17. Is the function z® uniformly continuous on R? The function /iz[? Why?

Let us show that z? is not uniformly continuous by showing that Ve > 0 V4 > 0, dr,y e R
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such that jzr — y| < & and |[z2 — 4*| > e To do this, choose z = 5 and set ~
y = 5+ $. We see that |z —y| = |5 — 5 - % = 2. However we also see that
|22 — ¥?| = 1(%4—%)—(%)2‘ = I%;+e+g——}2; ‘e—l—% = e+ % > e Thus

Ve > 0 V6 > 0 3z,y € R such that |z - yt < & and |z? — y?| > ¢ and the function
f(z¥= x? is not uniformly continuous on R.

Since f(z) = /|z] is the composition of two functions (namely /7 and |z|) we can show that
each of these functions is uniformly continuous and use the result from question 20 to conclude |
that f is also uniformly continuous. First, let us show that Vz is uniformly continuous on :
[0,00). To do this, we must find a § > 0 which is a function of ¢ only such that jz —y| < & '
implies that |/Z — /7| < ¢. Let us choose § = ¢*. Then [z — y| < J implies that |z —y] < €.
Now there are two possibilities here: either that z —y < OQorz -y > 0. Say x —y < 0 s0 ;
that |z —y| = y — z. Then we have y —z < ¢2 and thus that y <  + ¢2. Since y > 0 and
z+e2 > 0, we can take the square root of both sides while still preserving the inequality, giving
us /§ < V& + €. By definition, for any u,v > 0 we know that vu+v < /u + /v. Here, this
lets us say that /7 < vz + € implies that \/y < \/z +¢. Subtracting /T from both sides then
gives \/§ — v < € whenever |z —y| < § = €.

Now let us consider the case that —y > 0. Then [z—y| =z—y > O0and wehave 0 <z —y <
§ = €. Adding y gives y < = < y -+ €. Taking the square root gives /7 < VI < Ay + et
Apgain using the aforementioned property of inequalities containing square roots, we may now
say that /7 < VZ < /¥ + ¢ Subtracting /¥ then gives 0 < vz — /y < e. Combining this
inequality with the one from end the of the preceding paragraph gives us that |z — /7] <€
whenever |z — y| < & for every %,y € [0,00). Thus /z is uniformly continuous. :

For the function |z| we can show uniform continuity by selecting § = ¢. Here, [z —y| <4
implies iz — y| < ¢ and, using the reverse triangle inequality we see that |f(z) — f ()i =
ll] — ||| < |z — y| < ¢ thus giving us ||z| — [y]] < e. Thus /= and || are both uniformly
continuous and their composition is as well. :
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18. Prove that for any metric space E, the identity function on E' is uniformly continuous.

The identity function is defined as Id(z) = z, Yz € E. Here we need to show that given
any e > 0, 3§ > 0 such that Vz,y € E,d(z,y) < d implies that d(Id(z), Id(y)) < e. Given
some ¢ > 0, let us set § = e. Then, taking any z,y € £ such that d(z, y) < 0, using § = ¢ we
can say that d(z,y) < ¢. Now, since Id(z) = = and Id(y} = y, we may substitute these into
the preceding inequality, giving us d(Jd(z), Id(y)) < e. Thus we have shown that diz,y) < 6
implies that d(Id(z), Id(y)) < € and the proof is complete.
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19. Prove that for any metric space £ and any py € E , the real-valued function sending any p
into d{pg, p) is uniformly continuous.

Let f(p) = d(po,p) where pg is any point in E. Here we wish to show that [ is unformly
contimuous on E. To do this, we must show that given any ¢ > 0, 3§ > 0 such that Yg,7 €
B, d{q,v) < J implies that d(f(q), f(r)} < e. Here, note that, via the triangle inequality,
~d(g,r} > |d(q,po) — d(pp,7)|- This means that § > d(g,r) implies that § > |d(g, po} — d{pg,7)].
Since f(g) = d(q,po) and f(r) = d{r,po), we see that the preceding statement implies that
6 > |f(q) - f(r)|. Thus here, given any ¢ > 0, setting & = € gives us that d{g,r) < 4 implies

- d(f{q), f(r)) < € for every ¢,7 € E and the proof for uniform continuity is complete.

20. State precisely and prove: A uniformly continuous function of a uniformly continuous func-
tion is uniformly continuous.

Here let f: £ — E' and g: E' —+ 5. We seek to show that i — gof:E— §is uniformly
continuous if f and g are. To do this, we must show that given any ¢, > 0 38, > 0 such that
dg(p,q) < & implies that ds(h(p), h(g)) < e, Vp,q € E.

Now, since ¢ is uniformly continuous, given some ¢n > 0 we know that 3é; such that
Vr,s € £, dp/(r,s) < &, implies that dg(g(r),g(s)) é €n- Using the fact that f is uniformly |\
; continuous, we can set €5 = &, and we know that Yu,v € E we have dg(u,v) < & implies
j that dgr(f(u), f(v)) < € = d; which in turn implies that ds{g(f(u)), 9(f(v))) < ex- Rewriting
this last inequality, we have ds((g o f)(u), (g o ) w)) < en whenever dg(u,v) < §f. Thus
given any ¢;, > 0 we can set §, = d; and be guaranteed that de({u,v) < &y implies that
ds(h(u), h(v)) < e, Yu,v € E, meaning that h: E — S is uniformly continuous and the proof
is complete.

"

L
: e
ey

WY

£ w
A
=




Assorme [ x=Y 1l =5 [For»sdw X,y eV.

(Gne Hans ) x-Y )l‘»_ l])(-\/-txo_-—-)(ou,.

Tﬁ/un J K=Y 4+ x6 ol ¢ § amd

[ (x-vexs) - flcadll < & -

That ds [ 4x)-plv) ¢ f0) fi<a)llc € and 50
18(x)- )i« |

Homeo NX-YIL &S :a][fCX)"f

So i wnifermly conbimuaie and e

ConSammons Q/‘%WW'

(Y)Utc g



Y bMJ /ga,«D,QpJ T > o .

Fou xto RO = I x) Mol g oxn
I X

fca X-‘..o We adso /Z.a/u-e //_1Q04J//._- @gn//'x}/:o

%Q} ¢>0. Take S“_ =
n
Ix||« § = nixlb« g = NP < &

Hoem e {MCOYJM\ALO'MOLXX/LO amol%ﬂ.f-ﬁ\@

An ok ouns PJ\rfNawN/\o :

| “)Lﬁuo.)" A Aa )?JWM ]
Sone Lis codmincue of 0 YV E>0,3 S0
sedi ot lxt < s = lfoall < € '

Fa X% 0 X = '?:,“_).‘g'—'- 'E%Ilﬁ X

swe | ¥ Il = & - 8JN?D(5&I:X>U ‘e
| { ’ 2
TN 2 e x )] e B

_ T £
S f do boundad Lelows by O ansk @bove &5 F



C/j‘d—(\ht_/\ln)beabwof
Vo

Ot
‘Ao ‘}’ﬁ\ﬂ (F#Amdftoy. P~ RY —» 1A
\p ’ (g, ~xm ) 2 l}zmw))
Iy @ novm ot R T q,;{“af :
o (D ” fﬁC&‘\[L ] £

Y(X) =o &> P ,_/x,,\)._,-

iX}C‘ Va' = O

(~
(> X\. - O A.ﬂl/-a/y\
(=D b -~ O .
\Q(X*‘(] ~ | Z()OM‘A)\/A )
~ sV 4 ¢ yave M
6 || 22XV Nt 2 YA \|
- e(x)r YY)
Plax) = = Axcve N =] s g xovel
o JA) e

Ly I Nomote Ao 2. Qedkeam NOVT
N
SY/ xe;P\“) el —,L('[ An COW\P:%J
sodn dhat 2 P (Ko ) e \p(x]

m =



N kfCuxua\

s U 23_(-5 Vi U

UXW,

”»’ﬂo m £ H% XNy ”\_-:. ”X”l

l

% )<t1 Va° ‘,t: O

¢

Nowo Gﬁm X

| o) -!lfx\qﬂt\h)!l
“Tf( S oy é . “M{{ |

; 2k, bpoad ]
| ¢ % _'Y; .-wxn‘, 1) )
e JPOL 2 3 H P04

LX)

).



antilzdboatidl .

Checking that the norm makes the set of infinite sequences above a normed vector space:
1. Given that at least one of the X;’s is nonzero, clearly max{]x; [, [x,1, [x3], ...} > 0.
2. max{x [, Ix,[, [x5], ..} = 0 only if all the x;’s are zero.

3. l[(exy, cxa, €23, .. ) || = max{lcxy], lex, ), |exs], .. 3 = max{le[lx ], lcllx,l, lellxs), ...} = lc] -
max{lx |, [x;], {251, ... . \

4. By the triangle inequality, lx; + vl < Ixg] + |yi] < max;(x;) + max; (v;). So we must have
max; (x; + y;) < max(x;) + max(y;).

Showing the map is a one-to-one linear transformation:

Within each component, we have f(x;) = i - x;. This is clearly a linear transformation, and one-
to-one. Since all components are then mapped by a linear transformation, the larger map is a

linear transformation.
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23. Use Problem 22 to prove that if V is a finite dimensional vector space
over R and || ||3, ]| li2 are two norm funtions on V. -

; Let e, bi the canomial base of V, and let x € V. Then T = N e
a3 = i e 7 . 2SS I
5; ||I”1 “El:l I"e"lil < Ei:l }$11 * ”eiul by using the definition of a norm

aﬂS [I1]} is any norm. We can apply the Cauchy Schwarz inequality. |[|z||; <
i fzdlelh < Vs P/ llelli- We can see that /375 |«"3i112 =
lzile and /35, [lecl[Z = w1 where || |]e is the euclidean norm, and ,Zz_llis some
ijnstant. Then, |iz||; < g1 = |}z|l- Now we show that f{z) = ||z, is con-
tinuous with respect to the euclidean norm. Let ¢ > 0, we need l1;0 show

1

€

3%, > 0 st iz —ylle < & = Hlilzly — gllill < ¢ Let & = pig. Then
> la—ylle 2 fllelle—llulle | = gy 2 Uil bl = Ll il gl |1
Thon, € > 1| [l — @il lie = F is continuous. Let § = {x € v st lfzile = 1}

g is closed and bounded, so it is compact , and then F has a minimum value in
|!ﬁﬂ:||1 > m, where my is the minimum

S af Tmin. Now VX € 2, ﬂx_x]K c 5=
value of F in s. Then, [jz|l1 = m1 * {|z}|e. For any norms, we have basically
shown that Jjey, ma, g such that m, * [|zlle < |zl £ g * lzlle = me * llzlle £
lizll2 € pallzlle = Im = 3% and p = & such that m < %:;%;— < u. It basically
follows that given that R is complete, and all norms are equivalent to the eu-
clidean norm, the space is complete ¥ norm.
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2. Show that the sequence of functions X, x2, %3, ... converges uniformly on [0, a} for any
a € (0,1), but not on fo,11.

Let {f,} = {x™}, and suppose [ — f. We must show that for € > 0, aN such d(f,f™) <e¢

whenever n > N for all x.

For a € (0,1), it is clear to see that x™ — 0 as n approaches infinity. We must then show

1x™] < € whenever 1t is greater than some N.

On [0, a}, x™ attains its max at x = 4, 80 %™ < a™. Then note a™ decreases with increasing n, so

we choose N such aV < €.

{f} doesn’t converge uniformly on [0,1] because at x = 1 fr= ()" =1=0foraln

b. Show that the sequcnce' of functions x(1 — x),x2(1 — x), 21 —x) .. converges uniformly
on [0,1]. ,

Since on {0,1], at least one of the quantities x™ and (1 — x) 1s less than 1, and at is at most 1,
— 0. Then we must show for € > 0, 3N such [x™(1—x) — 0] <eif

[ thus we might guess f
j n>N.

x™ and (1 — x) are both continuous functions, and using calculus, we can calculate the

maximum value that }x™(1 — x}} attains on [0,1].

d -1 -1
a(x“(lrx))z—,x“-i-nxn (1—x) =—x"+nx" —nx*=—x+n—nx=90

. o _
So x™(1 — x) attains ifs max at x = ™ which is {— ) (_,_)




Rra 1
Then [x™(1 - x)[ < (n——zl) (m) < mr1 < €. Ifwechoose N = (1 — €)/€, then whenever

n> N, we will have |x™(1 — x)] < e.

34) Is the sequence of functions S far 3 - 0n [0,1] uniformly convergent if

folx) = 1+ix2? Note f,, — 0. We must find for € > 0,an N such n > N implies lfn — 0]l <e.

- (1nx?)—x@nx)  1-px? _ . . _ 1 | .
Observe f,, = mxn? Ginzzz = 0- This has solution at x = \/; , and f, attains a max

1+nx2

value %\E So , X l < %\/—E—, thus if we choose N > 1/4¢2, we will have |f, — 0] < ¢

whenever n > N.

2(%) = === Note for ail n, f(0) = 0, and for x > 0, = Since lim fn 1s nOt continuous
1+nx2 x n

on [0,1], it does not converge uniformly.

fo(x) = 1—;:—;;5? Again we have f, - 0. We must find for ¢ > 0,an N such n > N implies
]fn - Ol <E.

Again, taking the derivative and setting it to 0 gives us:

', _ (A +n%x*)n — nx(2n2x) _ n—nx? _
fu = (1 + n2x2)2 1+ n2x2)z

0

: . £}
This has solution at x = 1 /n. But this means that [ attains a max of fa G—) = ng’é)z = ~21 Thus
1+ns(=

it would not be possible to choose an N for all e, specifically any € < ;

37y Let fi, fo. f3, ... and g4, 92,83, - be uniformly convergent sequénccs of real-valued functions
on a metric space E. Show that the sequence fi + gy, f, + g5, ... is uniformly convergent.
Let f, - f and g,, > g. We have that for all x, for € > 0, 3N,, N, such fu(x) = F(0] <§

whenever n > N, and |g, (x) — g(x)] < -Ewhcnever n>N,.

We hypothesize that f, + g, — f + g. So we must find N such [(Fa + g2) ) — (F + g} <

€ whenever n > N. Note |(f, + g,,)(x) — (f + DO = [(fa = HE) + (gn — )| <
[fa(x) ~ FE + [gn(x) = g(x)|. Soif we take N = max (N1, N3), we will have that (i +

v/




Gn)(X) = (f + )| < [f
. = n(x — €
uniformly convergent. ) TSN+ lgn) - 9l = T § =€.So{f, +g,}is

e
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How about £,
191, f292. ...7 Suppose that
()] < e whenewern o A for Eﬁ;gr(z} :n]; g- We must then find N such |(f, g 163
,and x. " -
|

I(fn n - =
9)0) = DN = (g (0 — (Fg) () + (fa,) ) - (fg)(x)]
=G = DOgn+ IF®IIgn — )]

We can make -
‘] . _ f (x) are undegg;ﬁnej;? (SJ:) LGd [(gn - gXx)| arbitrarily sinall, but the behavi :
make it so with the addition th’atU%lfn} Is not guaranteed to be uniformly Conv;/:)r Gn(x) and |
can be replaced with constants ad Jfus Gn, as well as f, g are bounded. Then | gent. But we can
coonreample . A G o e can choose N accordingly. Gn () and |f ()|
n~ gn2 Xt5 gij‘-‘—;’( |

Given € > 0, there exists some NN such that d(fu(z), f(x)) < € whenn > N. Since each
function is bounded, all elements of fu{x) are bounded and thus all elements exists in an opew

ball B,(zo). Which means that we have d(f(z),y) < d{f(2). fulx)) + d(falz). o) < €+ T, /gm
all Bejr(x0). Theretore the sequence is bounded.

Thus all clements are contained in an open b




