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INTRODUCTION

Operators can be represented by their coefficients with respect to an orthonormal basis
of functions well localized in both time and frequency. Such building blocks will be called
time-frequency atoms. We will insist that they be approximately as well localized in both
time and frequency as the Heisenberg uncertainty principle allows. Bases of functions of this
type abound and one may be chosen to minimize the number of nonnegligible coefficients
for a given operator. We have reason to believe that the equations of motion for important
physical systems have a simpler form when posed as evolutions of time-frequency atoms.
In this note we will use particular libraries of such atoms to represent operators efficiently
and thereby obtain a “fast” functional calculus. We hope to obtain lower complexity matrix
application and matrix multiplication algorithms from the new representation. Of course the
method is not perfectly general: the speedup depends very much upon the problem. However,
others have shown that for broad classes of operators we can expect an order of magnitude
asymptotic complexity reduction for matrix application.

The main idea is to lift an N x N matrix, which maps RY — RY, into the space of maps
on RNeN _, RNIoeN = Any of a large number of N x N-coefficient subsets of this lifting
can be used to represent the operator, so we may pick the subset in which the matrix is most
sparse. The choice is made with the “best-basis” algorithm and is itself a fast algorithm. The
best-basis implementations described here can use either wavelet packets or adapted local

trigonometric libraries. They provide a generalization of the “nonstandard form” introduced

by Beylkin, Coifman, and Rokhlin.

* Research supported in part by AFOSR Grant F49620-92-J-0106

Typeset by ApS-TEX



TIME-FREQUENCY ATOMS

Definition. A time-frequency atom (over R) is a function f = f(z) belonging to L?*(R.) for
which [[Df|*| X f||* < oo, where D is the derivative operator and X is multiplication by z.

For each time-frequency atom f we may compute a location in time and in frequency

1) =] /R df@)Pdr, & = |If]2 /R 17 (e de:

as well as uncertainties in time localization and frequency localization

(2) Azp = \JIFI2NXFI2 =23, A& = \JIFI2IDSI2 - €.

The Heisenberg uncertainty principle asserts that A{y Az > 1/2; we now require that a basis
of time-frequency atoms also satisfy a uniform upper bound for this Heisenberg functional,
namely that A&,Ax, < C for all functions b in the basis, with C' being not too large. A
sufficiently smooth wavelet basis satisfies this requirement; the Heisenberg functional is a
constant for all elements of the basis. In particular, the Heisenberg functional is preserved

by translation and dilation.

2. For a pair

Wavelet packets. We define wavelet packets over [? as in a previous paper
H = {h;},G = {g;} of quadrature mirror filters (QMFs) satisfying standard orthogonality
and decay conditions®, there is a unique solution to the functional equation
(3) $(t) = V2 hip(2t — ).

JEZ

Put w = wo,0,0 = ¢, and define recursively

Wan 0,0(t) = V2 Z hjwn 0,0(2t — j),

JEZ

Wan+1,00(t) = V2 gjwn0.0(2t = j).

JEZ

(4)

Then set wpynk(t) = om/ 2w0n0(2™t — k). The collection of functions so defined are called
wavelet packets. The quadrature mirror filters H, G may be chosen so that this set is a
basis in many common function spaces. Using the Haar filters H = {1/v2,1/v2},G =
{1/4/2,—1/v/2} produces a basis of LP(R) for 1 < p < co. Longer filters can generate

smoother solutions ¢ to the fixed point equation?®; since wavelet packets are just finite linear



combinations of translates and dilates of ¢, they can also provide bases for Sobolev spaces,
Hardy spaces, etc.

The Heisenberg functional of the wavelet packets {wmnx : m,k € Z} is constant in m, k
for each fixed ng. Unfortunately, it grows with ng because of the frequency spreading of
highly oscillatory wavelet packets®. This growth is slow, however, and can be ignored in
practice since for sampled signals the frequency will never exceed the Nyquist cutoff.

Wavelet packets have a nominal position k£ and frequency n, which we can use in lieu of
Eqgs.(1,2), i.e., pretending that z; = 2=™k, £; = 2™n’ (where n is the Gray-code value” of
n'), Azy =27, and A&y = 2™ for f = wypr. These will of course be in error, but only
by a small fixed amount and this is compensated by the gain of not having to compute the

actual quantities.

Localized trigonometric functions. For definiteness let

(5) =

() = { sinZ(1+sinmz), if -3 <z <3,
0, otherwise.

This function is symmetric about the value = = % It is smooth on (—%, %) with vanishing
derivatives at the boundary points, so that it has a continuous derivative on R. Let ¢, (t) =
V2cosm(n + 1)t, and consider the set of functions wpni(t) = 2™/26(2™t — k)c, (2™t — k) for
n >0, m,k € Z,t € R. These localized cosine functions all have the same (small) Heisenberg
functional. As with wavelet packets, we can pretend that x; = 27"k, £ = 2"n, Axy =277,
and Ay = 2™ for f = umnk-

Several remarks must be made. First, the collection {unmqx : 1,k € Z} is an orthonormal
basis for L?(R). With one of two modifications—either using undilated b and matching
windows” or using multiple folding®—we can obtain orthogonality across scales m as well.
Second, it is not necessary to use cosine functions: sine works as a direct replacement, and

with the modification described in [W4] any periodic functions can be used.

Adapted basis subsets. Define a basis subset ¢ of the indices (m, n, k) to be any subcollec-
tion with the property that {w,,nx : (m,n,k) € o} is a Hilbert basis for L?(R). Many basis
subsets can be characterized by disjoint dyadic covers of an interval®. Abusing notation, we

shall also refer to the collection of wavelet packets {wpnk : (m,n, k) € o} as a basis subset.



The collection of tensor products {wx ® wy} of time-frequency atoms is dense in the
space of Hilbert-Schmidt operators. Call o C Z° a (two-dimensional) basis subset if the
collection {wnymxkyx @ Wnymyky : (Nx,mx,kx,ny,my, ky) € o} forms a Hilbert basis for
L?(R?). Many two-dimensional basis subsets can be characterized by subtrees of a quadtree®.
Roughly speaking, they correspond to disjoint covers of the unit square by rectangles whose
dimensions are powers of %, with corners at dyadic rational points. Three such decompositions

are displayed in Figure 1.

o o

+

Frequency egipartitioned Isoscale orthogonal Adapted subband or
into subbands wavelet basis wavelet packet basis

Figure 1. Representations of 3 bases of time-frequency atoms.

We can choose basis subsets to minimize some cost functional, such as the entropy of
the coefficient sequence for a particular operator with respect to the basis. There is a fast
algorithm for this purpose?, one that has complexity O(N) for basis selection in RY. This

gives a representation of the operator in a best-adapted basis of time-frequency atoms.

COMPUTATION

Orthogonal bases of time-frequency atoms are quite useful for computation. We shall

briefly discuss the technical details of transforming an operator into such a basis.

Ordering time-frequency atoms. For definiteness we restrict our attention to wavelet
packets wy,,k. These can be totally ordered. We say that w < w’ if (m,n, k) < (m/,n’,k’).
The triplets are compared lexicographically, counting the scale parameter m as most signifi-

cant. Tensor products of wavelet packets inherit this total order. Write wx = Wy xmykx, €tc.



Then we will say that wx ® wy < wy @ wy if wx < Wy or else if wx = Wy but wy < wy,.
This is equivalent to (mx,nx, kx, my,ny, ky) < (m'x,n'sx, k., my,n, k%) comparing lex-
icographically from left to right. We can also define the adjoint order <* by exchanging X
and Y indices, namely wx ® wy <* w'y ® wi, if and only if wy @ wx < wy, ® w’. This is

also a total order.

Injections and projections. Let W! denote the space of bounded sequences indexed by
the three wave packet indices m,n, k. With the ordering above, we obtain a natural isomor-
phism between [*° and W!. There is also a natural injection J* : L?(R) — W! given by
Conk = (U, Wk ), for v € L?(R) and wavelet packets wy,,x. If o is a basis subset, then the
composition J! of J! with projection onto the subsequences indexed by o is also injective. J!
is an isomorphism of L?(R) onto /2(¢), which is defined to be the square summable sequences
of W' whose indices belong to o. In the rank-N case where there are N log N wavelet packets,

these maps are J! : RV — RN1eN and J1: RY — RV,

We also have a map R' : W' — L?(R) defined by R'c(t) = > (mon,k)ez? CmnkWmnk(t).
This map is defined and bounded on the closed subspace of W! isomorphic to [? under the
natural isomorphism mentioned above. In particular, R! is defined and bounded on the
range of J! for every basis subset o. The related restriction R. : W! — L?(R) defined by
Rlc(t) = 2 (mon k)eo CmnkWmnk(t) is a left inverse for J' and J!. In addition, J'R! is a
projection of W!. Likewise, if > ;03 =1 and R},i is one of the above maps for each i, then

JHS. oziR},i is also a projection of W!. It is an orthogonal projection on any finite subset of

W1, In the rank-N case we have R! : RV1eN  R¥ and R! : RY — RY.

Similarly, writing W? for W' x W1, the ordering of tensor products gives a natural iso-
morphism between [ and W2. The space L?(R?), i.e., the Hilbert-Schmidt operators, inject
into this sequence space W? in the obvious way, namely M +— (M, Wnymxkx @ Wnymyky )-
Call this injection J2?. If o is a basis subset of W?, then the composition J? of J? with
projection onto subsequences indexed by o is also injective. J2 is an isomorphism of L?(R?)
onto 1%(c), the square summable sequences of YW? whose indices belong to o. In the N x N
matrix case we have J2 : RN" — RN 18N gpd J?: RY — RM.

The map R? : W? — L?(R?) given by R?c(z,y) = Y. cxywx(z)wy (y), is bounded on



that subset of W? naturally isomorphic to /2. In particular, it is bounded on the range of
J2 for every basis subset . We may also define the restrictions R? of R? to subsequences
indexed by o, defined by R2c(z,y) = Z(wx,wy)ea cxywx (x)wy (y). There is one for each
basis subset o of W?. Then RZ is a left inverse of J? and J2, and J?R2 is a projection of
W2, As before, if Y, = 1 and o0; is a basis subset for each i, then J*)_, R2 is also a
projection of W?2. It is an orthogonal projection on any finite subset of W2. In the N x N

. 2 2 2 2
matrix case we have R : RV 6N  RN" and R2 : RV — RV,

Applying matrices to vectors. For definiteness, let X and Y be two named copies of R .
Let v € X be a vector, whose coordinates with respect to wavelet packets form the sequence
Jw = {(v,wx)} for some wavelet packet basis {wx} of X.

Let M : X — Y be an N x N matrix with respect to the standard basis. Its coefficients
with respect to the complete set of tensor products of wavelet packets form the sequence

J’M = {{M,wx @ wy) : wx € X,wy € Y}. We obtain the identity

(6) (Mv,wy) = Z (M, wx @ wy)(v,wx)

wx €X

This identity generalizes to a linear action of WW? on W' defined by
(7) (V) mnk = Z Crnnkm!n’ k' Um/n/k' -
(n'm’k’)

Now, images of matrices form a proper submanifold of R “log N Likewise, images of vectors
form a submanifold RV 16V, We can lift the action of M on v to these larger spaces via the
commutative diagram

RN log N
(8) JIT lRl

RV —— RV

The significance of this lift is that by a suitable choice of o we can reduce the complexity of
the map J2M, and therefore the complexity of the operator application. Figure 2 shows a
schematic representation of J2M and its action on the space W' = RN N Here M is a
1024 x 1024 sine transform matrix, and the black dots represent nonnegligible coefficients—
those greater than 0.01—in the best isoscale wavelet packet basis. These comprise about 10%

of the total number of coefficients in the original matrix.
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Figure . ppying a matri in its best basis to a ector.

emark Alternatively, each row of a matrix can be expanded into its best basis and then
only the nonnegligible elements of each row applied to the vector. This is the same as using
the basis subset {wx ® wy} where wy € {w(og nyor : 0 < k < N}. The left part of Figure 3
shows this application schematically; the right part shows (as black dots) how many of the
largest “best-rows” coefficients are needed to capture 99% of the row [? norm for a 1024 x 1024

sine transform matrix. The dots comprise about 7% of the matrix.
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Figure 3. pp ying a matri in its best-ro s form to a ector.



Composing operators. Let X,Y, be three named copies of RY. Suppose that M : X —

Yand :Y — are N x N matrices. We have the identity

(9) < MvwX®w >: Z( , Wy @ w ><M,U)X®UJY>.
wy €Y
This generalizes to an action of YW? on WW?2, which in this case are both R *log N The action

is defined by the formula
(10) C(d)mnkm’n’k’ - Z dmnkm”n”k”Cm”n”k”m’n’k’7
m//n//k://
where ¢ and d are sequences in W?. Using J?, we can lift multiplication by  to an action
on these larger spaces via the commutative diagram

J2

o

WQ W2

(11) # |

RN’

2
- RN

Again, by a suitable choice of o the complexity of the operation may be reduced to below

that of ordinary operator composition.

PERATION COUNTS

Applying a matri to a vector. Suppose that M is a non-sparse N x N matrix. Ordinary
multiplication of a vector by M takes at least O(NN?) operations. On the other hand, the
injection J? will require O(N?log N) operations, and each of J! and R! require O(N log N)
operations. For a fixed basis subset o of W2, the application of J2M to Jlv requires at
most  |J2M| operations, where | | denotes the number of nonzero coefficients in . We
may choose our wavelet library so that |J2M| = O(N?). Thus the multiplication method
described above costs an initial investment of O(N?log N]?), plus at most an additional
O(N?) per right-hand side. Thus the method has asymptotic complexity O(N?) per vector
in its exact form, as expected for what is essentially multiplication by a conjugated matrix.

We can obtain lower complexity if we take into account the finite accuracy of our calcula-
tion. Given a fixed matrix of coefficients C, write C' for the same matrix with all coefficients

set to 0 whose absolute values are less than . By the continuity of the Hilbert-Schmidt norm,



for every 0 there is a 0 such that |[C —C || < . Given M and as well as a
library of wavelet packets, we can choose a basis subset c C W? so as to minimize |(J2M) |.
The choice algorithm has complexity O(N?log N), as shown in [W3]. For matrices derived
from Calderon ygmund operators, it has been shown! that there is a library of wavelet

packets—the smooth wavelets—such that for every fixed 0 we have
(12) (J3M) | = O(Nlog N),

with the constant depending, of course, on . For the moment, call the class of operators
with property (12) the sparsi able Hilbert-Schmidt operators . By the estimate above,
finite-precision multiplication by sparsifiable rank-N operators has asymptotic complexity
O(Nlog N). Recently Coifman, Grossman, and Meyer have proved that other classes of

operators—including some oscillatory-kernel integral operators—are sparsifiable.

Composing operators. Suppose that M and are rank-N operators. Standard mul-
tiplication of  and M has complexity O(N3). The complexity of injecting  and M
into W? is O(N?log N). The action of J2 on J2M has complexity O(>., . |J2 y
(my,ny, ky) = (m,n, k)| |J*Mxy : (my,ny,ky) = (m,n,k)|). The second factor is a
constant N log N, while the first when summed over all mnk is exactly |J2 |. Thus the
complexity of the nonstandard multiplication algorithm, including the conjugation into the
basis set o, is O( |J2 | Nlog N). Since the first factor is N2 in general, the complexity of the
exact algorithm is O(N?3log N) for generic matrices, reflecting the extra cost of conjugating
into the basis set o.

For the approximate algorithm, the complexity is O( [(J2N) | Nlog N). For the sparsi-
fiable matrices, this can be reduced by a suitable choice of o to a complexity of O(N?log N)

for the complete algorithm. Since choosing o and evaluating J2 each have this complexity, it

is not possible to do any better by this method.
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