T'j,, = 0(k + 1 — j).
We can change variables in the inner summation of Equation 2 to obtain the usual convolution formula

Do Tjktunvr = 32, ukvj -

2.2.3 Haar Basis

It has been known since 1910 [9] that there exists a compactly-supported function ¢» = v (z) having the
property that its translates by integers and dilates by powers of two form an orthonormal basis. Namely,
the linear span of the following set of orthogonal unit vectors is dense in L?(R):

def

{on () 2752275 —n) : s,n € Z}. (3)

Haar’s “mother” function ¢ is simply ¥(z) = 1(2x) — 1(2x — 1), where 1(z) is the characteristic or indicator
function of the interval [0, 1). It generates a basis of functions that are indexed by a pair of integers, so their
connection coefficients require six integer indices:

v, /me«c)wm(z)m(x)dz )

s+

_ g /RQ/;(Q*Sx )2 — m)(2 T — k) da

For Haar’s function, the integral may be evaluated explicitly. The function s, is supported in the
interval 2°[n,n 4+ 1), and is constant on the left subinterval 25[n,n + %), where it is +275/2, and on the right
subinterval 2%[n + %, n + 1), where it is —275/2 The product of two Haar functions s, and ., is either
zero (if their support intervals are disjoint), or 27°1(27 %z — n) (if they are equal, i.e., s = t and n = m),
or :I:2’S2jz/}tm (if their support intervals intersect, and s > t). Hence the Haar functions are almost closed
under multiplication.

Since ) is real-valued, the three functions in the connection coefficient integral may be reordered so that
s >t > r; in that case,

2752 ifs>t=randm==ke 2 *n,n+ 3) =L(s—t,n);
st =4 —27s/2, ifs>t=randm=ke2 ' n+1in+1)=R(s—tn); (5)
0, otherwise, with s >t > r.

Here it has been useful to define L(a, j) def 2°[7,7 + ) and R(a, j) def 2°[j 4+ 1,5 + 1), the left and right
subintervals of the interval 2%[j, j + 1), respectively. Another way to write this is TS*" = 27%/2§(t —r)d(m —

nmk
k)ws—t,n(m)-
Accounting for the other orderings of s, t,r, the multiplication formula is thus

s—1
t —s/2
E , Dk UmVrk = 2 of E E Utm Vem — E Utm Vtm,
t,m,r.k t=—00 [meL(s—t,n) meR(s—t,n)
)
+ Usn E 27t/2 E Utm — E Utm
t=s+1 neL(t—s,m) neR(t—s,m)
)
+ Ugp, E 2 7/2 E Vpk — g Urg | - (6)

r=s+1 neL(r—s,k) neR(r—s,k)



Now n € L(a,j) <= 2 n—1<j<2 % andn € R(a,j) < 2 n—1<j <2 % — L. For fixed

n and a > 0 exactly one of these inequalities will have a solution j def M(a,n), and that solution will be

unique. Put S(a,n) = +1 if n € L(a, M(a,n)) and S(a,n) = —1 if n € R(a, M(a,n)); then the second and
third lines of Equation 6 simplify as follows:

s—1
str —s/2
E ankutmvrk = 2 / § E UtmUVtm — § UtmVtm

t,m,r.k t=—00 [meL(s—t,n) meR(s—t,n)
oo
+ Z 27t/28(t757n) [ut,M(t—s,n)Usn + usn”t,/\/t(t—s,n)} . (7)
t=s+1

Alternatively, one could write S(a,n) = (2% — M(a, n)).

2.3 Discrete Orthonormal Wavelet Basis

The famous generalization of Haar’s basis by Daubechies [5] showed that for any positive integer d there
exists a compactly-supported function ¢ = ¢ (z) with d continuous derivatives on R, whose integer translates
and power-of-two dilates generate an orthonormal basis for L?(R) in the same way as the Haar function.
The construction begins with the so-called two-scale equations:

$(x) = V2 hpp (20 — k) ' He(); (8)
k

Y(a) = V2D guo(2r — k) = Go(). (9)
k

Here {h;} and {gx} are two finite sequences of wavelet filter coefficients satisfying some orthogonality con-
ditions:

Z hihiton = 6(n) = nggkmn, Z higryon =0, gk = (=)' "Fhy . (10)
% % %

In addition, we may assume that the coefficients are conventionally normalized ([16],pp.158-160) so as to

satisfy S, hog = Y4 hokt1 = D G2k = — Dop G2kt1 = 1/V2.
Wavelet bases are composed of translated and rescaled versions of the same function:

VYsn ($)

The two-scale equations produce the connection coefficients through iteration and filtering.

L gs/2 (2755 — ). (11)

3 Wavelet Connection Coefficients

As in the Haar case, the connection coefficients are labeled by six indices: I'$!" . They may be computed

from another set of coefficients, namely those derived from the scaling functions of the wavelet basis:

At [ @) @) do (12)

s+

_ g /R 327z — )p(2 tx — m)$(2 "z — k) dz

As before, we may suppose that s > ¢ > r, and then by changing variables we obtain

Astr = 27 F AS D0 — 9= F g5l for n,m,k€ Z and s >t >r € Z. (13)

m nmk 0,m—28—tn k—25—"n’

Hence in practice, to obtain A$'" it suffices to compute

m

A9 def AP = 22 /R d(27"2)p(2 7z — m)p(x — k) du, for m,k € Z and i > j e Z. (14)



Likewise, the complete set of connection coefficients I'sY" . may be obtained from the following numbers,

which must be computed for all m, k € Z and for all i > j € Z:

i def _iti _4 _4 str —Zs—rt—r
e, = 2 /Rq/)(2 )27 — m)Y(z — k) dz; st =2 2Fm72t5—"n,k725—rn' (15)

3.1 Obtaining '’ from A“ by Filtering

Do = 277 /R (27" — )27 = m)p(z — k) dx

it

2! /R 1/}(27"% — ’rL)w(Q*jg — m)z/)(g — k) dx

1
= -2~
2 2

= V2 Z Gn' G Gie? <2_% /R H(2 7 — 2n —n)p(27 9z — 2m — m/)p(x — 2k — k') d:v)

n’,m’,k’

_ E 1
- \/5 gn’gmlgk'A2n+n’,2m+m’,2k+k"

n’,m’,k’

This converts to T = \/§G1G2G3A;{m,  once we define the commuting operators

GiB(nm.k) € 3 guB@n+n' mk)

GoB(n,m, k) def Z g B(n,2m + m’ k)
m/

GgB(n, m, k) def Zgn,B(n,m,Qk + k;/)_

k/
3.2 Obtaining AY from A_ by Filtering

Fra——

nmk

/R o2 'z —n)p(27x —m)p(x — k) dx

it

2 /R ¢(24+1§ —n)¢(27x — m)d(x — k) dz

= 27

Gi—

= Z s (2 7 /R #2700 Vg —2n —n o2z — m)p(z — k) dw)

_ Z i—1,j def i-1,5
- hn’AQnJrn’,m,k - HlAn,m,k‘
n/

Iterating 7 times in the first scale index and j times in the second gives A e = H {H% Ap,m k, using the

nm
commuting operators

HiB(n,m,k) = Zhn/B(Zn—}—n’,m,k)

HyB(n,m,k) = ZhnfB(n, 2m +m’', k)

3.3 Obtaining I' from A by Filtering
Combining the iterations of H and G yields

ry V2G1GoGsHIHY Ay - (16)

nmk —



3.4 Obtaining A as a Fixed Point

Now suppose that ¢ = ¢(t) is a normalized fixed point of Equation 8, i.e., [ ¢(z)dx =1 and ||¢|| = 1. Then
{¢(z — k) : k € Z} is a (real) orthonormal system in L?, though it is not complete, and we can define the
following:

A A= [ 0o = m)ole = m)o(o — ) da (a7)

This quantity will be defined for all triplets of integers, and will vanish whenever some pair of {n, m,k} are
so different that the supports of the corresponding scaling functions are disjoint.
Now Apmk = Ap—k,m—k,0, so it suffices to compute the simpler quantity:

A(n,m) dﬁf Aan—/ o(x —n)d(x — m)p(z) da (18)

But this is a matrix which satisfies the following analogue of Equation 8:

Theorem 3.1 Suppose that hy = 0 unless 0 < k < L. Then A(n,m) = 0 unless —L < n < L and
—L <m < L. Also, A satisfies the homogeneous fixed-point equation

A(n,m) = Z a(p, Q)A(2n —p,2m — q), —L<nm<L,
P
where
L
Oé(p,q) déf \/EZ hkfphquhk; —-L< p,q< L.
k=0

Proof: We change variables x < 2/2 in the integral defining A(n,m), use Equation 8, and interchange the
finite summation and the integration:

Am) = 5 [ oG —moG —me(3) da

- \/5/ (Z hprp(x — 2n — n’)) (Z hoprp(x — 2m — m')) <Z hy d(x — k')) dx
= V2 Z hn«hmrhk// o(x —2n —n")p(x — 2m — m/)p(x — k') da

n’,m’ k'
= V2 ) hn/hm/hk// Sz +k —2n—n)p(x + K —2m —m/)p(z) dx
n’,m’ k'
= V2 > hwhwhw A@n+n' — K 2m 4 m — F).
n’,m’ k'
= Z (\/iz hkphkqhk> A(2n —p,2m — q).
P:q k

At the last step we have substituted k' < k, n’ < k —p, and m’ — k —q.
To get the support rectangle, note that if hj vanishes for k < 0 or k > L, then ¢(z) will be supported in
[0, L] (see [6], p-167) and A(n, m) will vanish for |n| > L or |m| > L. O

If we put f(&,n) def > nme? f(n,m)e”2Tnee =2 for any double sequence f = f(n,m), then we can

write

L—1
d(£777> = Z \/iz hkhkinhkime*Qﬂiﬂ{efZTrimn

n,mEZ k=0
L-1 L—1 L—1
= V2 <Z hke2m‘k(£+n)> (Z hpeZTrip£> (Z hqe27riqn>
k=0 p=0 q=0

B+ nym(—Em(—). (19)



The second equality follows from the substitutions n < k — p and m « k — ¢q. The sums in parentheses are
trigonometric polynomials, and we adopt the convention of Reference [16], p.176, when defining the filter
multiplier m. Note that &(0,0) = 4, since m(0) = V2. Also, &(¢,n) = a(n, &) since a(n,m) = a(m,n).
Finally, if the filter coefficients are real-valued, then m(—¢§) = m(§) and &(&,—¢) = &(£,0) = &(0,¢) =
2lm(©)[2.

Remark. Replacing {hy} < {gx} and ¢ < ® in the arguments above gives the following formula:

I, => Bp.a)A2n — p,2m — q), ~L<nm<L, (20)
p,q
where
def L
BP.a) = V2> gkpgk-qok,  —L<pq<L. (21)
k=0

The conjugate quadrature filter relationship between {h;} and {gi} implies that
5 1 1 1
B n) = —V2m(; + &+ mm(z — Om(5 —n). (22)

3.4.1 Existence and Uniqueness
From the filter coefficients {hj} in the guise of o, we can define an operator T on double sequences:

Tf(n.m) E N alp.a)f@n—p2m—q) = an—p,2m - q)f(p,q). (23)

p,q p.q

The matrix A = A(n,m) is a fixed point of this operator and is completely determined by it except
for normalization. Using Lemma 5.13 in Reference [16], p.178, we can rewrite the fixed point equation as
follows:

Ae.n) = TAE.n) =

This is rather complicated, and it is easier to compute the action of the adjoint operator:

T g(p.q) = > a@n—p,2m —q)gn,m);  Tg(&n) = G(E,)g(2€, 2n). (24)

Theorem 3.2 The equation A = T A with normalization ), . A(n,m) =1 has a unique solution.

Proof: We first show that the normalization is preserved by T

ZTf(n, m) = Z ZO‘Q” —p,2m—q)f(p,q) = Z V2 Z hk—on+phi—2m+qlu f(p,q)-

n,m p,q D>q n,m,k

Now . hon =3, hony1 = 1/+/2, so the sum over n, m, k inside the parentheses equals 1 for all p,q. Hence
the right hand side simplifies to Zp o (p,q)-

To show the existence of A(n,m), start with any fixed f = f(n, m) satisfying > nm [(n,m) =1, define
A, =T"f for k =1,2, ..., and show that A;, — A as k — co. Then A will solve A = T'A and an A(n,m) =

1. But if g = g(n,m) is any double sequence, then (g, T*f) = (T**g, f) which by Plancherel’s theorem is
equal to the inner product between the Fourier transforms:

— ~ 1 1 k71 . . e
Tk — A(29¢ 20n) | G(2k¢. 2k déd
(T*kg, f) /0 /0 j|:|0a(2 £,2n) | g(2k¢, 2kn) f(&,n) dédn

1 2k ok
- 22k/0 /0 J

J

65 ) | GE (o o) dec

k
27
=1



Now for each fixed (£,7), 3¢ H;?:l d(%, %) = o€+ n)o(—n)p(—£) and f(Q%, 5r) — 1 as k — oo. This
convergence is uniform on compact subsets of R?, and since the filter {h)} determines a regular scaling
function ¢, g% vanishes to sufficiently high order at oo for the integrand to converge in L(R?) as well. Then,
since § = §(¢,n) is 1-periodic in both ¢ and 7, the integration breaks up over the 2¥ x 2¥ periods:

2k 12+ 1

(T*kg, f) =~ > /O /0 G(E+p+n+q)p(—n —p)d(—¢ — q)g(€, 1) dédn

p=0 ¢=0

1 1
= / / S1(E+ Mbr(—mdi (~OTEm dedn,  as k — o,

where ¢1(€) def ZjeZ ®(& + 7) is the 1-periodization of ¢. Thus Ay — A in (2(Z2) and the limit sequence

satisfies A(¢,7) = ¢1(& + 1)1 (—n)p1 ().
Finally, to show uniqueness, suppose that A" = TA" with )~ A’(n,m) = 1. Starting with f = A" in
the iteration above gives A’ = T"A’ — A as n — oo. O

3.4.2 Example: Haar Wavelet Basis

For this wavelet basis, we have hg = hy = % and hy =0if k ¢ {0,1}. Thus L = 2, and

1 0 1 1
a==-¢< 1 2 1 3; A(n,m) = §(n)d(m) (25)
21110

3.4.3 Example: Coifman 12 Wavelet Basis

For this wavelet basis, we have L = 12 and {h : 0 < k < 12} is the following table of values:

{1.6387336463179785 x 1072, —4.1464936781966485 x 1072, —6.7372554722299874 x 10~ 2,
3.8611006682309290 x 1071, 8.1272363544960613 x 1071, 4.1700518442377760 x 1071,
—7.6488599078264594 x 1072, —5.9434418646471240 x 1072, 2.3680171946876750 x 102,
5.6114348193659885 x 103, —1.8232088709100992 x 103, —7.2054944536811512 x 10~ *}

These filter coefficients define the following «,, whose entries are multiplied by 1000 and truncated to integers
for display purposes:

0 o -1 -1 0 o -1 -1 -1 0 0 -1 0 0 0 0 0 0 0 0 0 0 0
0 o -1 -1 0 o -1 -1 0 0 -1 —1 0 0 0 0 0 0 0 0 0 0 0
-1 -1 0 o -1 -1 0 0 0 0 0 —1 —1 0 0 0 0 0 0 0 0 0 0
-1 -1 0 0O -1 -1 0 0 0 -1 -1 -1 0 0 -1 0 0 0 0 0 0 0 0
0 o -1 -1 0 o -1 -2 —2 —2 —2 —1 —1 0 0 —1 0 0 0 0 0 0 0
0 o -1 -1 0 -1 -1 -1 1 1 0 -1 —2 —1 0 -1 -1 0 0 0 0 0 0
-1 -1 0 o -1 -1 3 8 8 10 14 9 0 —2 0 0 -1 0 0 0 0 0 0
-1 -1 0 o -2 -1 8 7 -9 =21 -—12 11 14 1 —2 0 0 0 0 0 0 0 0
-1 0 0 0o -2 1 8 -9 —45 —-65 —-76 —61 —12 10 1 -2 o -1 0 -1 O 0 0
0 0 o -1 -2 1 10 —-21 —65 32 122 8 -76 -—21 8 -1 -1 -1 -1 -1 -1 O 0
o -1 0 -1 -2 0 14 —-12 —-76 122 549 543 122 —65 —9 8 -1 0 -1 0 -1 0 0
-1 -1 -1 -1 -1 -1 9 11  —-61 8 543 941 549 32 —45 7 3 -1 0 0 0 0 0
0 o -1 0 -1 -2 0 14 —12 —-76 122 549 543 122 —65 —9 8§ -1 0 -1 -1 0
0 0 0 0 0o -1 =2 1 10 -—-21 —-65 32 122 8 -7 -21 8 -1 -1 -1 -1 -1 -1
0 0 o -1 o0 0 0 -2 1 8 -9 —-45 -—-65 -76 —-61 -—12 10 1 -2 0 -1 0 -1
0 0 0 o -1 -1 0 0 —2 —1 8 7 -9 =21 -—12 11 14 1 -2 0 0 0 0
0 0 0 0 0o -1 -1 0 0 -1 —1 3 8 8 10 14 9 0o -2 0 0o -1 0
0 0 0 0 0 0 0 0 -1 -1 0 -1 -1 -1 1 1 o -1 -2 -1 0 -1 -1
0 0 0 0 0 0 0 0 0 -1 -1 0 0 -1 -2 -2 -2 -2 -1 -1 0 0o -1
0 0 0 0 0 0 0 0 —1 -1 0 0 —1 —1 0 0 o -1 -1 -1 o0 0o -1
0 0 0 0 0 0 0 0 0 —1 —1 0 0 —1 —1 0 0 0 0 o -1 -1 0
0 0 0 0 0 0 0 0 0 0 0 0 —1 —1 0 0 -1 -1 0 o -1 -1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 0 o -1 -1 -1 0 0o -1

Here the origin m = k = 0 of a(m, k) is at the center, m increases downwards, and k increases to the
right as in the convention for matrices. The corresponding fixed point A is plotted below in Figure 3.



4 Numerical Examples

4.1 Procedure

We start with a filter sequence {hy} taken from the list of filters in Reference [16], which are known to have
smooth scaling function limits. We restrict our attention to the Daubechies filters of lengths 4, 6, 10, and
12, and the Coifman filters of lengths 6 and 12. We compute the kernel « of the fixed-point problem and
then iterate from the elementary double sequence A(m,k) =1 <= m = k = 0 until the maximum change
per iteration in a coefficient of A falls below 1076,

To get the other scaling and connection coefficients, we apply the filter operators Gy, Gs, G3, Hy, and
Hs as needed.

4.2 Space and Time Requirements

Once the low-pass filter {h,, : n =0,1,...,L — 1} is chosen, it is known that A(m, k) will vanish for |m| > L
or |k| > L, so it is only necessary to allocate (2L — 1) x (2L — 1) memory locations to hold A. Likewise,
a(m, k) fits into a (2L 4+ 1) x (2L + 1) array.

Each application of an operator G1, Ga, G3, Hy, or Hy costs L operations per output coefficient, since we
sum over the L non-zero coefficients of either {h,} or {g,}. The number of coefficients we need to compute
grows, however. For filters supported on {0,1,...,L — 1} and fixed i,j > 0, the matrices A% (m,k) and
' (m, k) will vanish outside —L < m < 2" 7L and —L < k < 2°L. However, as the plots below will show,
many of the coefficients with indices in this range are negligible.

4.3 Graphs

In the following figures, we plot level lines of the logarithm of the absolute value of scalling and connection
coefficients. The origin m = k = 0 is always at the center of the square. The graphs are oriented such that
m increases to the right and k increases upwards as in the convention for zy plots in the first quadrant.

4.3.1 Graphs of A(m,k) = [ o(z)p(x —m)p(x — k) dz for filters D4, D6, D10, D12, C6, and C12

Figure 1: A(m, k) for Daubechies scaling functions of support 4 and 6



Figure 2: A(m, k) for Daubechies scaling functions of support 10 and 12

Figure 3: A(m, k) for Coifman scaling functions of support 6 and 12
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4.3.2 Graphs of I'(m, k) = [¢(z)y(z — m)y(xz — k) dz for filters D4, D6, D10, D12, C6, and C12

Figure 4: T'(m, k) for Daubechies wavelets of support 4 and 6

Figure 5: I'(m, k) for Daubechies wavelets of support 10 and 12
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Figure 6: I'(m, k) for Coifman wavelets of support 6 and 12

Figure 7: Close-up of I'(m, k) for Coifman scaling function and wavelet of order 12
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4.3.3 Graphs of A% (m,k)=2""2

L [ o(&)p(E — m)p(z — k) dr for filters D6, C6, and C12

Figure 8: AL0(m, k) and AY!(m, k) for Daubechies 6

\)

Figure 9: AY9(m, k) and A"!(m, k) for Coifman 6
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Figure 10: A3%(m, k) and A3!(m, k) for Coifman 6

Figure 11: A%2(m, k) and A%3(m, k) for Coifman 6
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Figure 12: Close-ups of A19%(m, k) and Ab!(m, k) for Coifman 12

Figure 13: Close-ups of A%%(m, k) and A%!(m, k) for Coifman 12
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Figure 14: Close-ups of A%2(m, k) and A%3(m, k) for Coifman 12
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4.3.4 Graphs of I'V(m, k) = 2% S (E)(E — m)p(x — k) dx for filters D6, C6, and C12.
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Figure 15: T'"0(m, k) and T'!(m, k) for Daubechies 6
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Figure 16: I'%%(m, k) and I'!(m, k) for Coifman 6
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Figure 17: T'*%(m, k) and I'*!'(m, k) for Coifman 6

Figure 18: I'*2(m, k) and '*3(m, k) for Coifman 6
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Figure 19: Close-ups of I'*%(m, k) and T'\:!(m, k) for Coifman 12
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Figure 20: Close-ups of I'*%(m, k) and I'*!(m, k) for Coifman 12
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Figure 21: Close-ups of I'*?(m, k) et I'3(m, k) for Coifman 12

20




References

[1]

2]

[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Gregory Beylkin. On the representation of operators in bases of compactly supported wavelets. SIAM
Journal of Numerical Analysis, 6-6:1716-1740, 1992.

Gregory Beylkin, Ronald R. Coifman, and Vladimir Rokhlin. Fast wavelet transforms and numerical
algorithms 1. Communications on Pure and Applied Mathematics, XLIV:141-183, 1991.

Ronald R. Coifman and Mladen Victor Wickerhauser. Entropy based algorithms for best basis selection.
IEEE Transactions on Information Theory, 32:712-718, March 1992.

Wolfgang Dahmen and Charles A. Micchelli. Using the refinement equation for evaluating integrals of
wavelets. SIAM Journal of Numerical Analysis, 30(2):507-537, April 1993.

Ingrid Daubechies. Orthonormal bases of compactly supported wavelets. Communications on Pure and
Applied Mathematics, XLI:909-996, 1988.

Ingrid Daubechies. Ten Lectures on Wavelets, volume 61 of CBMS-NSF Regional Conference Series in
Applied Mathematics. STAM Press, Philadelphia, 1992.

Marie Farge, Eric Goirand, Yves Meyer, Frédéric Pascal, and Mladen Victor Wickerhauser. Improved
predictability of two-dimensional turbulent flows using wavelet packet compression. Fluid Dynamics
Research, 10:229 250, 1992.

Eric Goirand, Mladen Victor Wickerhauser, and Marie Farge. A parallel two dimensional wavelet packet
transform and its application to matrix-vector multiplication. In Rodolphe L. Motard and Babu Joseph,
editors, Wawvelet Applications in Chemical Engineering, pages 275-319. Kluwer Academic Publishers,
Norwell, Massachusetts, 1994.

A. Haar. Zur theorie der orthogonalen funktionensysteme. Mathematische Annalen, 69:331-371, 1910.

Angela Kunoth. Computing refinable integrals, version 1.1. Available by anonymous FTP from
ftp.igpm.rwth-aachen.de, 1995. C++ source code and documentation.

Andy Latto, Howard L. Resnikoff, and Eric Tenenbaum. The evaluation of connection coefficients of
compactly support wavelets. Preprint, Aware, Inc., Cambridge, Massachusetts, 1991.

J. Liandrat, Valerie Perrier, and Philippe Tchamitchian. Numerical resolution of nonlinear partial
differential equations using the wavelet approach. In Mary Beth Ruskai, Gregory Beylkin, Ronald
Coifman, Ingrid Daubechies, Stéphane Mallat, Yves Meyer, and Louise Raphael, editors, Wavelets and
Their Applications, pages 227-238. Jones and Bartlett, Boston, 1992.

Stéphane G. Mallat. A theory for multiresolution signal decomposition: The wavelet decomposition.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 11:674—693, 1989.

Yves Meyer. Ondelettes et Opérateurs, volume I: Ondelettes. Hermann, Paris, 1990.

Mladen Victor Wickerhauser. An adapted waveform functional calculus. In Moody Chu, Robert Plem-
mons, David Brown, and Donald Ellison, editors, Proceedings of the Cornelius Lanczos Centenary,
Raleigh, North Carolina, 12 17 December 1993, pages 418 421, Philadelphia, 1994. STAM, STAM Press.

Mladen Victor Wickerhauser. Adapted Wavelet Analysis from Theory to Software. AK Peters, Ltd.,
Wellesley, Massachusetts, 9 May 1994. With optional diskette.

Mladen Victor Wickerhauser. Large-rank approximate principal component analysis with wavelets for
signal feature discrimination and the inversion of complicated maps. Journal of Chemical Information
and Computer Science, 34(5):1036-1046, September/October 1994. Proceedings of Math-Chem-Comp
1993, Rovinj, Croatia.

21



[18]

[19]

Mladen Victor Wickerhauser. Time localization techniques for wavelet transforms. Croatica Chemica
Acta, 68(1):1 27, April 1995. Proceedings of the Ninth Dubrovnik International Course and Math-
Chem-Comp 1994.

Mladen Victor Wickerhauser, Marie Farge, Eric Goirand, Eva Wesfreid, and Echeyde Cubillo. Efficiency
comparison of wavelet packet and adapted local cosine bases for compression of a two-dimensional
turbulent flow. In Charles K. Chui, Laura Montefusco, and Luigia Puccio, editors, Wavelets: Theory,
Algorithms, and Applications, Proceedings of the International Conference in Taormina, Sicily, 14-20
October 1993, pages 509-531. Academic Press, San Diego, California, 1994.

22



