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Talk Outline

Talk Outline

@ Motivation and History of the Problem
@ Reformulation as the Operator Corona Problem
e The Corona Problem and Bounded Analytic Projections

@ The Corona Problem for Multiplier Algebras

e Besov-Sobolev Spaces and Multiplier Algebras
e The Baby Corona Problem & The Corona Problem

o Toeplitz Corona Theorem

@ Further Results and Future Directions
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Motivations for the Problem

Where Did the Name Come From?

The Beer Problem?
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Motivations for the Problem

Where Did the Name Come From?

The Corona Problem for H* (D)

The Banach algebra H*°(D) is the collection of all analytic functions on
the disc such that

|| oo () = sup |f(2)] < oo.
zeD
Let ¢ : H®(D) — C be a multiplicative linear functional. Namely,

o(fg) = ¢(f)p(g) and o(f +g) = o(f) + ¢(g)-

It's an easy exercise to show that for any multiplicative linear functional

sup [o(F)] < (Il Hoo (-
feH> (D)

To each z € D we can associate a multiplicative linear functional on
H>(D):
wz(f) :=f(z) (point evaluation at z).
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Motivations for the Problem

Where Did the Name Come From?

The Corona Problem for H* (D)

Every multiplicative linear functional ¢ determines a maximal (proper)
ideal of H®(ID): kerp = {f € H>*(D) : ¢(f) = 0}.

Conversely, if M is a maximal (proper) ideal of H*°(D) then M = ker ¢ for
some multiplicative linear functional.

The maximal ideal space of H**(ID), M yeo(py, is the collection of all
multiplicative linear functionals .

We then have that the maximal ideal space is contained in the unit ball of
the dual space H*°(ID). If we put the weak-* topology on this space then
Moo () is @ compact Hausdorff space.

The proceeding discussion then shows that D C M peo (.
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Motivations for the Problem

Where Did the Name Come From?

The Corona Problem for H* (D)

One then defines the Corona of H>*(D) to be M yoo(p) \ D.

In 1941, Kakutani asked if there was a Corona in the maximal ideal space
M peoy of H* (D), i.e. whether or not the disc D was dense in M pjoc(p)?
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Motivations for the Problem

Where Did the Name Come From?
The Corona Problem for H* (D)

Using basic functional analysis, Kakutani's question can be phrased as the
following question about analytic functions on the unit disc:

The open disc I is dense in M poo(py (namely the algebra H>°(ID) has no
Corona) if and only if the following condition holds:

If fi,...,fy € H®(D) and if

max |fi(z)| >0>0 VzeD
1<j <N

then there exists g1, ...,gny € H*(D) such that

N
1= fi(2)g(2).

j=t
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Motivations for the Problem

Where Did the Name Come From?

The Corona Problem for H* (D)

Kakutani's question was settled in 1962 by
Carleson: D = M oo ().

Theorem (Carleson’s Corona Theorem)

Let {6}JN:1 € H>*(D) satisfy

N
0<d<Y |fi(2))?<1, VzeD.
j=1

Lennart Carleson Then there are functions {gj} —, in H>® (D) with

N

Z (z)gi(z)=1 VzeDand |glo < G-
j=1
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Motivations for the Problem
Reasons to Care about the Corona Problem

© Angles between Invariant Subspaces: Kj := H?(D) © OH?(D)
The angle between Kjp, and Kp, is positive if and only if there exists
11 and Y, such that
101 + P2t = 1.

@ Interpolation in H*°(ID): Let B(z) be a Blaschke product with zeros
{zx} = Z, and let f € H*°(D) be such that

f(2)| +|B(z)] >6 >0 VzeD.

Then there exists p, g € H>°(DD) such that pf + gB = 1 if and only if
there is a solution to the interpolation problem

1
p(zk) = ) Vz, € Z.

© Control Theory
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The Operator Corona Problem
Reformulation of the Problem

Let Q2 be a domain in C".

Let £ and E, be separable complex Hilbert spaces.

HE _ £(R) is the collection of all bounded operator-valued functions.
F(z): E. — E and ||F||pee

=sup||F(z _
(@) Zeg” (2)le.~E

Question (Hz°_ £(€2)-Operator Corona Problem)

Let F € HE_ £(Q). Can we find, preferably local, necessary and sufficient
conditions on F so that it has an analytic left inverse? Namely, what
conditions imply the existence of a function G € HZ ¢ () such that

G(2)F(z)=1 VzeqQ.

A simple necessary condition is: | > F*(z)F(z) > 6?1 Vz € Q.
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The Operator Corona Problem
Connection to the Usual Corona Problem

Let Q = ID, the unit disc in the complex plane. Take
F(z) = (fi(2),...,fn(2))" in the Operator Corona Problem to recover:

Question (Corona Problem)
Suppose that fy, ..., fy € H*(D) with

N
1>) |f(z)P>6>0 VzeD.
j=1

Do there exist gj € H>(D) such that

N
Z )=1 VzeD?
j=1
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The Operator Corona Problem

Known Results for the disc D

@ When E, = C and dim E < oc:

e In 1962 Carleson demonstrated that the simple necessary condition is
sufficient;

o In 1967 Hérmander gave another proof of the result using d-equations;

e In 1979 Wolff gave a simpler proof of Carleson’s result.

@ When E, = C,dim E = o0:

@ Rosenblum, Tolokonnikov, and Uchiyama independently gave proofs.
@ When dim E, < oo and dim E = co: (Matrix Corona Problem)

e Fuhrmann and Vasyunin independently demonstrated this.
@ When dim E = dim E, = co: (Operator Corona Problem)

o In 1988 Treil constructed a counter example which indicates that the
necessary condition is no longer sufficient.

o In 2004 he gave another construction which demonstrated the same
phenomenon.
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The Operator Corona Problem

Known Results for General Domains and Several Variables

@ In 1970 Gamelin showed that the H>°(€2)-Corona problem is true
when the domain Q C C has “holes.”

@ More generally, if Q C C is a Denjoy domain, then the Corona
Theorem is true by a result of Garnett and Jones from 1985.

The Story is Much Different in Several Complex Variables

@ Simple cases where the maximal ideal space of the algebra can be
identified with a compact subset of C". For example, the Ball Algebra
A(B,) or Polydisc Algebra A(D").

@ There are counterexamples to Corona Theorems in several complex
variables due to Cole, Sibony and Fornaess, but for domains that are
very complicated geometrically.

@ When n>2and Q C C" (e.g. B, or D") the H>*(€2)-Corona
Problem is open.
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The Operator Corona Problem

Take Away Point

There are NO known domains in €2 C C
for which the H>(2)-Corona problem

fails.

There are no KNOWN domains in
Q C C" for which the H>*(Q)-Corona

problem holds.
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The Corona Problem and Connections to Analytic Projections

Nikolski's Lemma

The Operator Corona Problem is connected to complex geometry since the
family of subspaces Ran F(z) = {F(z)e : e € E} encode the information
about this problem in a geometric manner.

Lemma (Nikolski's Lemma)
Let F € HZ _ £(Q) satisfy

I > F*(2)F(z) > 6%, VYzeQ.

Then F is left invertible in HE®_ £(S2) (i.e., there exists G € H® ¢ (Q)
such that GF = 1) if and only if there exists a function P € HZ £(Q)
whose values are projections (not necessarily orthogonal) onto F(z)E for
all z € Q.

v

Key Point: Finding a left inverse is replaced with constructing a bounded
analytic projection-valued function that takes a prescribed range.
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The Corona Problem and Connections to Analytic Projections

The Corona Condition and Projections in D

Let F € HZ_ (D) be such that

I > F*(2)F(z) > 6*I Vz € D.

Set
N(z) := F(z)(F*(2)F(2))"*F*(z) VYzeD.
Note that
Niz) = N(2)*
M%(z) = N(z)

The values of I are orthogonal projections with RanT1(z) = Ran F(z) but
clearly are not analytic. Direct computation demonstrates that

M(z)on(z) =0 VvzeD.
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The Corona Problem and Connections to Analytic Projections

Solution to the Operator Corona Problem

Theorem (S. Treil, BDW, J. Amer. Math. Soc., 22 (2009))

Let F € HZ_ £(D) satisfy the Corona Condition F*F > §21. Assume that
there exists a bounded non-negative subharmonic function ¢ such that

Ap(z) > |F'(2)II? zeD.

Then F has a holomorphic left inverse G € Hg° ¢ (D). Moreover, if the
function ¢ satisfies
0<p(z) <K VzeD,

then one can find the left inverse G satisfying

1Glloo <671 (1 + 2\/(KeK+1 1 1)KeK+1> ,
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The Corona Problem and Connections to Analytic Projections

The Corona Problem and Bounded Analytic Projections

There is a more general theorem that can be obtained in this context:

Theorem (S. Treil, BDW, J. Amer. Math. Soc., 22 (2009))

Let M : D — B(E) be a C? function whose values are orthogonal
projections in E satisfying MOl = 0. Assume that there exists a bounded
non-negative subharmonic function ¢ such that

Ap(z) > ||oN(2)|? Vz € D.

Then there exists a bounded analytic projection onto RanT1(z), i.e., a
function P € HE° g such that P(z) is a projection onto RanTl(z) for all
z € D.

Moreover, if 0 < ¢(z) < K for all z € D, then one can find P satisfying

IPlloo < 1 +2y/(KeK+1 + 1)KeK+1.
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The Corona Problem and Connections to Analytic Projections

The Corona Condition and Projections

Method of Proof (of both Theorems):
@ Need to construct a bounded analytic projection P(z) with

RanP(z) = RanF(z) VzeD.

@ Use the projection [(z) as an initial guess for P(z).

e Main Difficulty: Find some bounded operator-valued function
V(z) : E — E that we can use to “correct” the initial guess of I(z)
to be holomorphic. Set P(z) =MN(z) — N(z)V(z)(I — N(z)).

@ The are several possible candidates for such a function:

o Direct computation shows that ¢(z) = Ctr(F*(z)F(z)) works.
Doesn't give good estimates in terms of the constants.
e The function ¢(z) = Indet(F*(z)F(z)) also works and gives better

estimates.
@ The Corona Problem then can be solved by using Nikolski's Lemma
to see that F is left invertible.
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The Corona Problem for Multiplier Algebras
Extensions of the Corona Problem

The point of departure for many generalizations of Carleson’'s Corona
Theorem is the following:

Observation

H*° (D) is the (pointwise) multiplier algebra of the classical Hardy space
H? (D) on the unit disc.

Namely, let My;2(ID) denote the class of functions ¢ such that

lofllem) < Clifllnep), Y € H(D). (1)

with ||<P||MH2(1D>) = inf{C : () holds}. Then ¢ € H>*(D) if and only if
© € M2(D) and,

[ollm, @) = 1l oo p)-
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The Corona Problem for Multiplier Algebras

Besov-Sobolev Spaces

The space BJ (B,) is the collection of holomorphic functions f on the unit
ball B, such that

{S§WAm(mf4ié 2dm4a}2<cm
k=0 n

(1 1=2)™ £ (2)

—n—1

where d\, (z) = (1 — ]z|2) v (z) is the invariant measure on B,
and m+ o > 7.These spaces can also be defined for 1 < p < oo with
appropriate modifications.

Various choices of o give important examples of classical function spaces:

@ 0 = 0: Corresponds to the Dirichlet Space;

e 0= %: Drury-Arveson Hardy Space;
e o0 = 7: Classical Hardy Space;
@ o > 5: Bergman Spaces.

B. D. Wick (GeorgiaTech) The Corona Problem 22 / 36



The Corona Problem for Multiplier Algebras

Besov-Sobolev Spaces

The spaces BJ(B,) are examples of reproducing kernel Hilbert spaces.
Namely, for each point A € B, there exists a function ky € BJ(B,) such
that

f()‘) = (fu k)\>Bg-

Easy computation to show that the kernel function ky is given by:

1

kx(z) = W

e 0= %: Drury-Arveson Hardy Space; ky(z) = 1—lXZ
o 0 = 5: Classical Hardy Space; k\(z) = (1- )‘z)
0 o — n+1 Bergman Space; ky(z) = m
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The Corona Problem for Multiplier Algebras

Multiplier Algebras of Besov-Sobolev Spaces Mp; (IB,)

We are interested in the multiplier algebras, Mgz (B,), for BS(B,). A
function ¢ belongs to Mpg (B,) if

leflleg @, < Cllifllag@,) V€ B3(Bn)
¢l Mgo (B,) = inf{C : above inequality holds}.
2

Let X (B,) be the functions ¢ such that for all f € BS(B,):

JRCL

with [[¢]|xg@,) = inf{C : (1)
Mgs (Bn) = H>(Bn) N A7 (Bn)
~ ellnem,) + llellxg .-

2
dAn(2) < C||f||2B§(IB§,,)v (1)

(1 12)™ o™ (2)

holds}. It is easy to see:

1t 2
24 / 36

B. D. Wick (GeorgiaTech) The Corona Problem



The Corona Problem for Multiplier Algebras

The Corona Problem for Mp;(IB,)

Question (Corona Problem for Multiplier Algebras MB;(Bn))
Given f,...,fy € Megg (B,) satisfying

N
0<6<Y |fi(2)?<1 VzeB,.

Are there functions g1, ...,gN € Mgg (B,) and a constant Cp, ;. n 5 such
that:

N
> llgillvy @y < Crone
j=1 ’

N
Zgj(z)lj-(z) = 1 VzeB,?
j=1
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The Corona Problem for Multiplier Algebras

The Baby Corona Problem for BY(B,)

Question (Baby Corona Problem for BS(B,))
Given f,...,fy € Mgg (B,) satisfying

N
0<d<> |fi(z))?<1 VzeB,
j=1

and h € BS (B,,). Does there exist a constant C, , n,s and functions
ki,...,ky € BS (B,) satisfying

N
2 2
> 1: 1killBe @,y < Caons llAlleg s,
J:

i ki(z)fi(z) = h(z) VzeB,?
j=1
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The Corona Problem for Multiplier Algebras

Corona implies Baby Corona

Indeed, if the Corona Problem is true and we take h € BJ(B,), we can see
that the Baby Corona Problem follows. Suppose fi,...,fy € I\/IBg (Bn),
and there exists g1,...,gn € MBg(IBS,,) such that

N
Z ngHMBa(]Bn) < ChoNys Zg:[ (Z i(z)=1 VzeB,.
— g

Multiplying the second equation by h, we find

N N

hz) =Y g(2)f(2)hz) =Y ki(2)fi(z) VzeB,

j=1 j=1

Since g1,...,8N € MBg(Bn) we then have that k; := gjh € BJ(B,) with
1kl Bz (B,) < HgJ'HMBg(JBn)HhHBg(IBn): so the claimed estimates follow as
well.
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The Corona Problem for Multiplier Algebras

Baby Corona implies Corona?

Toeplitz Corona Theorem

Theorem (Toeplitz Corona Theorem, (Agler and McCarthy))

Let ‘H be a Hilbert function space in an open set Q) in C" with an
irreducible complete Nevanlinna-Pick kernel. Let € > 0 and let
fi,...,fn € My. Then the following are equivalent:

(i) There exists g1, ...,8n € My such that Z Y, figi=1and
YLy llgllm, < &
(ii) For any h € H, there exists ky, ..., ky € H such that h = Y"1

" j=1 k_/f/
and Y17, ||kl < ZlAll3,.

Moral: If the Hilbert space has a reproducing kernel with enough
structure, then the Corona Problem and the Baby Corona Problem are the
same question.
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Main Results

Baby Corona Theorem for By (BB,)

Theorem ($. Costea, E. Sawyer, BDW (Analysis & PDE to appear))

Let0 <o and1 < p<oo. Given f,...,fy € Mpg (B) satisfying
N
0<6<Y Ifi(2))?<1, zeB,
j=1

and h € Bj (Bn). There are functions ki, ..., ky € By (Bp) and a
constant Cp, 5 N,p,s Such that

N
11P p
jzl ”kJHBg(Bn) < GoonNps ”h”Bg(B,,) )
N
ki(z)fi(z) = h(z) VzeB,.
=il

J
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Main Results

The Corona Theorem for Mgz (IB,)

Theorem ($. Costea, E. Sawyer, BDW (Analysis & PDE to appear))

Let 0 <o < % Given fy,...,fy € Mgg (Bn) satisfying
N
0<6< Z 2<1 VzeB,,
there are functions gy, ...,gn € Mgg (Br) and a constant Cp, , n 5 such
that

N
> g ||MB<, @) = Coons
j=

1
N
Zgj fi(z) = 1, zeB,.
Jj=1
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Main Results

The Corona Theorem for Mgz (IB,)

The proof of this Theorem follows from the first Theorem very easily.

@ When 0 <o < % the spaces Bg(IB%,,) are reproducing kernel Hilbert
spaces with a complete Nevanlinna-Pick kernel.

@ By the Toeplitz Corona Theorem, we then have that the Baby Corona
Problem is equivalent to the full Corona Problem. The result then
follows.

An additional corollary of the above result is the following:

< % the unit ball B,, is dense in the maximal ideal space of

This is because the density of the unit ball B, in the maximal ideal space
of Mgy (B,) is equivalent to the Corona Theorem above.
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Sketch of Proof of the Baby Corona Theorem

Given f1,...,fy € MB;; (B,) satisfying

N
0<d<> (2’ <1, ze€B,

° Set pj(2) = 5~ l;g h(z). We have that 31, £(2)e(2) = h(2).

@ In order to have an analytic solution we will need to solve a sequence
of 0-equations: The Koszul Complex.

This gives an algorithmic way of solving the d-equations for each
(0, g) with 1 < g < n after starting with a (0, n) form.

The Koszul Complex gives us kj = ¢; — &;.
Algebraic properties of the Koszul complex give that Z —1 fikj = h.
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Sketch of Proof of the Baby Corona Theorem

Hard work then lets you conclude that the solutions obtained by the
Koszul complex have the desired estimates.

Key Ideas in the Proof:

@ Exact structure of the kernel of the solution operator that takes (0, q)
forms to (0,q — 1) forms:

(1 -wz2)" e (1 w?)"

A(W,Z)n (Wj—fj) Vi<g<n

Here A (w,2) = |1 — wz” — (1= |wP) (1= |2]°).

@ The solution operators to the d-problem take the Besov-Sobolev
spaces BP(B,) to themselves.

33 /36
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Further Results and Questions

The H*(B,) Corona Problem

When o = 4 (the classical Hardy space H*(B,)), we have a weaker version
of the Corona Problem that we can prove.

Theorem (S. Costea, E. Sawyer, BDW (J. Funct. Anal., 258 (2010)))

Given fi, ..., fy € H>®(B,) satisfying 0 < § < Eszl I (2)|* < 1 for all
z € B,,. Then there is a constant C, s and there are functions
g1,---,8n € BMOA(B,) satisfying

N

ZHgJ’HBMOA(Bn) < Ghng
j=1

N
Zgj(z)ﬁ-(z) =" z € B,.
j=1

This gives another proof of a famous theorem of Varopoulos.

B. D. Wick (GeorgiaTech) The Corona Problem 34 / 36



Further Results and Questions

Open Problems and Future Directions

© Does the algebra H* (B,,) of bounded analytic functions on the ball
have a Corona in its maximal ideal space?
Prize for Solution: A Case of Corona Beer

R =

i;“

@ Can we prove a Corona Theorem for any algebra in higher dimensions
that is not the multiplier algebra of a Hilbert space with the complete
Nevanlinna-Pick property? Any < 0 < 5 would be extremely
interesting.
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Conclusion

Thank Youl
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