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Motivations for the Problem _

e Let B, :={2€C":|z| < 1}.
o For a > —1, we let

FNn+a+1)

. - 2\« g =
dve(2) == co (1 —|2]7)% du(z), with ¢4 : T 1)

The choice of ¢, gives that v, (B,) = 1.

For 1 < p < oo the space A? is the collection of holomorphic
functions on B,, such that

g = [ G duala) < o

_app e
= (IAp)rtita

a)‘

« For A € B, let k/(\p’a)(z) and K)(z)

_ 1
T (A—ap)ntiter

A computation shows: Hkip ’

& 1,
AL
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Motivations for the Problem _

L]

Let D" :={z€C": |z <1 [=1,...,n}
We let ]
dva(z) = —dA(z1) - - - dA(2y)
™

For 1 < p < oo the space AP is the collection of holomorphic
functions on D™ such that

Hf”AP(Dn = /]D)n If ()P dv(z) < oo.

2
For )\ c D" let kip)(z) o= H?_ m and

=1 (1—)\121)
Ex(2) = ITis1 g

A computation shows: Hk(p |

~

Ap(Dn)
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Motivations for the Problem _

« The projection of L? onto A? is given by the integral operator

o) = /Q a2 )

» This operator is bounded from LP to AP when 1 < p < o0.

» Let M, denote the operator of multiplication by the function a,
M,(f) := af. The Toeplitz operator with symbol a € L™ is the
operator given by

Ty := PM,.

« It is immediate to see that || Ta||z(4r) S llall foo-
« More generally, for a measure p we will define the operator

)= [ W Kul(2) dutw),

which will define an analytic function for all f € H°.
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Motivations for the Problem

« For symbols in L* we let 7, be the C* subalgebra of L(A?)
generated by T,.

« An important class of operators in 7, are those that are finite
sums of finite products of Toeplitz operators.
Namely, for symbols aj € L with 1 <j< Jand 1 <k < K we
will need to study the operators:

J K
[[ 7o

j=1 k=1

+ Additionally,

J K L(AP)
TI’:{ZHTajkiaJ‘kELw 1<j<J 1Sk§K}
j=1k=1
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Motivations for the Problem _

When Q2 =B, let

) )
(1 —[z]")m+t
and when ) = D" let
dA(2) : do(2)

N AEEERE

There exists an integer N > 0 (depending only on the doubling constant

of the measure \) such that for any r > 0 there is a covering

Fr ={F;} of Q by disjoint Borel sets satisfying

(1) every point of Q belongs to at most N of the sets
Gj:={z€Q:d(z F;) <r},

(2) diamg Fj < 27 for every j.
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Motivations for the Problem _

A measure ;1 on B, is a Carleson measure for A? if

| @ du@) s [ G dualz) v € A5
B, B

Suppose that 1 < p < oo and o« > —1. Let p be a measure on B, and
r > 0. The following quantities are equivalent, with constants that
depend on n, o and T:

1— 2\n+1+4a
(1) llellrgm = supzep, Jp, é_;j:z% dp(w);

2) llall? :=inf { C: f5, If()P dpu(z) < C fy, [F(2)P dva(2)};

(2)
(3) lellgeo := supe, %
(4)

Y M Tl g eaz @)
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Motivations for the Problem _

A measure p on D" is a Carleson measure for A? if

[ @F dua s [ 1P dz) vre A
Dn Dn

Suppose that 1 < p < co. Let i be a measure on D™ and r > 0. The
following quantities are equivalent, with constants that depend on n, «
and r:

(1) ||H||RKM ‘= SUP,epn fm;n H?:

—1z?)2
QLo )

2) llepll? := mf {C: fpu If ()" dpu(2) < C Jpu If ()] dv(2)};

@
@WW%:WMWﬁﬁﬁﬁme%W%%%
)

4 H TH«”E(AP(]D)”)) g
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Motivations for the Problem _

For S € L(AP), we define the Berezin transform by

B(S)(2) := Sk, k§ﬂ>>A2 .

o B:L(AP) — L>®(Q).
« If S is compact, then B(S)(z) — 0 as z — 0.
o The Berezin transform is one-to-one.

« B(S) is Lipschitz conitnuous with respect to the hyperbolic metric
|B(S)(21) — B(S)(22)| < V21|l £(av) B(21, 22)

- Range of B is not closed: B~!: B(L(AP)) — L(AP) is not
bounded.
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Motivations for the Problem _

Suppose that ay, € L°(D) with 1 <j < J and 1 <k < K. Let
§= 23-721 ]_[,Ile Ty, The following are equivalent:

(a) The operator S is compact on A?(D);
(b) B(5)(2) = 0 as |2| = 1;
() ISkl 42 — 0 as 2] — 1.

+ The interesting implication is (b) = (a);
» The same proof works in the case of the unit ball, but was done by
Raimondo. Also works in the polydisc by Nam and Zheng.

Let 1 < p <oo. If S is a compact operator on AP, then S € T,.
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Motivations for the Problem _

From the previous Theorem and simple functional analysis we have
that if S is compact on AP then

SeT, and B(S5)(z) —0asz— 0N

If S €T, and B(S)(z) — 0 as z — 0N), then is S is compact?

Yes!

« Shown to be true by Suarez for AP when 1 < p < co and o = 0.
« Extended to o > —1 by Suérez, Mitkovski and BDW.
» Extended to the polydisc D™ by Mitkovski and BDW.
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Main Results

Let 1 < p<oo and S € L(AP). Then S is compact if and only if
S €7, and lim,_,5q B(S)(z) = 0.

We can actually obtain much more precise information about the
essential norm of an operator. For S € L£(A?) recall that

151l = inf {||S = Qllz(az) : @ is compact } .

Two other measures of the “size” of an operator S € L(AP):

bg = suplimsupHMl SH

r>0 2—00 ) L(AP,LP)
cs 1= lim||Mig 5| :
s r—1 Lovre L(AP,LP)
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Main Results _

Let r > 0 and let {wy,} and D,, be the sets that form a lattice in .
Define the measure
Ly = Z (D)0, -
m
It is well know that j, is a AP Carleson measure, so T, : A? — AP is
bounded.

T,, — Id on L(AP) when r — 0.

Let r > 0 be chosen so that || T}, — Id||£(A,,) < 3, and g := p,. Then
set

as(p) :=limsupsup {||Sfl| 4 : f € Tyt (A7), fll 40 < 1}
z—0%)
and define

ag := lim ag(p).
p—1
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Main Results _

Let 1 < p < oo and let S € T,. Then there exists constants depending
only on n and p such that:

ag~bg~cg~|9,-

For the automorphism ¢, such that ¢,(0) = z define the map

_ ) n+;+a
U f(w) = flpa(w) L) 2
(1—wz)” »

A standard change of variable argument and computation gives that

|v21]

o=l VFear.
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Main Results _

For z € Q and S € L(AP) we then define the map

S, i= U S(ULEy"

One should think of the map S, in the following way. This is an
operator on AP and so it first acts as “translation” in €, then the
action of S, then “translation” back.

Let1 <p<ooand S € T,. Then

ISl ~ sup limsup||Sofll4p -

Ifll ap=1 2—0%
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Sketch of Proofs _

Let S € T,, 1 a Carleson measure and € > 0. Then there are Borel sets
F; C Gj C Q such that
(i) Q =UF;;
(i) F;NF,=0ij#k;
)
)

(iii) each point of Q lies in no more than N(n) of the sets Gj;
(iv) diamg Gj < d(p, S, €)
and

o0
STy~ My STigu
j=1

< €.
L(AP,LP)
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Sketch of Proofs

« Let A denote the bounded functions that are uniformly continuous
from the metric space (2, 5) into the metric space (C, |-]).

» Associate to A its maximal ideal space M4 which is the set of all
non-zero multiplicative linear functionals from A to C.

» Since A is a C* algebra we have that €2 is dense in M4.

» The Toeplitz operators associated to symbols in A are useful to
study the Toeplitz algebra 7,,.

The Toeplitz algebra T, equals the closed algebra generated by
{T,:a€ A}.
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Sketch of Proofs _

« For an element z € M4 \ © choose a net z, — .
« Form S, and look at the limit operator obtained when z, — z,
denote it by S,.

Let S € L(AP). Then B(S)(z) — 0 as z — 9Q if and only if S, =0 for
all z € My \ Q.

We can extend this to compute the essential norm of an operator S in
terms of S, where z € My \ Q.

Let S € T,. Then there exists a constant C(p,n) such that

sup ||Sx||L(AP) ~ IS, -
€M A\Q
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Sketch of Proofs _

Let 1 <p<ooand S € L(AP). Then S is compact if and only if
S €T, and lim,_,pq B(S)(z) = 0.

=: If S is compact that B(S)(z) — 0 as z — 9Q and S € 7,,.
«: If S € 7, then we have

sup Szl zary = 15 -
zEMA\Q

If B(S)(z) — 0 as z — 0%, then S; =0 for all z € M4\ Q.
This gives ||S||, = 0 or equivalently S is compact. O
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Thank Youl
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