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Let by = ax+m, for positive integers k and m. We need to prove that ZZ‘;l by if and only
if 77, ax converges. #

Let > 2o, by converge. This means that for some S € R, given any € > 0 there exists
N > 0 such that for any n > N we have

zn:bk—S'
k=1

< E.

Now consider Y ax. For n > m,

n n
ar—(at+a+ +an+8)| =+ +an+t Y a—(a+as+--+an+5)

k=1 k=m+1
n n—m n—m
= E ap — S| = E ak+m—S: E b, — S| <e
k=m+1 k=1 k=1

Since Yz, by converges to S and m is a fixed number such that n > m, given any € > 0 we
can find N such that for all n — m > N (or equivalently n > m + N) such that the above
inequality holds. Thus, ) a; converges, and we have

o0 (e.°] oo
Zak=a1+---+am+2bk=a1+'--+am+Zak+m
k=1 k=1 k=1

Now let > 7, ax converge. We wish to show that given any € > 0, there exists postive
integer N such that for p > ¢ > N

p

Zbk < 6

k=q
p p ptm
Y Bl = | = >
k=q k=q k=g+m

But since Yz ; a; converges, by Cauchy criterion there exists positive integer N such that
for all p+m > g+m > N, or equivalently p > m > N —m we have

p ptm
E bk = E ap| < €.
k=q k=g+m

By Cauchy criterion, Y p. ; by converges.



Problem 8

Let a1, as, as, ... be a decreasing sequence of positive numbers.
0

n
a) Z an = a1+ as +az+ ... converges so for e > 0, let s, = Z ay, and since {s,} converges,

n=1 k=1
{sn} is Cauchy and 3N such that for n,m > N = |s, — s,,| < . Thus:

(n—N)a, <anp1+...+a, =|s, — sy| <e = lim (n — N)a, =0
n—oco

Since lim Na, = N lim a, =0
n—o0 n—oo

lim na, = lim (n — N)a, + lim Na, =0
n—00 n—00 n—00

b) a1 + as + a3z + ... converges iff a; + 2ay + 4a4 + 8ag + ... converges.
(0.0}

Let Z a, converge

n=1
n

Let ¢, be a sequence of partial sums with ¢, = Z O Lo s = oy Doty + et + Baig -+
k=1
e 2"_1a2n—1

1
th = a1 + 2ao + 4ay + 8ag + ... + 2”_1a2n-1 < 2<§CL1 + a9+ 2a4 + ... + 2”_2a2n—1)

-
< 2[a; + ag + (a3 + aq) + ... + (agnaiy + ... + agn-1)] < QZan
=1
t, is bounded above so by the comparison test, it converges.
Let a; + 2as + 4a4 + 8ag + ... converge:
an is a decreasing sequence of positive numbers so a,+1 < a, so las + as| < as+as = 2ay
0,0}

and |asg + a5 + ag + a7| < ay + ay + ay + a4 = 4a4 and so on. Thus for all an,Zan £

n=1
00

a1 + 2as + 4as + 8ag + ... and by the comparison test, Z Gy, COnverges.

n=1
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Let > .2, f(k) converge to a positive real number S. By drawing a picture, it is clear

that
k+1

(z)dz < f(k).

k

0< / " f@)de < 3 1 0)
1 k=1

Then we have

Then we have

n+1 o8
0< lim /1 fl@)dz <" f(k)=S.
k=1

n—oo

1n+1 f(x)dz is monotonically increasing (since f is positive) and is

bounded above, the sequence converges. Hence, lim,,_, o f1n+1 f(z)dz exists.

Now let lim,,_,o fln f(z)dz exist and converge to a positive real number S. By drawing
a picture, it is easy to see that

Since the sequence S,, =

k+1
s+ < [ fo)ds.

k

Therefore, - P
fk) < f(z)dz
k=2 1
0< k] < lim flayde = 8.
; F(k) < Jlim | £(
Since the sequence S, = > p_, f(k), n = 2,3, is monotonically increasing and is bounded

above, the sequence converges. Since f is defined at z = 1, f(1) is a finite real number.
Therefore,

FO+3fE) = FR)
k=2 k=1
converges.



# 10. Use the preceding problem to tell for which p > 0 the following series converge:

oo 1 (o] 1 0 1
anl nP? Zn=2 n(logn)? ? Zn=3 nlogn(log logn)P *

(a) ZSLOZI an

Let f(n) = ;1—1;, then f(x) is decreasing, positive and continuous for z > 1.
By integral test,

[ e = 1ty [, & Pdz = hmb_mo[—x HP  Hptl

(p#1), [ Ldz = limy o 750077 — Lo

f(z) = { |- 1dx = limy o0 [} Ldz = limy,o0[Inz]} = 00 ifp=1

If 1 — p > 0, the improper integral diverges since lim,_, p(1-P) = 0.
and if 1 — p < 0, the improper integral converges since lim,_,« ba-7) = @,

Therefore by integral test, > - converges if p > 1 and diverge if p < 1.

==l nP

(b) Z?;Q m

Let f(n) = m Compute [;° f(z)dz. Let’s make the substitution, u = logz, then
du = 1dz so our 1ntegral becomes f —Lzdu= [uPdu

If p=1, then [;° f(z)dz = logu = 1og(logac)]2 = limy_, oo log(logb) — log(log2) = oco. Thus,
it dlverfres when p = 1

If p # 1, then [;° f(z)dz = tu ™! = 115 (logz) [P = limp—00 755 [(logh) P+ — (log2)~P*1].
We know that it converges 1f —p +1< 0 and diverges if —p + 1 > 0. Therefore the series
converges if p > 1 and diverges if p < 1.

o0 I
(©)2_n=s miogniiog Togn)? "

dx so our inte-

Likewise (b), Let’s make the substitution, u = log(logz), then du =

gral becomes f u~Pdu

Ep=1 [ f dm = logu = locr[loor(log:v)]\3 =00

If p # 1, then f3 z)dz = 155 [log(logz)] P*|§° = limy e 725 [log(logh)] P! — [log(log3)]~P*?
. Likewise (b), we know that 1t converges if —p+1 < 0, and dlverdes if —p+1 > 0. Therefore

the series converges if p > 1 and diverges if p <1

zlogw
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Let {a,} be a conditionally convergent series, and partition its elements into the negatives and positives.
Observe that ¥ ~0 @y and ¥, <o G, both diverge, for if they converged, then Yan>0On — La,<00n =
Y.|an| converges, contrary to the assumption.

Let a be an arbitrary value that wish for our rearrangement to converge to. Without loss of generality,
assume a > 0, then choose from the set of {a,, : a,, > 0} such that the sum is greater than a. Then add
from the set of {a,, : a,, < 0} so that the sum is less than a, and alternate between the sets so we are
choosing just enough we switch and the sum is greater than or less than a. Denote the nth iterate of this
process by the partial sum P; + N; + P, + Np + -+ + B, + N,,, where P’s denote we choose from a;f so
the partial sum exceeds a, and N’s denote we choose from a;; until the partial sum is less than a. Observe

P+N;+P,+Ny++B,+N,<a<P, +N,+P,+Ny++P,+N, +a
=P +N+P,+N,++B,+N,—a<a
Where a denotes the next positive element of {a,,} not§ yet used in our partial sum. We also have
a—(Py+N +P,+N, ++B,+Ny,)<a
= —(P,+Ny+P,+ Ny ++B, +N, —a) > —a

So [Py + Ny + P, + N + -+ B, + N, — a| < @. Since {a,} is a conditionally convergent series, a,, =
0, so the subsequence of positive terms also converge to 0. Thus for € > 0, we choose N such that @ < €,
then we will have |P; + Ny + P, + N, + -+ B, + N, — a| < @ < ¢, as desired.

15) Prove that if Y771 a,, and Y-, by, are absolutely convergent series of real numbers then the series
Ymn=10nbm is also absolutely convergent, and

5 - (E)(E
nm=1 ' n=1 m=1

For Y.7-1 a,, to converge, |a,| < M for some M and all n. Thus |a,,b,,,| < |[Mb,y,| for all n. Since
Yin=1by converges absolutely, so does Y5y Mb,,. By comparison, Y5 n=1 @, by, also converges
absolutely. To show the identity:

co

D) anby = lim a1by, + azbpy, + o+ Axbm
LJ k—o0
' m=1 m=1 m=1

nm=1

==lli_r)£1°<alz b, +a, Z b 4 =+ @, Z bm>
m=1 m=1 m=1
oi‘ o k co [o}
(}_‘ bm) lir: [(ul + 0y + et ay)] (Z_‘ b >/h_1£o Gy = (2 an>(z bm)
/ ; n=1 n=1

1 m=1



Additional Problem 1

Let w and v be continuous functions on [a, b] and differentiable on (a, ) and let v’ and v be

integrable on [a, b]. u and v are differentiable and continuous so uv is differentiable on (a, b)

and v and v are integrable on [a,b]. (uv) = (uv’ + vw'v) and since the product and sums of
b

integrable functions are integrable, / (uwv' 4+ u'v) exists.
a

/ab(uv)l(x) = /ab(u(r)v'(x) + ' (z)v(z))dz = /abu(:l?)v’(a:)dx + /ab u'(z)v(z)dz

By the fundamental theorem of integral calculus:

Additional Problem 2

Let > a, and )b, be convergent series of non-negative numbers. We want to show that

>V anb, converges.

Zan and Y b, converges so given any £ > 0, EIN such that if n > m > N, then
]Zak| < g/2 and 3N, such that if n > m > N, then ]Zbk| <e/2

nbn < @2 4 2a,b, + 02 = (a4 b2)? = Vanbn < V/(an + b,)?

= Vb < V/(an + b,)2 = |an + ba| = |an| + |n)

égﬁﬂ;awzwggzg

n
Thus given any € > 0, 3N such that if n > m > N then IZ Vagbr| < €50 Y Vagby,

converges.

Additional Problem 3

Let > a, be a convergent series of non-negative numbers and since it converges, hm an, = 0.

Thus, there exists an integer N such that for n > N, 0 < a, < 1. And for p > 1 for each
n > N, |a?| < a,. Then, applying the comparison test, we see that since Z a, converges, SO
does > aP.



