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1. Introduction

Wavelets are the building blocks of wavelet analysis in the same way as the functions
cos nx are the building blocks of the ordinary Fourier analysis. But in contrast with sines
and cosines, wavelets have a finite duration which can be arbitrarily small. This is the
reason why the challenge of the construction of wavelets is to keep the best frequency

localization which is allowed by Heisenberg’s uncertainty principle.

The wavelet orthonormal basis with the best frequency localization was constructed in

[4]. Tt is defined as the collection
(. (x ( = Z Z
where has the following properties

(. (x  belongs to the chwartz class (R

(. the Fourier transform  ( is supported by

where ( and ( (



The frequency localization of isgivenby ( . while( . ,( . and( . areconvenient
to provide an orthonormal sequence. The fact that this collection , Z, Z, is
completein (R =z is, as often, related to some operator theory which will be described

in section

The Fourier transform is supported by the dyadic annulus — — and
this frequency localization is poor when is large. ven if it means minor modification in
the construction of , one can achieve a slightly better frequency localization and replace

by , by . Then still belongs to the chwartz class when

but the limiting case gives the  hannon wavelets (x . The

relation with cardinal sines will be e plained in section

In some applications as speech signal processing one would like to be able to switch
from a wavelet e pansion to some orthonormal e pansions o ering a better frequency
localization. This e ibility should not be ruined by the computational cost. In other
words, most computations leading to wavelet coe cients should also provide the new
coe cients. will be defined in section and
in section . They provide these new and e cient e pansions (theorem . This remarkable

e ciency is verified in numerical e periments on speech signal processing.

We would like to understand why wavelet packets work so well and first to investigate
their frequency localization. It will be proved (see theorem  that wavelet packets do not
en oy the sharp frequency localization which has been announced in [ ]. By . Bernstein’s
inequalities, a sharp frequency localization would imply a uniform bound on norms of
the basic wavelet packets  (x . But theorem shows that the average growth of

is n for some positive

The fact that is rather small plays a key role in the construction of a large library of

wavelet packets orthonormal bases. ven if the problem of describing the full collection



of such bases is still unsolved, the already known bases o er enough e ibility for the

applications to speech signal processing.

. T ¢ In unction

In order to prove that the collection , Z, Z, is complete in (R , one tries

to construct an appro imation to the identity which is related to our wavelets.

This appro imation to the identity will follow naturally from the following scheme.

EFINI ION . (R Z

(x Z

If we are given a multiresolution analysis, ( . implies

where

for any



assing to the Fourier transform, one obtains

We then define

and (R by

enoting by the orthogonal complement of  in it is easy to check that
(. (x Z  is an orthonormal basis of

n obvious rescaling shows that ( =z , Z, is an orthonormal basis of
ince is dense in (R , the full collection , Z, Z, is an orthonormal

basis of (R .

It remains to be shown that the e plicit which is defined by ( . can also be obtained

by ( . . To prove this assertion, we define (R by the following conditions  (

(z , the Fourier transform ( of (z is non negative, ( on | | and
(. >

ondition ( . alone implies that (z , Z, is an orthonormal sequence. This
sequence spans a closed subspace denoted . The other ’s are defined by ( . . It

is easy to verify that all the other conditions in definition are satisfied and that this

algorithm leads to the function as defined by ( .

u dr tur irror tr



allat working on image processing made a fundamental discovery. He pointed out
that some discrete algorithms named quadrature mirror filters ( F’s were intimately
related to multiresolution analysis (the latter concept was created by . allat and one of

the authors .

uadrature mirror filters belong to a larger group of algorithms called
which are used in speech processing as well as in image processing. The reader is referred

to | | or [4].

In our approach, a pair of quadrature mirror filters provides a dichotomy for every

infinitely dimensional separable Hilbert space , equipped with an orthonormal basis

Z. trivial dichotomy would be given by where is generated by

( and by ( , Z. In a second e ample, is the closed linear span of the
orthonormal sequence ————, Z, while is similarly spanned by —————, Z.
We now pass to the general case. et ( and ( be two sequences in (Z . We

consider the sequence ( of vectors of  defined by

2.
2.

We would like to know whether ( is still an orthonormal basis of . If so,

where the sum is direct and orthonormal, being spanned by ( and by (

We consider the following symbols

and we have



RO OSI ION

The first e ample correspondsto —and ( — . The second e ample

to O

We now consider the mapping ( which transforms the old coordinates (
into the new coordinates and as defined by the relation
(- 2. 2 2.
We have ( [( ]and( [( ]. The mapping is a unitary isomorphism

between (Z and ( Z (Z.

These two operators and will be called

4. W t nd u dr tur irror tr

et us return to the multiresolution framework as defined in section . We have at

our disposal two orthonormal bases for , being kept fi ed. The first one is simply



( while the second one is ~ where

These two bases are connected by (. if  ( — > and  (
— > are defined by
( ( ( (
and
( ( (
In other words,  ( is periodic, even, , non negative,  ( on | ]

and in the end

If [ - —] is replaced by [ - - ] , the other properties of can be kept

and this new  (is closer to the ideal filter.

If on| - -), ( on | and | , then ( on |
and ( outside which gives (z ~ ———. In that case  is the subspace of (R
defined by the condition that the Fourier transform of is supported by | and,

in the same way, is defined by the condition that is supported by
The price to be paid for this sharp frequency localization is the corresponding lack of

localization of (x and (z with respect to the x variable.

It should be noticed that ( . and ( imply



imilarly we have

That leads to define (R by

when ( , and when is large enough. These functions

(xz will be our and our goal is to investigate their properties.

n other approach to basic wavelet packets will be proposed in section and the

norms of these basic wavelet packets will be estimated in section and when is large.

nition o t- ¢ t

We consider two sequences ( and ( satisfying one of the equivalent conditions in
proposition . It will be assumed that there e ists a multiresolution analysis (  of (R
which is connected to this pair of quadrature mirror filters by ( . , (. and ( . . But

we do not need more specific informations on the construction of and

The (x ,n are defined by the following recursion



et us start with  (x . By ( . , we have

and therefore

But the unique continuous function satisfying ( . and ( . is ( and therefore (z

(x .

We now turn to ( . with . We obtain (= (x . We can proceed and ( .

gives (x . Then ( . gives (z and so on...

et us modify the labelling of the basic wavelet packets. They will be labelled by the

denumerable set  of all sequences ( where and eventually.
et be defined by . Then . Finally the new labelling
is given by  (z (x when n

Then the Fourier transform  ( of (z is given by

ince ( ( ( and since , (. can be rewritten  (

( ( and the fact that belongs to  can be ignored.



Wavelet packets provide new orthonormal bases as theorem shows.

HEOREM . (x Z

oughly speaking, theorem means that the space has been decoupled into  or

thonogonal channels , . ince the band width of , as defined by ( . ,is

of the order of magnitude of | it was natural to e pect the bandwidth of each  (z,
,tobe (. ne of the goals of this work is to disprove this con ecture.

For proving theorem , we return to the labelling n We want to prove that

the collection

is an orthonormal basis of

When , we have n , (= (x and we know that (x , Z, is
an orthonormal basis of . et us assume that (x , n , Z, is an
orthonormal basis of . Then ( . implies that (= , n , Z,
is an orthonormal basis of . But (. and ( . can be rewritten
(. (z >, (2
and

(- (x D (=

This transformation is orthogonal since it has the same form as the one defined in ( .
Therefore  (z , n , Z, is an orthonormal basis of  and theorem is

proved by induction on



CORO  ARY. (x n Z

(R
-nor o t- ¢ ¢t

ur goal is to study the frequency localization of the basic wavelet packets  (x .

convenient way for estimating this frequency localization is to compute

(. inf‘/‘ ( —

ince [ ( , we have

But  ( ( ( ( ( where

ince ( , we obtain

and therefore

That means that the growth of as n tends to infinity gives a lower bound of the
frequency localization. In a still unpublished work, . ere assumed that ( is strictly
increasing on [ — —} and satisfies the following condition

(- sup (0 (= ()



ne can construct e amples of  periodic functions  ( satisfying these two condi

tions and the ones mentioned above ( . , ( on [ ] and (

efining var( as > , . ere proved the e istence of two constants

, depending on  ( , such that, for every ,

where are two other constants.
ropping ( . , we want to prove a more general estimate.
HEOREM . ( [ - -] ( ( (

( (

The two proofs are similar and we begin with ( .



We already know that, if , we have
—[ ) = e

— [« ( (

This estimate follows from the fact that is compactly supported and is

ince ( — on | |, we obtain the following two sided estimate for

(. — —

For estimating ( , we apply the following observations (lemma

EMMA . ( (

sup (- ( ( ( )

periodic.



This observation will be applied to  ( ( ( . ( (

( and . We check by brute force that — . Therefore

and an obvious induction gives ( .

To prove ( . we first consider the limiting case where  ( is replaced by the charac
teristic function  ( of | . Then ( ( , once restricted
to | , is either the characteristic function of | or the characteristic func
tion of the union ( of two intervals of length O If then the
product  ( ( defines a bump function which is supported by

(] |. It follows that the mean values of our product on ) ,

do not e ceed

eturning to our problem of estimating ( , we write ( where will
be frozen and  tends to infinity. Then lemma implies ( ( (
and an obvious iteration gives ( . Finally,
n optimal choice of 1is to pick the largest integer such that . Therefore
( (log
Theorem is now completely proved. The estimate given by ( . is sharp since, in a

way, the reverse inequality is true, as theorem shows.

HEOREM . (



To prove (., wereturn to ( .  and are led to estimating

S (

where
( ( (
But
e A

— / log  ( (

— / log ( where
If on | - ~ ], then ( on [- — ] and in general  will be of
the order of magnitude of . Finally the average lower bound of isn where

( tendsto as tends to

-nor o t- ¢ ¢t

HEOREM



(. oo )

In other words, the average growth of isn where  ( when is large. It
means that  (z cannot beaproduct (x (z between some highly oscillating bounded

factor  (z and some envelope (z which would keep a given shape with bounded sizes.

Theorem easily follows from . Bernstein’s inequalities. When , the Fourier
transform  ( of (z is supported by the interval — . Bernstein’s inequality
gives
(.
and since the average value of is large, so is as long as (and therefore

tends to as tends to

. Ot r ort onor

et us begin with the description of a rather general splitting scheme inde ed by a dyadic
tree. et us i two sequences ( and ( defining a pair of quadrature mirror filters,

as in section . We start with a Hilbert space  equipped with a given orthonormal basis

( and we split  accordingly to ( . . et us write and

We now consider equipped with , Z, and we go on splitting with the same
sequences and . We obtain two new subspaces and equipped with the
corresponding orthonormal bases and as defined by (. . imilarly is split

into



t the th step we have obtained  subspaces |, ,of .  very convenient

notation will be to write where is the dyadic interval [— — —
— —) when ( . This labelling has the following advantage. If is
a dyadic interval (contained in | and if is a partition of by

dyadic intervals, then

(.

the sum being direct and orthogonal.

oes this identity still hold when an infinite sequence of dyadic intervals
forms a partition of If this is true we can raise the more di cult problem where
e cept for a null set, is covered by a sequence of dis oint dyadic intervals. By null set
we mean either a null set with respect to the ebesgue measure or to some other measure

adapted to the given quadrature mirror filters.

first answer is given by the following theorem.

HEOREM

Before proving theorem , let us give an application. The basic wavelet packets are

(x ) , Z, and the will be defined as

(. ( =z n Z Z



This full collection clearly is an over complete system in (R and our goal will be to

construct orthonormal bases of (R with sub collections of the form
( =z Z (n
n obvious solution is given by , N and an other one by n and Z.
To describe some other possibilities, let us associate the dyadic interval (n
[ n (n to each of the wavelet packets ( x , Z.

We then have

HEOREM . Z

(R

Theorem can be deduced from theorem if the following simple remark which has

already been used is kept in mind. We first identify the abstract Hilbert space  equipped

with an orthonormal basis ( to the space equipped with the orthonormal basis
( = , Z. We denote by the subset of  defined by (n
[ . If the intervals appearing in theorem are precisely these (n
(n , then theorem states that the collection
(. ( x Z (n

is an orthonormal basis of

It su ces tolet  tend to infinity to obtain theorem



HE ROOF OF HEOREM

To prove theorem as stated, it su ces to consider the case where [ and
. We denote by the orthogonal pro ector and we want to show
that, for each x , we have

This relation will ensure that  is the closed linear span of the orthogonal subspaces

To prove ( . , we consider a given x and without losing generality we can assume
x . If is any dyadic subinterval of [ | we write ( (x where (x is
the orthogonal pro ection of x on . This functional is finitely additive and we want

to e tend this property and prove

(- ( ( ( (

when, e cept for a denumerable set, is the union [ J of the pairwise dis oint dyadic

intervals

The following lemma  will immediately imply ( .

EMMA . x x [
(. CR

To prove the e istence of , it su ces to check the following continuity property of the

additive set functional (



We will show a more precise estimate.

EMMA . Y

If we admit lemma , ( . follows easily.
and denote by x the finite sum )

(x x T

whenever z =z (which fi es

(

ssuming

. We then have

and then

To prove lemma , we will use a specific realization of

, We write x

(x

2

(x =

(which gives

and of the corresponding

subspaces . There are several (isometrically equivalent such realizations and our choice

will be dictated by convenience.

We consider the realization where is

Z.. Then the vectors will be

{ ] —) and where

and

We can proceed further and finally the orthonormal basis of

when

will be
will be

becomes ,

(



Finally our vector x ) will be a trigonometric polynomial and

( S0 ( —
>

We need e actly the same estimate as the one in theorem

(. [«

s we know this estimate is not optimal and the factor can be replaced by

depending on the properties of  (

If . ( which is the required bound.

When , we integrate by parts and rewrite

(

] =t )y -

The term where ( is di erentiated is treated as above. The term

where ( is di erentiated ( is bounded by ( where

[ ST (o

To estimate this integral, we return to the argument used in theorem . We group the first

terms (or terms if is odd by pairs and apply lemma inductively. We gain a
factor ( . We then repeat this treatment on the second half of the integrand,
starting from ( . We obtain a factor ( .1l together, we have
obtained ( and the sum over gives —( . Finally the norm of this

sequence is  ( as announced.



Theorem is completely proved.

It would be interesting to know whether all the measures , T , are absolutely
continuous with respect to the ebesgue measure on | . In that case, theorem could
be e tended to the situation where e cept for a null set, | is covered by | J

The study of these measures  can be simplified by the following remark.

EMMA

For proving this estimate, it su ces to write

lim ) ( (

where the sum runs over all dyadic intervals [ with length . But

The two terms are similar and the auchy chwarz inequality applied to

gives



. Conc u ion

To conclude, we describe an e ample showing that theorem or theorem do not give
the final answer to the problem which has been raised. ore precisely we show that some

antor sets may play the role of the e ceptional denumerable set. We denote by [ ]

a symmetric antor set with dissection ratio . It means that  can be covered by
intervals of length and it will be the only property we shall use. onsider the open
intervals | | which are the components of [ | and assume that [

in theorem or . eturning to theorem , let us assume that n  with

. We know that this can be achieved. Then the reasoning which was used
for theorem gives ( for each dyadic interval contained in | with

length . Finally ( and the conclusions of theorem or are valid.

This e ample shows that there e ist some wavelet packets orthonormal bases far beyond

the ones described in theorem . It also shows that this fact is related to the slow growth

of is announced in the introduction.
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