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ABSTRACT. We describe a decomposition of L2(R) into an orthogonal direct sum of copies of L2(T). The decom-
position maps smooth functions to smooth periodic functions. It generalizes certain earlier constructions of smooth
orthonormal windowed bases. In particular, it shows the existence of smooth orthonormal windowed exponential,
wavelet, and wavelet packet bases for L?(R).

1. INTRODUCTION

Orthogonal projections which map smooth functions to smooth compactly supported functions appeared
in the work of Malvar [M] and Coifman and Meyer [CM]. In those papers the projections were used to build
a smooth overlapping orthogonal basis on the line, composed of windowed sine (or cosine) functions. In
this paper we observe that a variation of the method provides a smooth orthogonal projection onto periodic
functions. Conversely, it permits arbitrary smooth periodic bases to be used as smooth “windowed” bases
on the line. It evades the Balian—Low obstruction by a modification of the definition of “window.”

Many of these bases’ properties were only briefly described in the short papers of Malvar, Coifman, and
Meyer, but are developed in detail in [AWW]. We do not wish to overlook the original sources, but we will

take advantage of some of the later paper’s structure and notation for purely pedagogical reasons.

2. SMOOTH ORTHOGONAL PROJECTIONS

The main ingredient in the recipe is a pair of orthogonal projections which can be factored into simple

pieces. Let r = 7(t) be a function in the class C?(R)) for some 0 < d < oo, satisfying the following conditions:

0, ift<—1
1 DR+ lr(—t)P =1 f 11teR,; t:{’ - ’
(1) ()2 + [r(—t)] O I

)

An example function r € C* is the following:

0, i< -1,
(2) r(t) =< sin[Z(1+sin )], if-1<t<1,
1, ift > 1.
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A general construction for such functions is given in [AWW]. ow define the operator = (r)

and its adjoint operator = (r):

r(t) (t) +r(—t) (-t), ift 0,
(3) 0 ={ o

r(=t) (t)—r(t) (=t), ift<0;

r@®) () —r(=t) (=), ift 0,
(4) (t) = — .

r(=t) (t)+r() (=t), ift<O.

(

Observe that  (t) = (¢) and (t) = (t)ift>1ort< —1. Also, (t) = ) = (Ir(6)]* +
Ir(—=t)|?) (t)= (t) forallt=0,sothat and  are unitary isomorphisms of 2(R). As an example we
2):

compute in a particularly simple case, using the cuto function defined in  .(

1.5
1.25
1
0.75
0.5
0.X5
2 -1 1 2
A t)y=1
It does not matter how we define  (0) or (0) for functions € 2; for smooth we may just as well
define  (0) = (0), and for satisfying certain smoothness and boundary limit conditions we will show

that there is a uni ue smooth extension of across t = 0.



L reCliR) 0<d<oo € CYR) d
R 0 0< <d [ 1 (0+) [ 1 (0-)
tlim [ ] (=0
()
tlim [ ] (@#)=0
CYR0) (0+) (0-) 0< <d
thm (t) =0
(6)
thm t)=0
t=0 C4R)
The smoothness of and on (0,00) and (—o0,0) follows from elementary calculus. We can

calculate the one sided limits of the derivatives as follows:

Jim [ ] (t):tlimz<)[r ) O+ r (=) (—t)]

(+) ->()F © onsenr © 0

gl 1 o= ([0 T 0-cnT @ (-0

) - ()en [0 @ 0-7 @ 00

If isodd, with 0 < < d, then the summands in the right hand side of  .(+) are r O (0+)—
(0—)] = 0, since is continuous at 0 for all 0 < < d. If is even, then the summands in the

right hand side of  .(—) are r 0 (0-)- (04)] = 0 for the same reason.

The converse re uires showing the e uality of two one sided limits:
() Jm[ ] W-gm[ | =] ] ©O0-[ ] (©-)
-S()F @ on-cur © ©)
—(-1) O )= O (0]
(-0 @ e9-en 0 e @ 0]

The right hand side is ero, since both {1—(—1) } (0+) and {1+ (-1) } (0—) vanish for all .

Since the one sided limits agree, we know that lim; [ ] (¢) exists for 0 < < d. ow the function



4 A I TOR WI R A SR

has a uni ue continuous extension across ¢ = 0. By the mean value theorem, for each ¢t = 0 there is

some t between 0 and ¢ such that

() L 1 ®O=1 1T O_; vy

By letting ¢ 0 in this e uation, we show that [ ] (0)=1lm, [ | () = [ ] *'(0)=
lim, [ ] ' () for0< <d. Induction on then shows that the uni ue continous extension of
belongs to C4(R).

This lemma shows that just a trivial boundary condition is needed to obtain smoothness. In particular,
the 0 function satisfies the condition, and we shall use this fact to clarify the construction of the smooth

orthogonal projections in [AWW]. ecall that these were defined directly in terms of the cuto function:

(9) () =[rP @) +r@)r(—t) (-t); (1) = [r(-=t)* () —r(Or(-t) (-1)

We can relate ,  to some trivial orthogonal projections given by restriction to intervals, as defined below:

{ (t), ifte ,
0,

otherwise.

(10) (t) =
Then and  may be defined as operators on 2(R) by the following formulas:
(11) = ; =

Since the operators are obtained from the trivial orthogonal projections by unitary conjugation,

they are themselves orthogonal projections. We call them onto half lines because of the

following properties:

C € CYR) C%R)
supp (=00,1]  supp [~1,00)
The result follows from a two way application of Lemma 1, since (t) and (t) satisty
.(6) at t = 0.
It is evident from either formula that + = and that both  and are selfadjoint. We remark

that these formulas follow the “local cosine” polarity, and that we can just as well exchange the + and — in
the definitions of ~ and  (likewise for and ) to obtain the “local sine” polarity.

ow consider the usual translation and rescaling operators:

)= @+ ) )= (t=);

(12) = " (1) =" ()

ere and 0 are real numbers. The “range of influence” of the folding and projection operators can be
dilated and translated to an arbitrary interval ( — , + ) by conjugation with and . We can also use
an arbitrary smoothly rising cuto function r as long as it satisfies the conditions in  .(1).

We can now define smooth orthogonal projections onto compactly supported functions in the notation of

[AWW]. We dilate and by conjugation with  and then translate by conjugation with

(13) = ; =



S 00T O Al ORT O OR A AS S

If 4+ 1< 31— , then the operators and commute. In that case the following operator is an
orthogonal projection:

(14)

This projection maps smooth functions on the line into smooth functions supported in [ — 1+ 1] It

)

may also be factored using the translated and dilated folding and unfolding operators. To do so we conjugate
by dilation and translation to obtain a family of folding (respectively unfolding) operators indexed by the
triple (r, , ):

(1 ) (T, ) ): (T) ) (Tv ) ): (T)
or future reference, we expand the formulas for (r, , ) and (r, , ) and write them explicitly:

r(t—) &) +r(—t) 2 —t), if <t< + ,
(16) (r, ) =1 r(—) @)=—r(t—) (2 —t), if — <t<

(1), otherwise;

)

() (1) —r(—) (2 —t), if <t< + ,
(1) (ro ) =9 r(—) ) +r(t—) (2 —1t), if — <t<
(

t), otherwise.

Where convenient we will write ~ for (r, , ), andsoon. Wenote that if the intervals ( — , 4+ )
and ( 1— 1, 1+ 1) are disjoint, then the operators , 1, and  all commute. In this case we will
say that the pairs ( , )and ( 1, 1) are . or consistent ( , )and ( 1, 1) the projection

factors as follows:
( 1 ) = 1 1

In the se uel we will make fre uent use of these consistency hypotheses on the parameters r, , which
we group together below for convenience:

We say that the hold for the triplets (r , , )and (r1, 1, 1) if
(1) r and r; belong to C4(R) for some 0 < d < co and satisfy  .(1);
(2) and ; are positive;

(3) The pairs ( , )and ( 1, 1) are consistent, i.e., the intervals (

are disjoint.

, + )and ( 1— 1, 1+ 1)

DJACENT OM ATI LE INTER ALS

The development of the Coifman Malvar Meyer bases in [AWW] defines to
be the intervals = ( , j1)and = ( 1, 2) corresponding to mutually consistent pairs ( , ), =0,1,2,
with associated smooth cuto s r, = 0,1,2 satisfying  .(1). We can give a simpler proof of one of the

lemmas which appears in that paper:
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The operators , 1, o2, , 1 and 5 all commute because of the consistency condition. ur
thermore, and commute with and o and , commute with . Thus:
+ = 11 T 12 2 1
(19) = 1 + 2 2] 1
= 21l + ] 12
We note that 1 and ; commute past [ + ]= and cancel. This shows that 4+ =

Similarly, after interchanging various commuting operators we obtain

(20) = = 1 1 1 2 2 1= 1 2 2 1=0

The factored construction for not only simplifies the proof of Lemma 3, it also points the way to a
natural generali ation. There is no reason to re uire that the map be a projection if what we want to do

is to transform one orthonormal basis into another.

L :( s 1) (T, ) )a(Tlv 1, 1) (TZv ,2),(T, 1, )

= (7' ) ) 1= (7'1’ 15 1) = (T27 ) 2) 1 =
(ry 1) € CY(R) = 1 1 CYR)
[ —2 1+ ] 2(R)
*(R) = 121
The smoothness and support properties of follow from Lemma 1, since 1 satisfies  .(6)
att =  and ¢t = ; and has support in
Since  and ; are unitary isomorphisms we may write 2(R) = 1 2(R). Similarly we may
write 2(R) = 1 2%(R), which shows that  is an isomorphism between 2(R) and 2(R),
with the inverse map being the adjoint
otice that this proof shows 2(R) to be unitarily isomorphic to 2( ), with the isomorphism given
by 1. This isomorphism replaces the traditional windowing of periodic bases. We remark that will
be a projection if and only if = = dand ; 1= 1 ; = d. Since these are all unitary, it is
e uivalent that = jpand ;= 2. If weuse asingle and a single r, then the interval = ( , ;1) and
its adjacent translate by | | = ;7 —  are compatible. The main conse uence of this observation is that

composed with | | periodi ation is still a unitary isomorphism. This will be stated more precisely below.

PERIODI ATION

Our goal is to expand smooth functions in orthonormal bases of smooth compactly supported functions
arising from arbitrary periodic bases. To achieve this goal we must first define the of a

function = (¢) by the usual formula:
(21) W= @+ )= ®

If belongs to 2(R) and is compactly supported, then belongs to 2 (R) and is periodic of period
If in addition  belongs to C%¢(R), then also belongs to C4(R)).
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We can now define a “periodi ed” version of the folding and unfolding operators. The periodi ation is

hidden in the definition of the following operators:

r(—) O+r(—") ( + 1-1), if <t<  + |

(22) (1)) =S r(—L) O)=r(2=—) ( + 1-t), if 1— <t< g,
(t), otherwise;

r(t—) @ -r(—) ( + 1-1), if <t< +,
(23) (rC o)) (=9 r(—
(

T(t )( + 1—t), if 11— <t< 1,

1), otherwise.

~

—~~
~

~
_|_

or these to be well defined, we must assume that (r, , ) and (r, 1, ) satisfy the consistency conditions.

Using , we can write the relationship between  and

(71)

(24)
(r, ,) ()= (r, ) (r, 1) (t)
We observe that for the periodic function = of period | | = 1—  we have the following
identity:
(2) ( +1-0=02 -t= (2.-1
Also, (t) = (t) for all t € . Using these facts and  .(16), the formula for inside  becomes the
following:
r(—) O +r(—4H) 2 -v, if <t< 4+,
(Ta a) (t): ’1"( t) (t)—r(t ) (2 1—t), if 1 — §t< 1,
t), otherwise;

(1), otherwise.
The result follows immediately.
When there is no possibility of confusion, we will write for (r, , ) where ={( , 1), suppressing
the » and . We observe that and are unitary isomorphisms of ?(R) (i.e., = = d)

because |r(t)|> + |r(=t)|> =1 for all t. Also, if t < ort 1, then (t) = (t) and t)= (t).
Thus if and are disjoint intervals, the operators , , , and all commute. We also note that if
is smooth in the interval , then is also smooth there. urthermore, satisfies the same boundary

conditions at 4+ and 1— as 1
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L (Ta ) ) (T‘, 1 ) =
() € CYR) || CUR ;1) 1+
[ 1 (1) 0< <d
) Jm ) (=0,
2
lim [ ] (t)=0,
ci() ( +) (1-) 0< <d
\ lim (t) =0,
(2) , lim (t) =0,
(29) , lim [ ] ()= lim | 1 (), 0< <d
CY(R)
If is| | periodic, then = . Thus .(2 ) follows from Lemma and an application of

Lemma 1 at + and 1—.

( 14) =0, if

!

satisfies the conditions

is odd;

if is even.

forall 0 < <d;

forall 0 < <d.

iven  .(2 ) we deduce that =
+) =
( 30) ( +)
( =)= (19)=0,
We can evaluate the one sided limits of  .(29) by using Lemma
)] (=]
(31)
[ )] ()=
But | = =

[ ] ( —-)= [ 1 } ( 1—). inally, the converse of Lemma 1 applied at

, since is | | periodic, so that [

] Co=[1] (14 an

(or just as well at 1)

implies that [ ] ( +)= [ } ( —)forall0 < <d, from which follows .(29).
ORTHONORMAL ASES
L (TY ) )7(T7 1 ) (r ) ) ),(7"1, 1, 1)
= ( 3 1) = (Ta ’ ) | |
2( ) - 1
1 A(R) CYR) CY(R)

The functions
2(R) since

satisfies

orthonormal basis of 1
Lemma 6 implies that .(6) at

each function in

form an orthonormal basis of 2( ), since

and

belongs to C4(R), in fact with support in the interval [ — |

is unitary. Then is an

1 is unitary on  %(R).

1. Then the converse of Lemma 1 implies that
1+ 1)
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We can define a segmentation of the line into arbitrary windows with varying overlaps. ix a se uence
(r, , ): €Z; , €R; 0 such that adjacent triplets satisfy the consistency conditions. We
also re uire that < 1 for all € Z, and that

(32) rR=Jl . v=U

ote that = (r, , )and = (r, , )commute for all , € Z. We likewise define =
(r, , ). The first main point of this paper is that from arbitrary smooth orthonormal bases
we can construct smooth orthonormal bases for 2(R). This is a conse uence of our

previous lemmas, which combine to give the following:

T
(1) R (32)
(2) €7z r, ) (r 1 1o 1)
(3) e Z | | S/
()
(4) € Z (r 9 ) )7 (T ) 1, )
= (T L ) = (T E )
( 33) = 1 , € Z
*(R)
r , €Z C4R) 0<d< C4R)
Since adjacent intervals 1 are compatible for all € Z, Lemma 3 gives us the decomposition
R) = &P 2(R). By Lemma , each of the spaces 2(R) has an orthonormal basis =
1 €7 utting these bases together into = J yields the result.

In practice it is often better to transform a smooth function into a smooth periodic function and then
expand it in a periodic basis, rather than expand a smooth function in the basis  described above. This
is because well tested computer programs exist for the first algorithm but not the second. The second main

result is just the adjoint of Theorem

T (Ta ) )7(r15 1 1) (Ta ) ),(’I“, 1y )
:( 71) = (T’ ) ) 1= (rlv 1’1) = (’I“,,)

C4R) = 1 C4R)
2Ry ()
Since 1 satisfies  .(2 ), the converse of Lemma 6 implies that
tlim[ 1] (t):tlim[ 1] (b)),
forall 0 < <d. ence 1 has a uni ue continous periodic extension in C4(R).
or the second part, we note that 1 is a unitary isomorphism from . R)to A(R)= 2(),

and is a unitary automorphism on 2(R).
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AM LE ASES

We consider some examples of the action of a specific folding and unfolding operator. The Mathematica
program which generated the graphs below is available in electronic form by anonymous ftp [ D]. Let r be
defined as in ~ .(2),let =0, 1=4, =(0,4),and = = ;=1. rom the function 4(t)= 27! we

get the following basis function for 2( ):

1 1
0.5 0.5
N
-2 2 4 6 -2 6
-0.5 \/ \/ \/ -0.5
1 .
R 4
When these are unfolded, we obtain the following basis function for 2(R):
R 1 4
Conversely, computing the fre uency 4 member of the ourier series of the function 1 s
e uivalent to finding the inner product of with 1 4.

ISTORICAL OTE

The projection operators and were first described to the author by . . Coifman in 19 | in a
discussion about some work of . Meyer. Originally they were used to approximate the ilbert transform
with defined by ( ) = — , a better behaved operator which retains the algebraic properties of

the original. Their usefulness to signal processing became most apparent during the author’s implementation
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of the Malvar transform in a package of adapted waveform analysis computer programs [AWA].

ENDI SOURCE CODE

The following is an implementation of the operator  described above. It folds an array in place:
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void
fold(
real ominus, < <
real oplus, < <
const real rise, < <

int reach)

int k;
real templus;

const real rneg;

rneg = rise;

for( k=0; k<reach; ++k)

templus = ( rise) ( oplus) + ( ——rneg) ( ——ominus);

= ( rise++) ( ominus) — ( rneg) ( oplus);
oplus++4+ = templus;

ominus

return;

The following is an implementation of the operator described above. It unfolds an array in place:
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void
unfold(

real ominus,

IN
A

real oplus,

IA
A

const real rise,

int reach)

IA
A

int k;
real templus;

const real rneg;

rneg = rise;

for( k=0; k<reach; ++k)

templus = ( rise) ( oplus) — ( ——rneg) ( ——ominus);

= ( rise++) ( ominus) + ( rneg) ( oplus);
oplus++ = templus;

ominus

return;
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