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0. OUTLINE

We begin by defining continuous wavelet packets on R. These are square-integrable
functions with prescribed smoothness and other properties, which we shall develop to es-
tablish the main notions. Our construction will be directed toward numerical applications,
so we will restrict ourselves to the quadrature mirror filter algorithm.

Next we will define several discrete algorithms and explore their advantages and dis-
advantages. We will show the correspondence between wavelet packets and coefficients
computed from sampled signals, and relate the convergence of this approximation to the
smoothness of the signal. We will define information cost functions and the “best-basis”
method. We will count operations and consider practical matters like the memory require-
ments of the algorithms, periodizing, the spreading of the support of aperiodic wavelet
packets, and the combinatorics of constructing wavelet packet bases of increasing general-
ity.

In parallel, we will develop smooth orthogonal local trigonometric transforms. These
are properly considered transposes of wavelet packet methods, or alternatively conjugates

of wavelet packet methods by the Fourier transform. We will describe both continuous and
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discrete local cosine transforms, and an adaptive local cosine transform useful for signal
segmentation.

We will examine several compression methods, both linear and nonlinear. Linear meth-
ods include uniform and nonuniform quantization. Nonlinear methods include discarding
small coefficients, coalescing to the center of energy within bands, and Karhunen—Loéve
methods. We will examine the peculiarities of each method, and discuss the errors in the
lossy versions of these algorithms. This will illustrate the relative advantages of wavelet
packets, windowed Fourier transforms, and wavelet bases.

We will then generalize to multidimensions by separation of variables. We will explore
the combinatorics of higher dimensional wavelets. We will identify matrices with two-
dimensional signals or “pictures,” and we will show how each picture compression algorithm
yields a nonstandard matrix multiplication algorithm.

As a demonstration of the analytic power of best-basis methods, we will perform an
automatic analysis of a few canonical signals in the phase plane. The signals will be de-
composed into as precise a set of modulated lumps as the Heisenberg uncertainty principle
allows, and the product of the analysis will be displayed in an intuitively satisfying manner.

Finally, we will produce several fast numerical algorithms driven by the best-basis
method. Among these will be fast approximate Karhunen—Loéve factor analysis, signal
segmentation in time and frequency, feature-preserving encryption, and matrix multipli-

cation.

1. DEFINITION OF WAVELET PACKETS

Wave packets. Roughly speaking, a wave packet 1 is a square integrable modulated
waveform, well localized in both position and frequency. A musical note is an example.
It may be assigned three parameters: frequency, scale, and position. The first and third
may be taken to be the centers of mass of [1)|? and |¢)|2, where ¢ is the Fourier transform
of 1. The second might be taken to be a characteristic width of |¢|?, or equivalently
the uncertainty in the position. By Heisenberg’s principle, it is also the reciprocal of the
uncertainty in frequency.

Examples of modulated waveforms are easy to construct. Let ¢ be any “sufficiently
nice” function and define the modulation, dilation, and translation operators by pro(t) =
e Tto(t), 6sp(t) = s'/2¢(st), and T,0(t) = ¢(t — p), respectively. Then the collection of

dilated, translated, and modulated ¢’s forms a family of wave packets with parameters
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f,s,p. These transformations conserve energy, so the waveforms can be normalized to be
unit vectors in L2. The component of a function x at f, s, p is the inner product of z with
the modulated waveform whose parameters are f, s, p. If it is large, we may conclude that
x has considerable energy at scale s near frequency f and position p.

The Balian—Low phenomenon [DJJ] prevents the modulated bumps above from being
an orthogonal basis. We circumvent this obstruction in two ways. We may either replace
the exponentials e'/* by one of sin7(f + 3)t or cosm(f + )¢, or we may replace the single
¢ with a family of bumps. The first solution was found by Daubechies, Jaffard, and Journé
[DJJ], and later generalized by Laeng [L], Aucher [Au], and Coifman and Meyer [CM2]. A
similar solution was found independently by Malvar [Ml]. We will discuss the latest version
of this local trigonometric basis in a later chapter. The second method is equivalent to the
following construction, which was first noted by Stromberg [S], developed by Mallat [Ma],
Daubechies, Grossman and Meyer [DGM] and [D], then generalized into its present form
by Coifman, Meyer and Wickerhauser in [CM1] and [CW].

We introduce a new class of orthonormal bases of L?(R") by constructing a “library”
of modulated waveforms out of which various bases can be extracted. In particular, the
wavelet basis, the Walsh functions, and rapidly oscillating “wavelet packet” bases are
obtained. It is the orthogonality properties that distinguish these new functions from
wave packets.

We shall use the notation and terminology of [D], and assume the results therein. Let
h = {hy,} be an exact quadrature mirror filter satisfying the conditions of Theorem (3.6)
in [D], p. 964, i.e.,

Z Py —okhpn—20 = Oge; Z hn = V2.

Let gr = (—1)*hi_;, and define the operations Fy and F; from ¢?(Z) into “/?(2Z)”

Fo{si}(7) = D skhi—s;
k

(1.0)
Fl{é’k}(j) = Z SkGk—2j

k
These operations have adjoints F;* defined by

Fy{sj}(k) = sihr o
(1.0%) ’
Fi{si}(k) = sigr 2
J
The maps F;F} are orthogonal projections on ¢?(Z). The map F(sy) = Fy(sx) ® Fi(sx) €
(*(Z) @ (?(Z) is orthogonal and

(1.1) FiFo+FF =1
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Fixed-scale wavelet packets. We now define a sequence of functions recursively.

Won(t) = V2 h W, (2t — k),

(1.2)
Wont1(t) = V2)  geWa(2t — k).

The function Wy(t) can be identified with the function ¢ in [D], and W can be identified
with the function .
Let us define mg(&) = % S hre~ ™€ and

=~ 1=y e

REMARK. The quadrature mirror condition on the operation F = (Fy, F7) is equivalent

to the following matrix being unitary:

B mo(ﬁ) ml(é)
(1.3) M = mo(§ + ) m1(§+7f)]

The Fourier transform of Eq. (1.2) when n = 0 gives the relations
Wo(€) = mo(¢/2)Wo(£/2)

Wo(&) = [ [ mo(¢/27)
Jj=1

and

Wi (&) = mi(§/2)Wo(£/2) = mi(€/2)mo(£/4)mo(€/2°) - -

More generally, the relations Eq.(1.2) are equivalent to

(1.4) Wa(€) = [ [ e, (€/27)

and n = >.¢;2771, where e, =0 or 1.
j=1
We can rewrite Eq. (1.2) as follows.

(1.5) Wan(t =€) = V2 hj2eWn (2t — j) = Fo{ V2W, (2t — 5)}(£)
Wap1(t —£) = \/52 9j—20Wn (2t — j) = Fi{V/2W,(2t — j)}(¢)
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where /2W,, (2t — j) is viewed as a sequence in j for (t,n) fixed. Using Eq. (1.1) we find:

. 1 t . 1 t
(1'6) Wn(t _.7) = E Zhj—QiW%z (5 - Z) + ﬁ Xi:gj_ginn_H (5 — 2)
In the case n = 0 we obtain:
(1.7) W(t—k;)—iZh we (L= +LZ (L
. 0 = \/5 i k—2i o B 1 \/5 i gr—2:W1 5 ?

from which we deduce the usual decomposition of a function f in the space Qg (V in [D]),

i.e., a pair of series for the function f of the form

F) =Y SaWo(t— k)

- % Z(%: s hi_oi)Wo (% — z) + % Z(zk: O g _oi )W (% — @)

= S R0 7o (5 1) + T R6DO 5 (1)

i

More generally, if we define the linear span of integer translates of W,,’s

(18) Qn = {f : f = Zkan(t - k)}a

then we can put

L9 f0) = 3 Falean)i) 5 Won (g - ) 30 A ()= Was (g - )

%
or

\/§f(2t) =h+g for h € Qo, and g € Qo yq.

Notice that {W,,(t — j) : j € Z} is an orthonormal basis for the space 2,

We now prove

Theorem 1.1. The functions W, (t—k), for integers k,n withn > 0, form an orthonormal
basis of L?(R).

Proof. We proceed by induction on n, assuming that the set of translates {W, (t — k) :
k € Z} forms an orthonormal set of functions and proving that {Wa, (t — k) : k € Z} U
{Want1(t — k) : k € Z} forms an orthonormal set.
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By assumption ||[v2f(2t)|13 = [|f (1|13 = S w? if f € Q,. From the quadrature mirror

condition on (Fy, F}) we get

> wi =" Fy(wr)(i)® + Fi (we)(i)°.

Since Fy(wy)(i) = p; and Fy(wy)(i) = v; can be chosen as two arbitrary sequences of ¢2
(arising from w = Fj(u) + Fy (v)) it follows that

/|ZN1W2nt—@ +Zl/zW2n+1t—/1, ZMZ+ZV

which is equivalent to {Way,(t —j) : 7 € Z} U{Wap41(t — j) : j € Z} being an orthonormal
set of functions.

Having proved the inductive step, we now observe after k applications that {Wy(t —j) :
JeEZYU ---U{Wor_1(t —j) : j € Z} is an orthonormal set of functions. In other words,

the subspaces Qo @ - - - @ Qyr_; are mutually orthogonal in L?(R).
Let us now define df(t) = v/2f(2t). Equation (1.8) shows that 9, = Qa, ® Qapy1, OF

08y — Qo = Qy,
5200 — Q0 = 601 = Qo & Q3,
5300 — 0200 = 50 D003 = QU B Qs B Qs © Q7

and in general,
(1.10) 6F Qo — 657100 = ok 1 @ Dok 141 -+ D Qo1

These may be telescoped to give the decomposition
(1.11) FU=0NU® D Uor_y.

Since 0¥Q — L?(R) as k — oo, (see [D]), it follows that {W,(t —j):n > 0,7 € Z} is
complete. [

The collection {W,,(t — j)} is a wavelet packet analog of Walsh functions. If we use the
Haar filters hy = hg = 1/4/2 and restrict our functions to 0 < t < 1, we note that {W,, ()}

is the Walsh functions in Paley or “natural” order.

General wavelet packets. All of the functions W, in the preceding section have a fixed
scale, but we observe that mixed-scale decompositions of L? are also possible. From Eq.

(1.9) we observe that 692, = Q) ® Q2p,4+1, or more generally that
(1.12) 5 = Qo &+ @ Qo (1) —1-

This allows us to refine the decomposition L? = @,f), by scales as embodied in the

following:
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Theorem 1.2. For every partition P of the nonnegative integers into sets of the form
Iin = {2"n,...,28(n+1)—1}, the collection of functions {2¥/>W,, (2¥t—j) : It,, € P,j € Z}

is an orthonormal basis for L*(R).

Proof. We note that {2%/2W,,(2¥t—j) : j € Z} is an orthonormal basis for 6*€,,. If Up Iy, is
all of the nonnegative integers, then Eq. (1.12) implies } ; p §FQ, =@;Q;, = L*(R). O

REMARK. We may also think of I, as the dyadic subinterval [27%n,27%(n + 1)[ of
[0, 1[. Such an indexing convention gives a faithful correspondence between disjoint dyadic

decompositions of [0, 1] and orthonormal wavelet packet subsets of L?.

Definition. A wavelet packet basis of L?(R)) is any orthonormal basis selected from among
the functions 25/2W,, (2%t — j).

Beside the Walsh-type basis g & 21 & --- @ Qi @ ..., examples of wavelet packet
bases include the wavelet basis Qo ® Q1 ® Q1 @ --- @ §*Q1 @ ... and the subband basis
Q@K @ -1 dEQ,, . ...

Influence of the QMFs. The choice of quadrature mirror filter influences the prop-
erties of wavelet packets, including smoothness and number of vanishing moments. The

computational complexity of the wavelet packet algorithm grows linearly with filter length.

Frequency resolution of wavelet packets.. Suppose we set

oo

mo(§) = D 1 z.3)(¢—27k)
k=—o0
which is periodic on R with period 2x. Likewise, set m1(§) = 1 —mg(§). The pair mq, m,
satisfies the orthogonality condition (1.3), and corresponds to infinitely long MF’s. We
can explicitly compute the limits Wo(f) = 1= , (&) and Wl(g) = 1= — (&) +1] 2 (8).
The Gray code permutation f — f is f; = f,,; + f; (mod 2), where f; is the ith
binary digit of f. It relates Paley order to sequency order for Walsh functions, and appears

naturally in the frequency localization of wavelet packets.

Theorem 1. . For the special mg, m; above, we have W, (£) = 1 ,i+1) 1(/&]), where n

is the ray code permutation of j.

Proof. Since this is true for n = 7 =0 and n = j = 1, let us prove the inductive step.

Now mo(§/2) = X 1-5.5)(5 —27k) = S 1=, (€= 47k) = 324 Tjar—1) ar+) 1(6);
which is periodic with period 47. Also, Wy, (£/2) = 1125 2(j+1) 1(/¢])- Therefore,
if j is even,

3 Lpoj 2541y 1(€D),
Wan, 2 2
w©) = mole/2ae/2) = { | G0 TR
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Likewise, m1(£§/2) = 1[3,7“](% —27k) =32, 11 3 1(§—4mk) = 32 Lart) ar+3) 1(6),
so that

2 - Lo 2j+1) 10D, if j is odd,
Wans2(6) = mu 6/, (e/2) = { | 2 o
(2j+1) 2G+1) 1(&]), if j is even.

Thus the wavelet packet whose Fourier transform is 1jo; (2;41) (|¢]) will be indexed by
2n if j is even and by 2n + 1 if j is odd. If n is the Gray-code of j, then this index is the
Gray-code of 2j. The result for 25 + 1 is left as an exercise. [

The above result generalizes to finite impulse response filters by a somewhat more
technical argument, which may be seen in [CMW]. We avoid these technicalities so as
not to obscure the main point. An interesting difference in all the compactly supported
cases except Haar is that the £°° norm of the nth wavelet packet is not bounded. It
grows no faster than n , for some 0 < § < 1/4. This implies that the support of the
Fourier transform of smooth wavelet packets spreads like n as n increases, making the
frequency localization less and less precise. The practical consequences of such spreading
can be severe, but are easily avoided by controlling n. We prevent the number of sample
points within a window from exceeding a fixed limit determined by the required frequency

precision.

. DISCRETE WAVELET PACKETS

Discrete measurements of functions in L?(R) must be regarded as averages. If the func-
tion is continuous, then averages over small intervals can be approximated by evaluations
at points inside the intervals. The disagreement between these two pictures is controlled

by the regularity of the signal and the averaging function.

Approximatin functions y samplin . Suppose that x = z(t) is a square integrable

function. If it is band-limited i.e., if there is a finite 0 such that (&) = 0 if
€] then Shannon’s sampling theorem ([SW], p.53) asserts that
= n sinw(2 t—n)
t) = =
z(t) n_z_:oox(Q )@ 1=n)

Namely, = is determined exactly at all points by its values at discrete points spaced 1/2
apart. These values are well defined because band-limited functions are smooth. All signals

are band-limited functions in practice.
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The function sin7(2 ¢ —n)/m(2 t—n) may be called a Shannon wavelet packet. It
corresponds to a function perfectly band limited to the interval [— , ]. Although it is
not compactly supported in fact, it has quite poor decay it is useful for estimating the
frequency localization of better behaved wavelet packets.

If the signal = is periodic and band-limited to (— , ), then x is determined exactly
by at most 2 samples in a period. This is the trivial observation that a polynomial of

degree 2 — 1 is determined by its values at any 2  distinct points.

Computin avera es from samples. Averages of a band-limited signal may be com-
puted exactly from samples. Let ¢ = ¢(t) be any smooth integrable (hence square-

integrable) averaging function; this means that ¢ has unit mass. Then

0o = [2o) t= 3 a2 ) [o0™RE I 1= 3 a2 ),

n=—oo n=—oo

where , = [ gb(t)% t. The sequence { ,} is square-summable, because the
functions % are orthonormal in L?(R). We can evaluate , by Plancherel’s
formula:

sm7r2 t—mn) 1 K it
o= [ mREI e [

This gives the following:

Proposition 2.1. f the functions x and ¢ are band limited to (— , ), then
6 =1 S a2 o2 )
2,6 =3 n:,oox n n :
Proof. Since ¢(€) = 0 if |¢] , we can evaluate
1 [y iaes 1 [ 5 imen 1
=5 [ @G e= 5 [ @ = o2 ) D
—-K —00

Wavelet scalin functions. Let z = z(t) be a function in L?(R), and let {z, : p € Z}
be the coefficients of its projection onto § Q. Then z, = [2 /2Wy(2 t — p)z(t) t. The
L? function given by this projection will be denoted P a(t) = Y 2,2 /2Wy(2 t — p).
The error in this approximation is controlled by the projection of x onto the orthogonal
complement § €, in L?, which we may denote by the function (I — P ).

This projection is small if both x and W} are regular. We have the following results

from Littlewood—Paley theory:
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Proposition 2.2. f both x and Wy have continuous derivatives, then ||(I — P )z||2 <
27 |zll.. O

Proposition 2. . f both x and W, are of class  (R), and [t*Wy(t) t = 0 for all
0<k< ,then|z—2 2z,|. < |z].2= , where ||z|. = sup, o ¢ py12(t)]. O

Proofs of these facts may be found in the excellent two-volume monograph by Meyer
[Me].

Numerical calculation of wavelet packet coe cients. Now let {z,} be the coeffi-
cients of z(t) in 6 y. From these we may calculate the coefficients of z(t) in any space
6%Q,, for 0 < k < Land 0 < n < 2 ~F by applying the functions Fy and F; to the

sequence {z,}. We may introduce the notation
(1)  als= / 2/W, (2t —pla(t) ¢ peZi0<s<L0<f<2

— o0

The coefficients of z(t) in the subspace 6*€2, form the sequence {z}* : p € Z}. We obtain
the following:

Lemma 2. . The coe cient se uences {xgs} satisfy the recursion relations

2yt = Fo{a!*}(p)
2/ Tt = i {af*} (p)

Proof. Transpose the defining formulas for the wavelet packets W,, onto the coefficient

sequences. [

Lemma 2. . f0<s<Land0< f<2 5 thenzf>=F. ...F. _{x,}(n), where g
is the ith binary digit of f.

Proof. This is a straightforward induction on Lemma 2.4. [

Lemma 2.5 gives a fast construction for all of the inner products xgs. Each application

of F; costs () multiply-adds, where is the number of signal samples.

Li raries of rapidly constructi le functions. Wavelet packets form a library of func-
tions. There are infinitely many of them in the continuum limit, but only finitely many in
the approximation § 2y, restricted to a compact interval. These we can approximate by

applying the adjoint of the algorithm to elementary sequences.



LECTURES ON WAVELET PACKET ALGORITHMS 11

Lemma 2. . The coe cients of 23/2Wf(25t — p) Iin the space 6 €y with respect to its
standard basis {2 /2W (2 t — j) : j € Z} are given by z; = FX ... F*{1,}(j), where
f= Zz:_f 2071, and 1, denotes the elementary se uence which has a 1 in the p position

and 0 s elsewhere.

Proof. Suppose that the coefficients z; of x in § )y are as claimed. By Lemma 2.5,
the projection of z onto 0°Q; has coefficients Fy, ... F.  {z;} = 1, by the quadrature
mirror filter equations F;F;" = I. The projection onto 0°€2y vanishes, since F;F* = 0
when i = 7. Since 0°Qy @ 0°Q1 B --- P Q5 — _; is a basis for § gy, we conclude that
z(t) = 2°/2W; (25t — p). O

The collection {25/2W;(25t — p)} forms a library of rapidly constructible functions,
with a natural organization deriving from its construction via Lemma 2.6. The paths of
filter convolution-decimations Fy and F; form a binary tree, with root § 2y and leaves
Qo, ..., ;. There is an easy generalization to arbitrary trees with similar orthogonality

properties, obtained by using other filters [CW].

A useful picture of the tree of wavelet packet coefficients is that of a rectangle of dyadic
blocks. The row number within the rectangle indexes the scale of the wavelet packets
listed therein. The column number indexes both the frequency and position parameters.
We may choose to group the wavelet packets either by position or by frequency. Grouping
by position fills each row of the rectangle with adjacent windowed spectral transforms,
analogous to windowed FFT, with the window size determined by the row number and
the window position corresponding to the location of the group. The frequency parameter

increases within the group.

We will group the coefficients by frequency, since that gives a more efficient implemen-
tation, and since the transformation to the other form is obvious. The boxes of coeflicients
in the rectangle correspond to the decomposition of § € into the subspaces 6%, for
0<k<Land0<n < 2 % The top box corresponds to 6 €, the bottom boxes
correspond to €, for 0 < n < 2 , and box n on level k (counting the bottom as level 0)

corresponds to subspace 6%Q,,.

For definiteness, consider a function defined at 8 points {z1,...,x },i.e., a vectorin R .

Then the (periodized) wavelet packet coefficients of this function look like the following:
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A rectangle of wavelet packet coe cients.

X1 Hi) I3 Ty Iy Te T X
S1 52 S3 S4 1 2 3 4
S$S1 559 S1 59 S 1 S 9 1 2
5851 551 S S1 S1 SS 1 S 1 S 1 1

Each row is computed from the row above it by one application of either Fj or F,
which we think of as “summing” (s) or “differencing” ( ) operations, respectively. Thus,
for example, the subblock {ssi,ss2} comes from the application of Fy to {s1,s2, 83,84},
while { s1, $2} comes similarly from F;. The two descendent s and subblocks on row
n + 1 are determined by their mutual parent on row n, which conversely is determined
by them through the adjoint anticonvolutions F{j and Fj. The process is depicted in this

exploded view:

aturally ordered wavelet packets on R

X0 X1 X9 X3 X4 X5 Xg X7
S /\ D

S0 S1 $2 3 do dq do d3

s / \ D s / \ D
ssq ssq dsg  dsq sdg sdq ddg  ddq
Sss dss sds dds ssd dsd sdd ddd
000 100 010 110 001 101 011 111
0 4 2 6 1 5 3 7

In the simplest case, where we use the Haar filters h = {%, %} and g = {%, —%},

we have in particular ss; = %(51 + 89), Ss9 = %(53 + 84), $1 = \%(51 — $2), and
89 = %(53 —s4). For =8, we can draw the functions which correspond to the entries

in the rectangle. These are displayed in the figures below.
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The algorithm produces Haar wavelet packets in the “Paley” or “natural” order. The
algorithm may be easily modified to produce “sequency” ordered wavelet packets: what
is needed is to exchange Fy and F; whenever the parent’s sequency is odd. The diagram
below depicts the permuted wavelet packet transform on an 8 point signal, which produces
Walsh functions in sequency order if we use the Haar filters above for Fy and F;. Sequency
has a strict definition only for Walsh functions, where it is the number of zero-crossing
of a function which takes only the values 1 and —1. The nth Shannon wavelet packet,

in sequency order, is band-limited to the intervals [n,n + 1[. If we define the appropri-

Y

ate notion of “main frequency” in the intermediate case of smooth, compactly supported

wavelet packets, we see that main frequency increases monotonically with sequency order.
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e uency ordered wavelet packets on R

XO Xl X2 X3 X4 X5 X6 X7
V N
Sg S1 So S3 dg dq do ds
SSp ss1 dSO dSl ddo ddl Sdo Sdl
FO Fq z/\lzo FO Fl Fq FO
Sss dss dds sds sdd ddd dsd ssd
000 100 110 010 011 111 101 001
0 4 6 2 3 7 5 1

Paley order can also be obtained from sequency order by the Gray code permutation.

AM LE ASES OF DISCRETE WAVELET PACKETS

From the rectangle, we may choose subsets of

coefficients which correspond to or-
thonormal bases for R

The multiresolution or wavelet decomposition of Mallat [Ma] is a particular descending
chain of subspaces € in our picture. For example, a discrete wavelet basis 630y = Qg @

Q1 @ 610 @ §%2Q, is the subset corresponding to the labelled boxes in the figure below:

The wavelet basis.

S1 S9
55851 551 I I

Other choices give other orthonormal basis subsets. A single level of the rectangle cor-

responds roughly to a windowed Fourier transform. In the Haar case described above, the
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bottom level is exactly the Walsh basis, and intermediate levels are windowed Walsh bases
at all dyadic window widths. Longer filters give smoother Walsh-like functions which are
analogous to exponentials. The intermediate levels mix the resolvable frequencies together

into subbands. For example, the complete level below corresponds to the decomposition
6390 = 51Q0 @ 5191 @ 5192 @ (51932

A subband basis.

551 5§89 S1 S9 S 1 S 92 1 2

Any other subset corresponding to a disjoint dyadic will work as well, such as the
unnamed basis §3Q = 62Q¢ B Qs D Qs & 51Q4

An orthonormal basis subset.

S1 52 53 S4

88 1 S 1

Countin the wavelet packet ases. By Theorem 1.2 and the remark following it,
every disjoint dyadic cover of [0,1] down to widths 2= corresponds to an orthonormal
basis. The number of such covers may be counted by induction. Let be the number of
graphs in the coefficient rectangle of 1 + L rows. Then ¢ = 1 and we have the relation
41 =14+ 2, which implies that .y 22 . If our sequences are limited to =~ = 2

nonzero coefficients, then this will provide more than 2 orthogonal bases for

The bases described by Theorem 1.2 are particularly useful and quite numerous, but
they are not all the possible wavelet packet bases. In particular, if we use the Haar filters,
then there are wavelet packet bases not corresponding to decompositions into whole blocks,

as displayed in the diagram below.
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aar wavelet packet bases for R*

NN N Yo Y [ NN
0008 O | [ 00
NN N | Y J»
T oo o0 oo

NV VN AP AS AT AT

The two rectangles on the right in the top row do not correspond to disjoint dyadic

covers of [0, 1].

HE EST ASIS METHOD

We now define a cost function on sequences and search for its minimum over all bases in
a library. These functions have practical importance if they measure the cost of describing
a sequence. For a given vector, their minima are the most efficient representations, or
“best bases.”

The super fast growth in L of the number of wavelet packet bases of § )y implies that
this problem is intractable in general. We will restrict our attention to those functions
which split nicely across cartesian products, so that the the search can proceed by divide-

and-conquer. This will give a fast algorithm for finding the minimum.

Information cost functions. We can define any sort of real-valued functional M on
sequences, but the most useful are those that measure concentration. By this we mean
that M should be large when the coefficients are roughly the same size and small when
all but a few coefficients are negligible. This property should hold on the unit sphere in

¢?, since we will be measuring coefficient sequences in various orthogonal bases.

Definition. A map M from se uences {z;} to R is called an additive information cost

function if M(0) =0 and M({x;}) = >, M(z).

This name is warranted by our goal of describing a vector with the most economical list

of coefficients. We will shorten the name to “information cost.” Some useful examples of
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information costs include:

(1)

r o0 r o . Set an arbitrary threshold and count the elements
in the sequence x whose absolute value exceeds . This is an additive measure of
information. It gives the number of coefficients needed to transmit the signal to
precision

0 r o ¢ or p < 2. Choose an arbitrary p < 2 and set M(z) =
|{z}||p- This is clearly an information cost function, and we observe that the
smaller is the /P norm of a function of energy 1, the more concentrated is its
energy into a few coefficients.

ro . Define the Shannon-Weaver entropy of a sequence z = {z;} by (z) =

— ijj log p;, where p; = — z and we set plogp = 0 if p = 0. This is not an ad-
ditive information cost function. However, the function (z) = — 3" |z;|*log|z;|?
is. By the relation (z) = ||z||72 (z) + log ||=||?, minimizing the latter minimizes
the former. A classical fact about entropy is that exp (z) is proportional to the
number of coefficients needed to represent the signal to a fixed mean square error.

or of 7 . Let M(z)=7>_;log |z;]2, setting log 0 = 0 whenever neces-
sary. This is obviously an additive information cost. It may be interpreted as the
entropy of a Gauss-Markov process composed of  uncorrelated Gaussian random
2 = |z |®. The redefinition of log at 0

is equivalent to ignoring any unchanging components in the process. Minimiz-

variables of variances % = |z(|%,...,

ing this function finds the best approximation to the Karhunen—Loéve basis for

the process, which attains the global minimum for M over the whole orthogonal

group.

Theoretical dimension. Suppose that {z,} belongs to both L? and L*log L. If z,, = 0

for all sufficiently large n, then in fact the signal is finite dimensional. Generalizing this

notion, we can compare sequences by their rate of decay, i.e., the rate at which their

elements become negligible if they are rearranged in decreasing order.

Definition. The theoretical dimension of {x,} is

=exp(— Y _pnlogpy)

where p, = |z, |?||z| 2.

Proposition .1. fx, =0 for all but nitely many say values of n, then 1 < <

Proof. In [SW] (as well as in any later information theory text), it is shown that 0 <

— > _iPnlogp, <log . O
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Proposition .2. f{z,} and {z,} are rearranged so that both {p, } and {p, } are mono
tone decreasing, and if we have ) , . Dn>> , Dy forall'm, then <

Proof. The ordering of partial sums guarantees (by induction) that each p,, is a convex

combination of 0, py,...,p,. Then convexity of the entropy function yields the result. [

Fast searches for minimum information cost. Additive information cost functions
are functionals on the manifold of orthonormal bases, i.e., the orthogonal group. In the
finite dimensional case, this manifold is compact, hence there is a global minimum for
every continuous information cost. Unfortunately, this minimum will not be a rapidly
computable basis in general, nor will the search for a minimum be of low complexity.
Therefore, we will restrict our attention to a discrete set of bases sprinkled around the
orthogonal group which has the property that each basis has an associated fast transform
( ( log ) or better) and for which the search for a global minimum of M converges in

() operations, for -sample signals.

Definition. A library of orthonormal bases is a (binary) tree if it satis es

(1) ubsets of basis vectors can be identi ed with intervals of N of the form I, =
[2Fn, 28 (n + 1), for k,n > 0.

(2) ach basis in the library corresponds to a dis oint cover of N by intervals I,y.

(3) f Vi, is the subspace identi ed with I, then Vy, x41 = Von ik ® Vont1.k-

REMARK. In multidimensions, we must extend this notion to libraries which can be
organized as more general trees. This can be done by replacing (3) with the condition that
for each k,n > 0, we have an integer lsuchthat Vi jbo1 =V @@V iy 1. It

will not change the subsequent argument.

Let M be given and let x be a vector in a (separable) space V. Let  denote an
orthonormal basis from a library, and denote by z the sequence of coefficients of = in

basis
Definition. The best basis for x € V relative to M is that  for which M( x) is minimal.

If the library is a tree, then we can find the best basis by induction on k. Denote by
nk the basis of vectors corresponding to I,,x, and by ., the best basis for = restricted to
the span of ;. For k£ = 0, there is a single basis available, namely the one corresponding
to I,0, which is therefore the best basis: , 0= 5,0 for all n > 0. We construct ,, 41
for all n > 0 as follows:
k41 if M( 1) < M( 2n62) + M 2p41,52),
1) e =

onk @ 2nt1,k, Otherwise.
Fix >0 and let V be the span of Ijx. We have the following:
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Proposition. The algorithm in . (4.1) yields the best basis for x relative to M.

Proof. This can be shown by induction on . For = 0, there is only one basis for V.
If is any basis for Vj k41, then either = 0,K41 OF = @  is a direct sum
of bases for Vp x and Vi . Let ( and ; denote the best bases in these subspaces. By
the inductive hypothesis, M( ;z) < M( ,z) for i = 0,1, and by Eq. (4.1), M( z) <
min{M( o,x+12), M( oz) + M( 12)} <M( z). O

To illustrate the algorithm, consider the following example expansion into a 3-level tree
wavelet packets. We have placed numbers representing information costs inside the nodes
of the tree:

ample information costs in a wavelet packet tree

| 50 |

| 20 | | 22 |

| 11 | | 12 | | 13 | | 14 |

We start by marking all the bottom nodes, as indicated by the asterisks in the diagram.
Their total information cost is an initial value which we will try to reduce. This guarantees

that the algorithm will terminate:

tep in the best basis search mark all bottom nodes

| 50 |

\ 11 \ \ 12 \ \ 13 \ \ 14 \

2

El

L IR D T R I I VA e N

Whenever a parent node is of lower information cost than the children, we mark the
parent. If the children have lower information cost, we do not mark the parent, but we

assign the lower total information cost of the children to the parent. This inductive step
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prevents our having to examine any node more that twice, once as a child, and once as a

parent:

tep in the best basis search mark all nodes of lower cost

| 32 (50) |

| 10 (21) | | 22 x

| sy | | 7@ | | 113 | T

I I A

8 "

In this diagram, the former information costs of adjusted nodes is displayed in parenthe-
ses. This marking may be done at the same time as the coefficient values in the nodes are
calculated, if the construction of the tree proceeds in depth-first order. In that case, the
information costs of the best basis below each node is known before the recursive descent
into that node returns. The algorithm terminates because the tree has finite depth. By
induction, the topmost node (or “root”) will return the minimum information cost of any
basis subset below itself, namely, the best basis.

Finally, after all the nodes have been examined, we take the topmost marked nodes,
which constitutes a basis by the preceding theorem. This is equivalent to a depth-first

search, and requires no more operations than there are nodes in the tree:

tep in the best basis search retain topmost marked nodes

| 32 (50) |

| 10 (21) |

3 (11) 7 (12) 11 (13) 14+

8 "

The best-basis nodes are shaded in the above diagram. When the topmost marked node
is encountered, the remaining nodes in its subtree are pruned away.
Finally, the coefficients in the best-basis nodes are extracted into an output list, in some

order. This may of course be done at the same time as the depth first search for topmost
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marked nodes. We may assume that they are tagged by their node of origin, i.e., that they
come out as quadruples ( , f, s, p) of amplitude, frequency, scale, and position. From the

original signal, therefore, to this tagged list takes ( log ) operations.

OCAL RI ONOMETRIC ASES

Wavelet packets are not the only library useful for signal processing. A remarkable
observation made by R. Coifman and . Meyer at the International Congress of Mathe-
maticians in Kyoto, Japan allows us to construct smooth orthogonal bases subordinate to
arbitrary partitions of the line. The bases consist of sines or cosines multiplied by smooth
cutoff functions. The resulting libraries of localized trigonometric functions can be com-
bined into a tree structure. We will see that this structure is very similar to that of wavelet

packets. In particular, we will be able to find a best basis.

Continuous local tri onometric functions. Let {I;} be a collection of disjoint com-
pact intervals of R, indexed by the integers k. Coifman and Meyer showed in [CM2]| how
to construct an orthonormal basis of L?(R) subordinate to the partition R = Ul in

which the basis vectors are cosines multiplied by smooth bumps.

Let ... 1< g< 1< 32 < ... beany increasing sequence such that , — oo and
_p — —o00 as k — oo. We show how to construct an orthonormal basis for L? consisting

of smooth functions supported on intervals [ 1, g+1]-

Let (¢

(1)
(2)
(3)

For each integer k, define ; =

~—

be a continuous real-valued function on R with the following properties:
t)y=0if t < —1,
ty=1ift 1,
)2+ (=t)2 =1 for all ¢.

N N/

( r + k—l) and , = %( E — k—l)- The intervals

H N[ —

Iy = [ k, k1] with lengths |I| k+1 — k = k+ k+1 correspond to those defined
by Coifman and Meyer. Then we can define the cutoff function , for the basis elements

supported on [ x_1, g+1] as follows:

(t_—k>, iftE[ k1, k[,

k

(5.1) k() = (kkil:t) , ifte] g, kt1l-
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For definiteness we can use a particular bump function

sin 7 (1 4 sin 5t), if —1 <t <1,
(5.2) (z) =< 0, ift < —1,
1, ift 1.

We can plot the cutoff centered at t = %, and supported on [—%, %] to illustrate the

construction:

rthogonal bell for local trigonometric transforms

-05 | sin( (pi/d)* (1 +sin(pi*t))) —— 1

1 1 1 1 1 1 1 1 1 1

-04 02 0 02 04 06 08 1 12 14

Since is smooth on (—1,1) with vanishing derivatives at the boundary points, has
a continuous derivative on R. Notice that we can modify  to obtain more continuous
derivatives by iterating the innermost sine: n iterations will yield at least 2! vanishing

derivatives at —1 and 1.

Let m(n,t) = v/2cosmnt, and consider the set of functions m(n + %,t) for n > 0,

t € R. These form an orthonormal basis for L?([0,1]). They may also be dilated and

translated to the interval I} by the formula myg(n,t) = \/z_km(n, t;k") Now define

Unk(t) = k(t)mi(n+ 1, t) for integers n > 0 and k, one of which is plotted below.
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ocal cosine transform basis function

T T T T T T T T T T

1L P ___ modulation A
: ~_envelope ----

05

-0.5

1 1 1 1

-04 -02 0 02 04 06 08 1 12 14

The collection {¢, : n > 0;k € Z} forms an orthonormal basis for L?(R): the proof is a
direct calculation. Cosine may be replaced by sine, and there are some other modifications
possible, but this set of functions is sufficiently general for our present purposes.

Observe that 1, is well localized in both space and frequency. In space, it is compactly

supported on | p_1, k+1]- In frequency, ijnk consists of two modulated bumps centered at
3
because j is smooth. We will calculate the variance of ;. below.

n+ % and —n — 3, respectively, with spread equal to that of k. But j is well localized
If we define the functions i (z) = Yk, (1) - .. ¥n & (z ) for multi-indices n and k, we
will obtain an orthonormal basis for R made of tensor products. Of course, it is possible

to use a different partition in each dimension, as well as different windows.

Discrete local cosine transforms. The functions v, have discrete analogues which
form a basis of 2(Z), or 2(T). For the former, let {  : kK € Z} be an increasing sequence

of integers, and define the discrete functions (j) and ¢,x(j) as follows:

. 1 ) )
()= k(G + 5), if k-1 <7< k41,
. 1.1 ) ) 1
(5.3) mg(n,j) = mk(n+ 573 + 5), if p_1<j< pr1and0<n< 5( k+1 — k—1),
) ) ) i ) 1
Ynk(7) = &(3) mr(n,j), if o1 <j< gr1and0<n< =( 41 — k—1)-
2

For each k, the functions my are evidently the basis functions for the so-called DCT-I
transform [R ] on the interval I. The particular bells chosen allow cosines on adjacent
intervals to overlap while remaining orthogonal. A similar basis may be constructed over

equispaced points on the circle T.



24 MLADEN VICTOR WICKERHAUSER

Implementation y foldin . Rather than calculate inner products with the sequences
Uk, we can preprocess data so that standard fast DCT-I algorithms may be used. This
may be visualized as “folding” the overlapping parts of the bells back into the interval.
This folding can be transposed onto the data, and the result will be disjoint intervals of

4

samples which can be “unfolded” to produce smooth overlapping segments.

Suppose we wish to fold a function across 0, onto the intervals [—1/2,0) and (0,1/2],
using the bell defined above. Then folding replaces the function f = f(¢) with the left
and right parts f_ and f;:

f-)= (=0)f@t)— @) f(-t), ifte[-3,0),
fet)= Of@®) + (=) f(-t), ifte (03]

The symmetry of allows us to use (—t) instead of introducing the bell attached to the

(5.4)

left interval.

Unfolding reconstructs f from f_ and f; by the following formulas:
{ O f+(=t) + (=) f-(t), ifte[-3,0)
(O f+(t) = (=) f-(=t), ifte(0,3].

Composing these relations yields f(t) = ( (¢)2 + (—t)?)f(t), which is verified by the

bell defined above, for which the sum of the squares is 1. We can translate and dilate

(5.5) ft) =

these relations to all adjacent pairs of intervals, and of course it works for sequences as

well.

General ortho onal ells. Let = (f)beany bell. Then —[ (¢)]? is a pair of symmetric
continuous bump functions supported respectively on [ _1, o] and [ ¢, 1], where g is the
center point of the bell, and _; and  are the center points of the previous and next bells,

respectively. This observation provides a mechanism for parametrizing bell functions.

Frequency locali ation. How well localized the basis functions are in frequency depends
upon the relative steepness of the sides of the bell. Suppose first that the bell is symmetric
about t = 0 and supported in the interval [— , |, so that may be called the characteristic
width of . There is a real-valued function (t) supported on [— /2, /2] suchthat [ =1

and
(56) =] (-5~ G-
But then

(5.7) (€)= L €27(¢) — e €27 (—g)
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We also know that [| (¢)|> ¢= ,andso 117(€)|? really is a probability density function.

We can compute the variance of that density as follows:

1 2% (2 e L o E/27(8) _ =i E/2~(_g) |2
[erer e== [1e @ (-OF ¢
=1/V©F6+1/VF®F£—?/{J@MVFQ}S

~Tip-2 e 9
N

(5.8)

—t)] t

Minimizing this variance is an exercise in the valculus of variations. Alternatively, we
can set up the finite-dimensional optimization problem for the discrete bell and its Fourier

transform.

DA TED OCAL RI ONOMETRIC RANSFORMS

The subspace of L?(R) spanned by the local trigonometric functions in adjacent windows
are orthogonal, and their direct sum equals the space of local trigonometric functions in

the parent window. In the notation of the previous chapter, we have

(6.1) (1) = k() + k2(t)?,

where j and 4 are bell functions supported on | x—1, k+1] and [ k, k+2], respectively.

Thus is supported on [ x_1, gi2]. The overlap of these bells is displayed below:
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ombining ad acent windows

Left child bell ——
05 Right childbell -——-- ]
e Negative of parentbell b ---- -
PN |
I \ ) ) 1
-0.5 0 05 1 15 2 25

Adjacent parent windows span orthogonal subspaces too, which may be combined into
grandparent subspaces, and so on. The process recursively builds a tree of subspaces
with the same remarkable orthogonality properties as the wavelet packet tree, only in this
library each space contains the frequencies at a fixed location. This is like the transpose

of the wavelet packet tree.

We may draw the tree of the local trigonometric function library schematically as below,

where we restrict ourselves to just a few levels.

The tree of ad acent orthogonal windows
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Since the local trigonometric transform imposes no restrictions on the support intervals
of the bells, the subspaces need not be of equal size. Nor is it necessary to combine windows
in pairs: the tree can be inhomogeneous if desired. We need not concern ourselves with

these evident generalizations.

Si nal se mentation. The best basis algorithm applies to this tree, and has the following
interpretation. If the frequencies present in two adjacent windows are sufficiently similar,
so that their parent window has a lower information cost, then represent the signal in that
region in the parent space. Apply this recursively from the bottom of the tree up.

This algorithm segments the signal by efficiency of representation. It chooses small
windows to cover transients with rapidly changing frequency content (such as consonants),
and large windows to cover long regions with relatively constant frequency content (such
as vowels). Below is a graph prepared by iang Fang, depicting the window sizes chosen
in a small portion of the spoken word “armadillo.” The vertical spikes were introduced

artificially to indicate where the algorithm chose the window boundary points .

1 second of armadillo, near the d

2000

1500 r -

1000

500

-500

-1000 r

-1500 -

-2000 - - : : :
3800 4000 4200 4400 4600 4800

The binary tree structure introduces artifacts because nodes which are close together
in time are not necessarily close together in the tree. As a result, certain adjacent pairs of
segments which may be virtually identical in frequency content may not be combined by
the algorithm. Also, the initial placement of the narrowest window boundary affects the
choice of segments. It can be shown that the number of segments chosen varies at most
by a factor equal to the number of levels.

Another difficulty is that the edge of the widest bell is exactly as steep as that of

the narrowest. This introduces inefficiency if there are many levels, since the entropy of
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the cosine transform coefficients within a smooth bell is controlled by the product of the
steepness of the bell and the width of the window. Ideally, this product should be held
nearly constant for all window widths. There is a way to make this ratio constant, by

sacrificing some of the time localization, but we will not consider it in these notes.

IME RE UENC NAL SIS

To each wavelet packet or local trigonometric function we can associate a time t and a
frequency f. These will be uncertain by amounts ¢ and f, respectively. The result may
be interpreted as a rectangular patch of dimensions ¢ by f, located around (¢, f). We
shall call the patch a eisenberg bo in honor of the uncertainty principle, which limits
how small the area of the patch may be. The Heisenberg box may be colored in proportion

to the amplitude of the corresponding wavelet packet component.
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eisenberg o es in the hase lane.

Time >
At
9

Phase Plane

< OS> ODODcCcoOo d® =T

) W

An orthonormal basis corresponds to a disjoint cover of the phase plane by Heisenberg
boxes. Certain bases have characterizations in terms of the shapes of the boxes present in
the cover. For example, the standard basis consists of the cover by the tallest, thinnest
patches allowed by the sampling interval. The Fourier transform may be regarded as the
transpose of the standard basis, in the sense that the Heisenberg boxes are transposed by
interchanging time and frequency. The standard basis has optimal time localization and
no frequency localization, while the Fourier basis has optimal frequency localization, but

no time localization.
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hase lane ecomposition by the tandard and Fourier ases.

Standard Basis Fourier Basis

Windowed Fourier or cosine transforms with a fixed window size correspond to covers
with congruent Heisenberg boxes whose width ¢ is the window width. The ratio of

frequency uncertainty to time uncertainty is the aspect ratio of the Heisenberg boxes:

hase lane ecomposition by indowed osine Transforms.

Narrow windows Wide windows

The wavelet basis is an octave-band decomposition of the phase plane, depicted by the

following cover:
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hase lane ecomposition by avelet Transform.

Wavelet basis

The best-basis of wavelet packets fits a cover to the signal so as to minimize the amount
of dark Heisenberg boxes. The compressibility of a sampled signal is easily seen to be
the ratio of the total area of the phase plane ( for a signal sampled at  points)
divided by the total area of the dark Heisenberg boxes (each of area ). This method
allows rectangles of all aspect ratios. The best-level or adapted subband basis fits a cover

of equal aspect ratio rectangles to the signal, so as to minimize the amount of dark.

We may automatically analyze signals by expanding them in the best basis, then drawing
the corresponding phase plane representation. As is clear, the negligible components will
not be drawn, as it is not relevant which particular basis is chosen for a subspace containing

negligible energy.

Below are certain canonical signals and their automatic analyses by a wavelet packet
program written for a desktop computer. The user selects a quadrature mirror filter from
a list of 17 at the right, and the “mother wavelet” determined by that filter is displayed
in the small square window at the lower right. The signal is plotted in the rectangular
window at bottom, and the phase plane representation is drawn in the large main square
window. Instructions for obtaining and using the software package used in this paper may

be found in Appendix 1.

We first analyze a relatively smooth transient, spread over 7 samples in a 512 sample

signal:
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epresenting a Fast Transient

Best basis Wavelet basis

Notice that the wavelet analysis at the right correctly localizes the peak in the high-
frequency components, but is forced to include poorly localized low-frequency elements as
well. The best-basis analysis finds the optimal representation within the library, which in

this case is almost a single wavelet packet.

The second signal is taken from a recording (at 8012 samples per second) of a person

whistling:
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epresenting a  histle

1

Best basis Wavelet basis

Here the wavelet basis is only able to localize the frequency within an octave, even
though the best-basis analysis shows that it falls in a much narrower band. The vertical
stripes among the wavelet Heisenberg boxes may be used to further localize the frequencies,

but the best-basis decomposition performs this analysis automatically.

Let us now combine the transient and periodic parts in different ways. For example,
we may take a critically damped oscillator which receives an impulse, and decompose the
resulting solution in the wavelet and best-level bases, as below. The wavelet decomposition
locates the discontinuity at the impulse, while the best-level analysis finds the resonant

frequency of the oscillator more precisely.
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ritically amped armonic scillator

i
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Wavelet basis Best-level basis

The exponential decay of the amplitude is visible in both analyses.

A chirp is an oscillatory signal with increasing modulation. For example, below are the
functions sin(2507t?) and sin(1907¢%) on the interval 0 < z < 1, sampled 512 times. The
modulation increases linearly and quadratically, respectively. The Heisenberg boxes form
a line and a parabolic arc, respectively. In the best-level analyses, all the Heisenberg boxes
have the same aspect ratio, which is appropriate for a line. In the best-basis analysis, the
Heisenberg boxes near the zero-slope portion have smaller aspect ratio than those near the

large-slope portion.
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inear and uadratic hirps
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Linear chirp, best level Quadratic chirp, best basis
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