L. Discuss the continuity of the function f:R - R if

(a)f(x):{mfx<0

Xifx=0

Proof: We need to show that v € > 0,356 > O such that p € E(or R: our metric space)
and d..(p, p,}5, then d},(f(p),f(po)) <€ Letp, = 0. |

case 1) py < 0:dy(p,0) = p and d,(f(p), f(0)) = d,(0,0) = 0

case 2)py < 0:dx(p,0) = p and d, (f (). f(0)) = d,(p,0) = p. A

Choose ve > 0,3d,(p.0) = p < § and dy(p,0) = p<e.

(b) Fx) = {xsin% ifx+0
Oifx =0

" ‘
Proof : We need to checl if i%f(x) = f(0) so, f:% xsin; = 1.

1 1
case 1) If x is nonzero, 0 <sin-<1,and we have 0 < xsin—, < xlfor all nonzero .
x x
. . 1 . . 1
by squeeze theorm, lim 0 < limxsin—| < lim|x]|, then 0 < l[im xsm—' =< 0.
x—0 X-»0 X X—=0 X0 X

1
Thus, lim xsin—, = (.
x—0 X

case 2} [f x is zero, lin% 0 =0,
X—

Therefore, it is continuous.

Discussion:

Sz} =22 and Fz) =1 are continuous functions.

f

dasdla L

| Select p = 0,4 # ¢, d(p=0,9) = g and d(f(p‘:o);f(Q)):d(l,QQ):iiﬁqgﬁ
i lmp1168—6<q2~—1<e:::> l—e<q< TFe.

Test with ¢ — 1. J1=4 /1.1 i \f
. 3 5 < g < Lty =— \/;<q<\/§. Butworequirea&suchthat

q<J:>\/I<q<\/§ No selecti i i iti
5 < 5 selection of § wil] sabisfy both ine ualities, g i ;
discontinuous af ZET0. : % e fanction e be

. The inequality 1 - @l < ¢

(¢) Claim: f is not continuous

0 if z is not rational N | | o
fz) = {1 if z = 2 where p and q are integers with no common divisors other than . q
g

it ati ber £ = z4. Then

; k the continuity af some rational num p ¥

‘ \ Suppose that we want to chec | ber ¢ - P
1 \ Ve > 036 > 0s.t. [z — 20| <4 implies |f{z) — flzg)] < e L_eL x be an 15\133&“70??12?2 °
such that |z —zg) < & This is possible by LUB 5 on page 26 in the text. Now g o

=t >« irrational z.
then we have Ve > 0 |z —xg| < d but | f(z)~ f{wo)| = \0—%1 = |l Z ¢V and irrationa



Let £, E' be metric
_ : ‘ ‘spaces,f;E_,Er .
S8 isa closed suh a continuous funet 3 oo
set of J. P T o on. Show that if &
B then the sets fpe £ f(p) <D€Hve from this the resujig that if f is a cong 15 a closed subset of g then
1 p) <0}, {pe E-: fip) > 0, {pe k- o) 0) ;1 Huiousdreabvalued function on
. - e closed, f.}

Solution:

Neeg tColSj}fo‘IV: C;i(f_l(S)) 1S an‘open subset of £
© closed == C(8) ¢ g g F ati

onen f—l(c(‘g)) e pen.- or continuous functions, the in i
ety o f—»l(c(g)} o_pen. We desire to move the complement outsi‘iiersfhlm'age oy o oben ot s
Now e nse I (f—l(g)){?;se 1E : cji"(g) €EC8)) ={pcE-: flp) & S} = E( ffli(n;ﬁrse mapping. This ig

closed. othcmappingf'E—aR aps ¢ | .
: maps closed suhgets to clo

sed subsets.

Then {pec E . £
) p)fo},{pEE:f > A
closed subsets {zeRk: 2 < 0}, {z E(EI?; g}b;}rp{g}lt 2 fip) = 0} are ciosed subsets becayge they map to 4}

-2 U . P Lo the

hat |z — 720 < § implies

seck to find a 5> 0such t

greater, we can say that

we

; >0, .
= {) and some € Aloss of which is

H ey ~
g.a. Given some X1 e that regar

that |/T1 — J72) < ¢ Here, not
e, choosl

_ Jxa = /T Here, ¢
i i \\/ﬂ \fgf\‘nus we see that it Ty

ine t that
t let us expmine the case | BT B = VS

Firs . :
that |z — 22l = F2 <€ so that "
e oo 31 he fact tha
e Cont:' ¢ examine the case that z1 > 0. Using t
Now let us © o -

\/aﬂ/@:(\/ﬁ—@(*ﬁm

and distributing, we see that
VA~ B =
Ty — /Iy = —————
VEL A T
Since /x1 > 0 and \/za > 0, we know that /=1 -+ /T3 > /1 which lets us say that
ry — T9 < Ly — X9
VP o £
Here, if we select § = /27 &, we see that &) — 29 < /] %€ 50 that
L — T2 L1 — T2 VI *¢€
_ — .

NN AN

‘Thus given any x; € R and any € > 0, we see that 40 > 0 such that d(z1,29) < 6 = d( /Ty, Ja2) < ¢

and thus that /7 is continuous Vz € R.

9.b. Here we note that
z—1=(Vz-1}{Vz+1)

which lets us say that
Pl (E-DGEHY o
vz -1 v —1

From this we see that

lig e =l Va 1=

(EE) e b #lod]

ng § < e gives.us
= 0, the function

\‘*-A_A.)



13. write down the details of the following alternate proof that a continuous real valued
function f on a compact metrix space E is bounded and attains a maximum :

If f isnot bounded, then forn = 1,2,3 ... there is a point p, € E such that |f(p,)] > n,

and a contradiction arises from the existence o f a convergent subsequence of P1. P2 Pas -
Thus f is bounded and we can find a sequence of paints q1, 42,93, . of E

such that ?11_{1;10 fo) =Lub{f(p):pcEl.

A maximum will be attained by f at the limit of a convergent subsequence of qj, a2, Q3 -

Proof: Assume that f is not bounded, then forn=123 ..
there is a point p, € E such that [f(p,)| > n.

Since b is compact, 3a convergent subsequence {pnk} with éi_)nl}o Pn, =DPo.Po EE.

Now because f is cantinuous, we can use the property of continuity. éin; f(pnk) = f(po).
Then we could find a positive integer 8- N such thar 2 N, |
L2 1 (pn) = F0)| 2 | (e)| = 1| > e — 1)) ),

L

=> 1+ {f(po)l > nybut we cannot. which is coniradiction.

Therefore f is bounded and nonempty. It imples that we can find a sequence in f(E) where
Limy,_,0, f(q,) = Lu.b.{f(p): p € EL.

Since E is compact, da convergent subsequence {an} of {q,}where T{Ln; Gny, = Go» Qo €E.

However, since lim f(q,) = Igim f(an),we must have f(qy) = Lu.bh{f(p):p € E}.
oo ~3C0

Thus, f(qe) = f(2),Vp € E, f(gy)is max.



14. (a) Prove that if Sis anonemply compact subset of a metri.x space Eand py € E
thenmin{d(p,,p):p € S} exiéts (distance frompy to S).

Proof:Let f(x) = d(p.py) = |p — po]l where f:E — R.
.This is continuous function since if we choose § = ¢,

1f(p) — fp! = 1d(p.pe) — d(p1.po)|l < d(p,p1) <csod{p,p) < ethen|f(p) — f(p)] < e

also,if f:£ — E'is continuous and S is a subset of E,

then the restriction of f to § is continuous on S, too. Therefore, f(x) is continuous on S.
Since [ is a continuous real valued function on a nonempty compact space S,

[ attains a minimum at some point by Corollary 2 on textboolk p78.

(b) Prove that if S is a nonempty closed subset of EMand py € E™

thenmin{d(p,, p):p € § } exists. 2

Proof:

{f po € E thenmin{d(py,p):p €S} = 0,we can assume that py € 5¢. Choose € > 0,
such that the closed ball B (p,, €} < E™contains points in S,or B(py, €) NS = O
Consider the continuous fuﬁction [+ E" - Rgiven by the function f(p) = d{ps, p).
Then f is continuous on W NS aswell.

Observe that m-n S is closed and bounded subset of E™. and it is compact.

by Corollary 2 on textbook p78, f attains a munimum at somé pointin B (pg,€) O S

or min{d(p,.p):p € S}




15. Prove that for any nonempty compact metric space E, max{d{p,q) : p,q € B} exists.

Proof: 1
Since F is compact and {d(p,q) : p,g¢ € £} is bounded and nenerpty, E must be bounded. Then

we can find a sequence of points {{pa,gn)tnoi,2.. of E s.t.

fm d(pn,qn) = sup{dip,q) :p,q € E}.

N—00

Sinee & is comapch, 3 convergent subsequences {pn}, {gn} where {p,,}, {gn.} converge to some
point pa, go € £. Thus, we have that

d(j’)@, f{()) = ',}Hr;o d&?n“ Q’nk}

= lim d(pn,¢n) =sup{d(p,¢):p, g€ E}.
TL—d 00

Hence, max{d(p, q) : p,q € £} exists. 0

10. Discuss the continuity of the function FiB? S Rif

(Mf@mf{?wﬁww%mg

(b) f(:n,y)—-{ﬁ% if (=} # (0,0)

(¢) flz,y) = {ay—

if {z,y) = (0,0}

if (xa y) = (01 G)

2
ry i

f(z,y) # (0,0)
0 if (z,) = (0,0)

Praof:

(a) By Lemma and Proposition on pg.75-76 in section 4.3, we lmow that flz,v) is continuous

~

T

when (z,y) # (0,0). NTS (rather check) continuity at (0,0). Then by the last Proposition
in section 4.2 on pg. 74, which was also used on preb.2, if f(x,y) is continuous at (0,0,
then ¥{pn}a>1 converges to (0,0) we wiil have limp_ . F{pa) = £{0,0) = 0. Thus, choose
P = (%, 1), s0 then we have that lim, o0 pr = (9,0) and

. 1
Hon) = E%T*T%)E = 2n2. 2

5o we see that as 7 — oo, we have f(pa) = oo, which is a contradiction. Hence Flx,y) is not
continuous at (0,0). O
Using the same idea as {a), NTS continuity at (0,0). Chaose {pn}ns, converges to (0,0) as

Pn = (%, %) Then :7

S =

L 1
Hm flpn) = i @W =3 # 0= f(0,0).

A contradiction, hence f(z,v) is not continous at {0,0). OO
NTS continuity at {0,0). By definition of continuity, ¥e > §, if 36 > 0, s.t. Vp = (Tp, )
Ap,{0,00) = \fe2 4 y2 < § where d{(p),0) = | (p)] < &.
J(@,y) is continuous at (0,0). Check.
2
. "’prp Iy}Ji -
Tl ol Sl = 2 s e— < 2e.
10 =1 e s e = e e <
Since x7 > 0, let § = 2, then for . 22+ u2 < 6,y < 2, |/(p)] < e Hence f(a, y) is
continuous at {0,0) == f(r,1) is continuous on £2. [




