2. For which real numbers o > 0 is the function f : E? — R that is given by f(z,y) =
(z% + y?)* differentiable?
Solution:
It suffices to show for which values of « the partial derivatives exist and are continuous
on any open interval of E2. The partial derivatives are given by

of _ 2 2\a—1
= = 2az (z* + y?)

of _ 2 2)a-1
—ay—Qay(x +y3)% .

Whenever o > 1, both partials are the compositions of continuous functions at all
points in E? and therefore the function f is differentiable for this case. Whenever
0 < a < 1 we have that
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which is not defined on (z,y) = (0,0). Therefore the function is not differentiable at
every point in F? for 0 < o < 1.

3. Show that if f is a real-valued function on a connected open subset of E™ and f] =
f4="++-= f; =0 then f is constant.

Solution:

Since the partials of exist and are continuous on an open (connected) subset U of E™
by the theorem on page 197 of IA by Rosenlicht, we know f is differentiable. Hence
we can apply the lemma on page 196 of IA by Rosenlicht to get that for any a € U

f(z) = f(a) = fi(@)(m1 — a1) + fo(z) (22 — a2) + -+ + fr(2)(@n — an)
=0-(z;1—a1)+0-(xa—ay)+---+0- (2, —an) =0.

for all z € U. This implies that f(z) = f(a) for any @ € U and for all z € U.
Since the derivative exists on all of the open connected subset, we know there are no
discontinuities in the function values and the function needs to therefore be constant.

Problem 5:

Proof. Let f be a real-valued function on an open subset U of E™. Suppose that f is contin-
uously differentiable. Then we have:

@) = (FO) + AG) @ —y) + -+ 10 =) _
o (z,y)

Since d(z,y) = ((x1 —y1)%? + ... + (zn — yn)Q)% < |zp—wyi| + ... + |2n — Ynl, if we define the

F(@)=(F @)+ (@) @1 —y1)+.+Fn (®)

21— y1[ -t en—n @nvn)) for ¢ # y and €(y,y) = 0, we have

function e(z,y) =



limg_y (2, y) = 0. Thus: f(z) = f(y) + f) (@1 = y1) + .. + fo®)(@n — yn) + e(z,9) (J21 =
y1| + ... + |zn — yn|) for all € U. Defining: A;(z,y) = fi(y) + e(x y) (or subtraction
ifxi—a; <0 imphes that f( ) — fly) = Ai(z,y)(z1 — y1) + - Ap(z,y)(xn — yn) and
limg,y Ai(z,y) = Ai(y,y) = fi (y); therefore, they are continuous for any y € U.

Now, suppose that there exist continuous real-valued functions A;(z,y) functions (i =
1,...,n) such that f(z) — f(y) = Ai(z,y)(z1 —y1) + ... + Aclq(x,y)(xn —yp) forall z,y € U.
Then for z,y € U,z # y, we have |f (@)= (f(y)+Ai(z, y)(fvl(;y;))+~-+ n(2.y)(@n—yn)|
_ [(Ai1(@y)—Ar (y9)) (@1 = y1)ji~( Z)(A n(2:9) = An(:9)) @n=yn)| < |A1(z,y)— A1 (v, y)”'ﬁxZ;"{" H|An(z,y)—
An(y,9)]|Z2250) < Ay (2,y) — AL(®, )| + - .. + [An(@,y) — An(y,9)|- By the continuity of the

A;(x,y) functions:

lim [Ax(2,9) — A1, 9)| + -+ [An(2,9) = An(y,9)| = 0

Therfore:

[f(z) = (F@) + Az y) (@ —y1) + .+ An(@,9) (@ —ya))| _
Ty d(z,y)

Problem 6:

We can apply the change of variable corollary to the fundamental theorem of calculus
to get

B(y) a(yo) B(yo) B(y)
Fgy=| - foaiis= / Hlag e+ / Hoy)dot [ flz,y)de
a(y) a(y) a(yo) B(yo)
B(yo) Y
= d -
/a Hw ) / £(B(z),9)B(z) dz / FHola)golle)da

for arbitrary yo,y € U. Evaluating the derivative of F' at y, yields

. F(y)-F
F'(yo) = lim —_(y; yo(yo) -

oo Ja) F@y)dot [ £(8(@),9)8'(@) do — [y f(e(a), y)ol (z) dz — [ f(a,uo) d

Y=o Y— Yo

g S F@ ) = f@w)ds [ £(B(@), )6 (@) dz — [, f(a(@),)el() do
y—Yo Y— 1Y y—Yo Y—%Y

For the first term, since f is continuous and is being evaluated on the compact set
[a(yo), B(yo)], we know that it is in fact uniformly continuous and we can therefore
swap the limit and integral operations since they act on different variables to get

) /m«» i 1) = @) o S8 F(BE).9)8@) dr — [ fla(a) 1)o/ (@) da

(yo) Y70 Y—% v Y—"Y%
B(wo) Y / e /

_ / v 6f(x iz & i w (f(B(2),y)8'(z) — f(a(2),y) (2)) dz
(o) 8 Y—Yo Y — Yo

but by the fundamental theorem of calculus the second term becomes

Blwo) 5
= /( , By (-’13 Yo) dz + f(ﬂ(yo)’yo)ﬁ'(yo) — f(a(yo)’yo)a/(yo)'

Since yo € U was picked arbitrarily, the identity follows.



Problem 7

Let V, W be normed vector spaces, let U be an open subset of V and let a € U. A function
f : U — W is differentiable at a if there exists a continuous linear transformation T : V — W

such that
@) = f@ - Te=all _
a—a ||z — all
(a) Let f be differentiable at a and suppose S and T are continuous linear transformations

as defined above.

1S = T)(z - @)l < |1£(2) - fla) = S(z — )|l = || f(z) — f(a) = T(z —a)

And we have lim (S = T)(z —a)||

= 1.
ava ||z —a|

w = 0 So that we have

el

S(v) = T(v) and there is a unique linear transformation.

Let v # 0 and z = a+ v € U such that lin(l)
U=+

Let f be differentiable at a and let ¢ be a function onto W such that li_r)n ||||ag:0(—x)a‘|l| =
Let f(z) = f(a) + Df(a)(z — a) + ().

lim () = lim Df(a)(z—a) = 0 s0 lim (a)+Df(e)(—a)+(z) = lim f(z) = f(a).
Hence f is continuous at a.

Let W = E™ and suppose f is differentiable at a.

Which implies that the directional derivatives of the component functions f; of f are
differentiable at a

Now suppose the component functions of f are differentiable at a. The derivative of
the component functions f!/(a) would be the projection of f(a) on the i coordinate
of W.

il < Jwl < 1wl Yo, - tm) €W

Hence f is differentiable at a.



(d) Let V, W, Z be normed vector spaces. U and U’ are open subsets of V and W respec-
tively. Let f : U — U’ be a differentiable function at a € U and g : U' — Z be a
differentiable function at f(a).

Let f(z) = f(a) + f'(a)(z — a) + p(z) and g(y) = g(f(a)) + g'(f(a))(y — f(a)) +P(v)-
tim 128, WL,
le—a V- f@)

9(f(2)) = g(f(a)) + g'(f(a))(f(a)(z — a) + ¢(2)) + »(f(2))

¢'(f(a)) is a linear transformation so there exists a constant C such that for y, |¢'(f(a))(y)| <
Cly|. Thus

@)@l _ ;o Cle@l

z—a |m—a| z—a |x-—a| &

Let € > 0. There exists § > 0 such that |1)(y)| < |y — f(a)| whenever |y — f(a)| < 4.
f is continuous on a so there exists v > 0 such that |f(z) — f(a)] < & whenever
|z —a| < 7.

|z —al <v = [Y(f(2))] < elf(z) — fla)] <elf'(a)(z — a)| + elp(2)]

Therefore, there exists a constant C’ depending on the linear transformation f'(a) |’/’|§;f_(zl))| e
eC’ + e||—";l(_£a)—|| whenever |z — a| < 7.

The existence of the above limits imply that g o f is differentiable at a and (go f) =
g'(#(a))f'(a).

8. Verify that if ¢, 9 : R — R are twice differentiable functions, if a € R, and if f(z,y) =
o(z — ay) +¢(z + ay) for all z,y € E? then

BB O

oy " 0a?

it 111 S i (62— ay) + (e +ay)| = 2 [QW/’ —ay)+ -(%w(:c +ay)]

oy:  Oy? oy Loy
%f(z,y) 0 [0p(x—ay), . OY(z+ay)
Of(z,y) Pdlz—ay), o, OPl+ay) .,
3y2 ol ayg ( CL) o ayg (a')
However,
Pf(z,y) _ Pz —ay) &P (z + ay)
o2 O 0x?

Therefore,

a252f(fv,y) 2 f(=z,y)

g Jy?



9. Verify that the function u(z,y) = e—= /1y /+/y satisfies that differential equation
O®u _ du
oz Oy

Bu e /M(a? — 2)

5y_ . 4y5/2

ou  ze =/

dx 232
@ _ e== /4 (g2 — 2y)
oz 4yy5/2

Do the same for the function fab f(t)e~@=°/%y=1/2q¢ where [a,b] is a closed interval in R
and f : [a,b] — R is continuous.

8u c") b 2 b 8 2
LA —(z—t)? /4y, —1/2 33 _ —(z—t)%/4y, —1/2
o~ oy ). f(t)e Yy dt /a 8y_f(t)e gy 4dt

Additional Problem 1:

(a) Prove that if f is bilinear then

. |f(h, k)|
lim
(hk)=(0,0) |(h, k)|

Let (e7,...,el) and (el ,...,€™) be the standard bases for R® and R™ respectively. For
any z € R", x = Z z'e! and for any y € R™, y = Zy el . Thus we have

i=1 J=1

n m n m
=f(Zmie;,ZyjeZn)=ZZf(xie;,yje’ ZZw Y f(e,el)

i=1 j=1 i=1 j=1 i=1 j=1

Let M = ZHf et el )|| such that

@)l = I 2y f(eh el < S 1 (eh

< M * max{z‘}max{y’} < M||z|| ||y||

So we have

LGB MIBILRL o MBI
hR=00 |(h,E)] = tmi->00 |(h k)| (hk)=0,0) 1/|[R[]2 + ||E][2

Since ||| [[Kl| < (R[> + ||KII*

MUK o MU HIRP)
(rt00) /TP +TRIE (4200 /TRIP + TTFIP

= im M\/||h||2+||k [* =0

(k)




(b) Prove that Df(a,b)(h, k) = f(a, k) + f(h,b).

||f(a+h,b+k)—f(a,b)—f(a,k)—f(h,b)”

(b )2 (0.0) [1(h, B)]]
Hf(a‘ab) +f(aak) +f(h’b) ‘|’f(h?k) " f(avb) = f(avk) = f(h:b)“
= (=00 (. &)
F (R _

= im0 [ B
So Df(a,b)(h, k) = f(a, k) + f(h,b).

9. Define IP : R® x R — R by IP(z,y) = (z,y) (the inner product between the vectors
r and y).

(a) Compute D(IP)(z,y) and (IP)'(z,y). We can compute the Jacobian by finding
the partials, i.e. using the inner product definition we see that

o(z,y) Oz'y .y

ox ox
a<x’y> = BasTy 2 £ET
Oy Oy

thus for column vectors z and y we get that (IP)(z,y) = [y',2"]. Hence

D(IP)(z,y)(h,k) =y " h+zk.
(b) If f and g are differentiable maps from R — R™ and h(t) = (f(t), g(t)) show that

W)= (@7, 9@)+ {f(t),gd®)T).

where y' is the transpose of the matrix/vector y.
Solution:
The derivative is given by

h/(t) — lim h(t -+ k) oy h(t) — lim <f(t = k)ag(t + k» = <f(t)>g(t)>
k—0 k a k—0 k
_ i G R), g R) = ((0), gt 4 R)) + (F(D), 0t + ) — (£(2).0(8)
k—0 k
o R, 04 B) — (0, (B (70,0l K) — (F(2) )
k=0 k k—0 k '

Breaking this up using the inner product definition yields

i A+ R g +E) = (F@ gt +R) | (£(8), 9t +R) = (£(2), g(0)

k—0 k k—0 k

_ i RO+ R) = ST R) | FOTo(+E) = £()Tg()
= k k—0 k

i PR = SO g4 R) | FOT (gl +B) — (2)

k>0 k k—0 k

i SEHR) = F@) g +E) | (a(t+E) —g(t)" £()

k>0 k k=0 k

= (') 9) +(¢&)" £ @)
= (f'(1),9(®)) + (f(2), 9'(¥)) -



