16{h).

Let A=the set of all limits of sequences of points of S that converge in £
First, to show that any element in A is also an element in S

S is the intersection of closed sets => § is closed.

Using Theorem, because S is closed, the limit of any sequence of points of § that converges inE jsin S,
Since SCS, any sequence of points in S is also a sequence of points of .

=> the limit of any sequence of points of § that convergesinkis atso in § O *
=> ACS -~

Next, to show that any element in S is also in A

Proof by contradiction: Assume peS s.t. p is not limit of any sequence of points of §
Then, Je>0 Vs5c5 5.1, d(p,s})>e

Then S-B,(€) is also a closed subset of E that contains S
Need¥o Say Pe T 3~ Bpted
But, Sisin all closed subset of E that contains S, which is an contrad:ctlon
¥
= SCA

Thus, S=A }
Additional Problems:

1. Suppose that {a, }, {b,} and {c,} are sequences in R. Suppose thata, — L,c, -+ L
and there exists an integer N such that if n > N, then

n Sbn < Cn.

Show that b;, — L.

Givene > 0,AM,n > Ms.t.
' L—e<a, <L+e.

Givene > 0,9 K,n > Ks.t. ' b
L—e<c, < L+e¢

Take Y = max{M, K, N}. Then fora givene > 0,3 Y,n > ¥ s.t.

K\D

L—-e<a, <b, <c¢c, <L+e.

L—e<b,<L+e.

Therefore, b, — L.



2) Suppose that {s,} is 2 sequence in R". Show that if Sr = 5, then {[s, |l = lis|l. Is the converse true?

Sp — s implies that 3N such that d(s,,s) < ¢ forall n > N. For the same N, we have |lis, || — [Is]l] <
\, |5 = sl| (normed case of triangle inequality). i -
\I
i — 5| = i ' '
| But |is, — sll = d(s,, s), which we have above that d(sy.5) < €, thus |||s, |l - [sll] < e foralln > N

This proves the statement. The converse is not necessarily. Take s
" n

to be the n-tuple ). e
—~1) (=" _ = Sz}, -
(=D (=D, ., (—=1)™). We have {|s,,]| = vn for all n thus it converges to \/ﬁﬂl}ﬁi its\/\gif can't ( 1,

possibly converge (it just oscillates between (—1, 1, ..., —1)and (1,1, ..,1})

4,

Let {2,} be a Cauchy sequence.

Let {2y} be a subsequence of {a,}, then we have fin)zn foralln

By definition of Cauchy sequence, ¥e>0 3N s.t vm,nzN, d(a,,al<e
Since f{m)zm and f{n)zn => f(m), f(n} 2N => d{agu,am)<e
=> Ver0 AN s.t Vm,n=N, d{@gm), Ben) ) <E ’2/

=> {agy.}1s a Cauchy sequence
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5. Two metrics di and dz on a set X are uniformly eguivalent if there exist constants A > 0 and

B > 0 such that

and
do{z,y) < Bdi(z,y) Yz,ye X

Show that the metric space (X, d;) is complete if and only if (X, dy) is complete.

Answer: N -
Since the problem statement contains an “if and only if” statement, we must show two logical

directions. First, let us show that (X, d;) complete implies that {X, da} 18 complete.

—
Consider a Cauchy sequence {pn} C(X,d3). We would like to show that {p,} is Cauchy
In (X,d;) which tells us that {pn} converges in (X.d1) and we would then like to relate this
convergence back to (X, ds). To show that {pn} is Cauchy in (X, d1), given any ¢ > 0, we must
find some N such that m,n > N = & (P, pr) < €. To do this, we can use the fact that {pn}
_ is Cauchy in (X,ds). Here, find N such that m,n > N implies that 2 (P, pn) < % where
¢ is given. Since we are given that di{z,y) < Ada{z,y), we know that ﬁ‘—{p—/’%") < da (P, Pn)
o which here means that d—l(—a/”{—’p"—) < 4 which in turn means that di{Pm,pn) < e,¥m,n > N,
This means that {p,} is Cauchy in (X, d;), and, since {X,di} is complete, that it converges in
(X,d1). This means that givenany ¢ >0, IN s.t.n > N = di(pn, p) < € where p is the limit
point, of {p,}.
Now let us relative this convergence back to (X, dy). Given some ¢ 0, find V such that
n 2 N implies d\(p, p,) < 5 Since dy(z,y) < Bdi{x,y) we know that di({%pﬁ < di(p,pn) so
that ﬁ‘gﬁt} < % which implies that do{p,pn) < € ¥n > N. Thus we see that when (X, d;)
is complete, every Cauchy sequence in (X,d3) converges, so that (X, d1) complete = (X, da)

<
complete. -
; Now let us show that (X, dz) complete implies that {X,d:} is complete. Consider a Cauchy
'& sequence {p,} C (X,d;). We would like to show that {p,} is Cauchy in (X,da)} which tells

us that {p,} converges in (X, d2) and we would then like to relate this convergence back to
{X,d;). To show that {p.} is Cauchy in (X,d2), given any ¢ > 0, we must find some N such
that m,n > v = d2(Pr, pn) < €. To do this, we can use the fact that {Pn} 1s Cauchy in
(X, d)). Here, find N such that m,n > N implies that dy (py,, pn) < 5- Since we are given that

da{z,y) < Bdi{z,), we know that M”B&@ < d1(pm, pn) which here means that %p—“) < 5
which in turn means that Ao (Prmy pr) < ¢,Ym,n > N. This means that {rn} is Cauchy in
{X,dy), and, since (X, dy) is complete, that it converges in (X, da). This means that given any
€>0,3N st.n > N = dy(pn,p) < ¢ where p is the limit point of {p,}.

Now let us relative this convergence back to (X, d;). Given some ¢ - 0, find N such that
n > N implies da(p, pn) < %~ Since dy(z,y) < Ads{x,y) we know that d—l(%‘i < dalp, pp) so
that wf’—“l < % which implies that di(p,Pn) < € Yn > N: Thus we see that when (X, dy)
Is complete, every Cauchy sequence in (X, d;) converges, so that (X, d2) complete = (X, dy)
i complete.

With both directions shown, the proof is complete,

-~ - P

6. Let {X,d) be a metric space, and let {go} € X be a convergent sequence with limit
- Let p € X and then show that d(p, ¢) = lim, .., d{p, gn ).

To show that d{p, q) = lim,, . d(p, g.), need to show that Ve > 0 there exists an N{e¢) > 0
such that Vn = N{e), |d{p,q) — d(p, ¢,)| < «. ' _
\ First, |d(p, ¢) —d(p, ¢.)| = |d{q,2) - d(p, g )|, then by the reverse triangle inequality id{q,p)—

A

d(p, gn)| < d{g,¢n).
Since ¢, — ¢, Ve > 0, IN(¢) 5.5, ¥n > N{e), dlq,q,) < €); therefore

d(g, Ga) < €.
We have Ve > 0, IN(e)st. ¥n > N{e), ldip,q) — dp,q,)] < €); therefore dip,q) =

im0 d(p, ¢, )-

d{p,q) — d(p, ¢a)| <




