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IT1.18 Prove that lim, , a, < fxﬁn_j\ooan, with equality holding if and only if the sequence
converges.

Show that lim, , a, < F_rﬁn_,ooan.

By the definition, lim,, ,  a, = limy_,, inf{a,: n>N } and lim,,_o,a, = limpy_, o, sup{a, :
n > N}. So for any fixed N, inf{a, : n> N} <supfa,: n > N} by the definition of
infimum and supremum of a set. Therefore, it is true for all and lim,_,_a, < Hrﬁnﬂman.

Show that lim, | a, = lim,, ,a,, if and only if the sequence converges.
<= If the sequence converges, show that im, , a, = lir, ., ooa,,.

There are three cases to consider: lima, = “+oo, lima, = —oco, and lima,, = q.
Suppose lima, = +00, it suffices to show that lim, . a, = +oo. If lim Qn = 400, then

VM >0, AN st. ¥n > N, a, > M. This implies that inf{a, :n > N} > M, and we have
inff{a, :n >k} > inf{a, : n > N} > M, Yk > N. Therefore, limg_,., inf{a, :n > k} =
+cc, and +oc = m, ,_a, < Eﬁn_,man = 4-00.

Suppose lima, = —00, it suffices to show that ﬁﬁnﬁ,man = —oo. If limg, = —00, then
VM <0, 3N st. ¥n > N, a, < M. This implies that sup{a, : n > N} < M, and we have
sup{a, :n > k} < sup{a, : n > N} < M, Yk > N. Therefore, limg, 4o sup{a, : n > k} =
—00, and —o0 = lim, , a, < ﬁn_n_man = —go.

Suppose that lim @n = @, want to show that lima, <lim, ., a, < Frﬁn_man < lima,.
First show that Hrﬁn_,man < lima,. Since a,, — a, Ve > 0, 3N s.t. Vn =N, o, —a| < e
This implies that —e < n —a < ¢ and a, < a-+¢. Then sup{a, : n > N} < a+¢and
supfa, :n > &k} < ¢ + €, V& > N. Therefore, im0 sup{a, : n > k} < a+¢, and
lit, 00, < lim Q.
Next show that lima, < lim,, ,..a,. Since a, — a, Ve > 0, IN s.t. Yn > N, |a,, — al < e
This implies that —¢ <« Un—~a < cand g —c < q,. Then a — ¢ < inf{a, : n > N} and
@—¢ < infla, :n >k}, VE > N. Therefore, a — ¢ < limy_, o inf{a, : n > k}, and
lima, < lim, |, _ a,.
Therefore lim a,, <lim, , a, < mnﬁman <lima, and lim on = lim,_,_a, = fn{n_,ooan.
= Iflim__,_ a, = mn_man, show that the Sequence converges.
There are three cases to consider: lim, ,_ a, = Hn_ln_,ooaﬂ = +o00, lim,_,_a, = IHiE,HOOa,n =
—00, and lim, . a, = ﬁn—n_,ooan = a.
Suppose lim, ,_a, = lim,_0a, = +00, then VAL > 0, AN st. inf{a, : n > N} > M.
‘This implies that VAL > 0, INst. Vn> N, a, > M and ima, = +oco.
Suppose lim, . a, = mn_,man = #00, then VM < 0, IN st sup{a, : n > N} < M.
This implies that YM > 0, AN s.t. Vi > N, a, < M and ime, = —o0o.

1

Suppose lim Gn, = Ny —y0oln = a. Since lim,_, .a, = athenVe > 0, M, s.t. fa—inf{.an :
n > Mgfgzmand inf{a, : n > My} > a —e. Therefore, a — ¢ < a,, ¥n > M,. Since
limy 000, = @ then Ve > 0, 3Ny s.t. |a —sup{a, : n > No}| < e and sup{a, : n > Ny} <

a + €. Therefore, a, < a +¢, Vn > Nj. .
‘Therefore o — ¢ < a, < a+¢, Yn > max{Ny, My} and lima, = a.

We have shown lim,_, g, < lim,_,coan,, with equality holding if and only if the sequence
222 n—roo 1 =

converges.




HI.19 Let {a,} and {6} be bounded sequences of real numbers. Show that tim,, o (ay, +

bn) < lim,_,.a, +limy o 0by, with equality holding if one of the original sequences converges.

For a, + b, each are non-empty and bounded then a, < supa, and b, < supb,,¥n. Then
an+b, < supa,+sup by, V. If it is true for all n, then it's true for the largest sup {an+bn} <
Sup.an +supby,. If it’s true for all n, then for any fixed N, sup{a, + b, : n > N} < sup{a, :
n > N} +suplb, :n > N} and surely limN_‘ooEp{an +b, 11 >_£\3 < th_,_‘Eo_sup{c}n :
7> N} +limy, sup{b, :n > N}. Therefore, lim,_, (an +by) < Tim,yooa, + Hm, .0,

Assume without loss of generality that a, — a, then Frﬁn_,ooan = lim, , a, = lima,.
From earlier homework we know that infa, + supb, < sup(ay, + b,). Therefor(igor any N
inf{a, : n > N} +sup{b, : n > N} < sup_{an +b,:n > N}, and ﬁ%man -+ Iin}_n_,oobn <
Himy, o, (an+by). However, because a,, — a, lim, —roeln im0 by, = limy, . a, +hm,, b

Since Ii‘mH—}oga’ﬂ =+ En.-—au:mbn < Enin——)oc) (aﬂ + bn) < limnﬂooan + El—nﬁ)oobm lﬁiﬁnﬂoo (an + bn} =

lim,, ,.a, + limy, . b,,.

are convergent sequences of elements of V with limits @ and respectively, then lim(a, +
ba) = a-+b and lim{a, — &,) = a — b and if furthermore €1,C2, €3, .- IS a sequence of real
numbers converging to ¢, then lim Cnlly, = Ca

(a) Need to show that Ve > 0 3N s.t. l(an +6,) — (@ + Dl <eVn > N. Since
both {a,} and {b.} are both convergent sequences and the norm is Jjust the distance be-
tween two points we have Ve » @ AN st la, —af < 5 and fib, — b < 5 Given any
epsilon, choose 7 > N and add the two inequalities together, ||a,, — af| + l6n — )] < «.
Using property four of normed vector spaces” page 63, we have ||(a, - a) + (b, — b)|| <
llan — af + |jb, — bl < € = ||(a, — a} + (b — b < e Rearranging the terms on the

lefthand side, |i(a,, + bu) ~ (@ + b))l < € wn = N as desired! :

{(b) Need to show lim(a, —b,) = a - b We can use the result from part {(a} and
re-write the above equations as lim(a, + (=0,)) = a + (=8) = lim(a,, — b.) =a—bas
desired!

(c) Need to show Ve 0 3N st Jlc,a, — call < € ¥n > N. First we know that
convergent sequences are bounded and since hoth {a,} and {ca} are convergent se-
quences, {la,l < M and lleall < M. In addition since they both are convergent, given
any epsilon positive 3N, s.t. llan, —al] < sar and ANy st e, - ol < 5%. Let’s choose
n>N= max{Ny, Np}. Looking at the inequality Jlc,a,, — call we can re-write this as
llena, — ac, + ac,, — caf] and rearranging the terms inside to get ||, (a, —a)+ale, ~¢)f| =
(by the properties of normed spaces) < |c,| # fian — al| + laf * licn — || and since both
{a,} and {e,} both converge and they are bounded by M we have ||c,a, ~ cal| <
feal ¥ llan — af| + laf # fle, — ¢f| < [M] x 57 + [ M| * T =€Vn > N as desired!



AABULLLOTLAL FTobtems:
1. Show that lim s, = 400 if and only if im(—s,) = —co.

F Answer:
Since this problem contains an “if and only if” statement, we must show two logical directions.
First let us show the “only if” direction. We are given that lim s, = 4o which means that
VM > 0,IN st.n > N = Sn > M; we would like to show that V4’ < 0,IN sit. n >
N = —su < M'. Given some M’ < 0, set M = —A’. Since A’ <O,M = -M >0, so
dN st.n >N = sn > M. Multiplying the last inequality by —1 gives us that —8p < —M
which in turn means that —8p < M’ for every n > N. Thus for any M’ < 0, there is some
index after which all —s,, are less than Af !, Thus lim(-—s,) = —ca. :
Now let us show the “if” direction. We are told that VM’ < 0,3N st n >N = —s, < M '
and we would like to show that VM > 0,3IN s.t. n 2 N = 5, > M. Given some M >
set M' = —M; since M > 0, we know that M’ < Q, meaning that 3N such that n > N =
—8p < M'. Multiplying this inequality by —1 gives s, > —M '; we know that — M’ = M so that
Sp > M for every n > N. Thus given any M > 0, there is some index after which all terms
are greater than M so that lims,, = oo, Having shown both logical directions, the proof is
complete.
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2. Suppose that there exisis a Ny such that if n > Ny then s, < t,,.
(a) Prove that if lim Sn = +00 then lim¢t, = +o0.
Iflim s, = 400, then VM >0, AN st. v > N, Sp > M.
- 3o given an M > 0 choose N* — max{Ny, N}, therefore M <8 S, VR> N We
have if lim s, = 400 then limt, = +oca. :
{b) If lims, = s and lim tn =, then s < £.
If 5, = s, then Ve > 0, N, s.t. Vn > Ny, |8, — sl<eand s —¢ <« Sn. Likewise there
exists a V.
- Then given any ¢ > 0, we choose N* = max{Ns,Nt,No}. Then we have if S < by,
$n ~ 1, < 0. From s, — s and b =>4, 85—~ (t— €) < sp—ty < 0, which implies that
§— 1 < 2¢. Since € ig arbitrary, s <t

i e ot e i,

3. Show that liminf s, = - limsup({—s,). |

Proof:

¥ We have shown that infs, = —sup(—s,) in Exam 1. Now liminf 8y =
2/ limy,eoinf{s,, n > N} = limy_00 — sUp{—s,,n > N} = ~limsupy_,, sup{—s,,n >
N} = —limsup(—sy,).

4. Let {s,} be a sequence of real numbers and let

n
1 E
a. :—E Sk.
"on
k=1

(a) Show that liminfs, < liminfo, < lim sup o, < limsup s,;
(b) Show that if lim s,, exists, then limo,, exists and tim Sp = lim o,.

Proof -

(2) The second inequality is trivial. To prove the third inequality, we first
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g oy + sup s;.
n>M M k>N

Sincen>M >N » We can break o, into two parts:

S11 -+, 31+"'+3N+3N+I+"'+3n.
- —_— A
" 7 7 n
Since n, > M,
81+ + sp < S1 - + Sn
n = M ’
and N
K +-- 1 5}
N1 + Sy < ( ) SUDL., y 5k < sup s,
n 7 n>N
Therefore by
S1+ -+ sy
On & ——- 20 sup s,
" M k>N
Immediately, we have
o Sit et
sup g, < 2L i + sup sy,.
n>M M k>N

Now, fix N and let M goes to infinity, we have that

limsupoe, < SUp sy
k>N

for all V. Finally, let N — 00, we have that
limsup g, < lim 5Up Sy
To prove the first inequality, use the fact that liminfs, = —lim sup(—s,).

Since limsup(%an) < limsup(—sn). = —liminfo, < —liminfs, -»
liminf s, < liminf On. ’

9. Prove that a sequence {sx} of real numbers is bounded if and only if lim Sup |s,| <

o0,

5.

Proof. {s,} bounded implies that sup{{s,! : n € N} is bounded above by an
upper bound, say M. Since sup{|sn| :n > N} < sup{ls.| : n € N} for any N,

i i : : <M
lim sup [s,[ = f}l—l;noo sup{lsn}:n > N} < ngnoo sup{ls.| : n € N} < sup{|s,|:n e N} < .
in i h that limsup [s,| = M, ie. A
If limsup [sn] < 400, there there is an M > 0 suc
for € > 0, there is an N’ such that isup{lsn| :n > N} — }’;ﬂ < ¢for N > N”_ L
Say € = 1. Then sup{lsp] :n> N} < 1+ M for N > N ’so_{|_sn| in > N'}
is bounded. The set {[s,| : n < N’} is also bounded since it is a finite set.

Therefore, {}s.| : n € N} is bounded so {sn} is a bounded sequence. 5
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