Brett D. Wick

Georgia Institute of Technology
School of Mathematics

Hilbert Modules and Complex Geometry
Mathematisches Forschungsinstitut Oberwolfach
April 24, 2014

B. D. Wick (Georgia Tech) | Carleson Measures & Hilbert Spaces [



Motivation _

Let Q be an open set in C";
Let H be a Hilbert function space over €2 with reproducing kernel Kj:

FO) = {f, K\)y -

A non-negative measure p on € is H-Carleson if and only if

/Qlf(z)\2 du(z) < C(u)?|If1I3, -

Give a ‘geometric’ and ‘testable’ characterization of the H-Carleson
measures.
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Motivation

Let k) denote the normalized reproducing kernel for the space H:

K\(2)
(Rzoy/P"

Testing on the reproducing kernel k) we always have a necessary
geometric condition for the measure p to be Carleson:

sup [ [ia(2)]” diu(2) < C(10)°.
€N JQ

k)\(z) =

In the cases of interest it is possible to identify a point A € Q2 with
an open set, Iy on the boundary of 2. A ‘geometric’ necessary
condition is:

=
p(T()) S IEx
Here T'(Iy) is the ‘tent’ over the set Iy in the boundary 0f.
B. D. Wick (Georgia Tech) | Carleson Measures & Hilbert Spaces [/



Motivation

Bessel Sequences/Interpolating Sequences/Riesz Sequences:
Given A = {);}22; C Q determine functional analytic basis
properties for the set {ky;}72;:

{kx,; 1321 is Bessel iff puy is H-Carleson;

{Aj}321 is Interpolating iff pa is H-Carleson and separated.

{kx;}3721 is Riesz iff pp is H-Carleson and separated.
Multipliers of H: Characterize the pointwise multipliers for H:

Multi(H) = H®nN CM(H).
||<P||Mu1ti(H) ~ el ge + “MwHCM(H) :

Commutator/Bilinear Forms/Hankel Form Estimates:
Given b, define Ty : H X H — C by:

To(f,9) = (fg.b)y-
”Tb”HxH—>C & “'u‘b”CM(H)'
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Motivation

While at a conference at Oberwolfach the audience discovers that it is
interested in a certain class of Carleson measures for a Hilbert space of
analytic functions. While looking into this question, the audience
comes to a fork in the road and must choose which direction to
proceed. Each direction has challenges, but miraculously in both
directions the challenges can be overcome with similar tools! Which
way do you choose....

« I am an analyst that cares more about several complex variables,
function theory, Carleson measures, and their interaction.

» Characterization of Carleson Measures for Besov-Sobolev Space BS (By,)

» [ am an analyst that cares mores about one complex variable,
inner functions, Carleson measures, and their interaction.

» Characterization of Carleson Measures for the Model Space Ky on D
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Besov-Sobolev Spaces on B,

o Motivation of the Problem

« Besov-Sobolev Spaces of analytic functions on B,,
« Carleson Measures for Besov-Sobolev Spaces
« Connections to Non-Homogeneous Harmonic Analysis

o Characterization of Carleson measures for Besov-Sobolev Spaces
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Besov-Sobolev Spaces on B,

+ The space B (B,,) is the collection of holomorphic functions f on
the unit ball B, := {z € C" : |2| < 1} such that

8 (o2 LY ) ¢,
{kz:%\f Of + [ (t=12)""7 1 (2

2 3
dAn (z)} < 00,

—n—1
where d\, (z) = <1 — |z|2) Ay (2) is the invariant measure on
B, and m+o > 3.

» Various choices of ¢ recover important classical function spaces:
« o = 0: Corresponds to the Dirichlet Space;
- o = 1: Drury-Arveson Hardy Space;
+ 0 = 4: Classical Hardy Space;
« o> 5: Bergman Spaces.

|32
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Besov-Sobolev Spaces on B,

« The spaces BJ(B,) are reproducing kernel Hilbert spaces:

fN) = (f, KX) g 8,)

A computation shows the kernel function KY(z) is:

1
K3 ()= ——%
(1 = )\Z)
o0 = 3: Drury-Arveson Hardy Space; K? 2 (2) = 5
. % Classical Hardy Space; K 2( ) = m;
— =N — 1
« o= 2L Bergman Space; )\2 (2) = TS
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Besov-Sobolev Spaces on B,

We always have the following necessary condition:
p(T(By) S ™.

When 0 <o < %:
o If n =1, the characterization can be expressed in terms of
capacitary conditions. More precisely,

w(T(G)) S cap, (G) Vopen G C T.

See for example Stegenga, Maz’ya, Verbitsky, Carleson.
o If n > 1 then there are two different characterizations of Carleson
measures for BY(B,,):
+ One method via dyadic tree structures on the ball by Arcozzi,
Rochberg, and Sawyer.
» Omne method via “T(1)” conditions by Tchoundja.

Characterize the Carleson measures when % <o< %
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Besov-Sobolev Spaces on B,

» A measure y is Carleson exactly if the inclusion map ¢ from H to
L%(Q; 1) is bounded, or

JU@P du(z) < CWR 1

A measure p is a H-Carleson measure if and only if the linear map

ﬂmw=4mmmwwwm
is bounded on L*(Q; ).
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Besov-Sobolev Spaces on B,

When we apply this proposition to the spaces B (B,,) this suggests
that we study the operator

1
20N = [ Re (G ) Hwdn(w) : L2(Bui ) — (Buip)
and find some conditions that will let us determine when it is bounded.

Tool that saves us: (Non-homogeneous) Harmonic Analysis.

» The kernel of the above integral operator has some cancellation
and size estimates that are reminiscent of Calderén-Zygmund
operators as living on a smaller dimensional space.

» The measure p has a growth condition similar to the estimates on
the kernel.

+ Idea: Try to use T(1) to characterize the boundedness of

Tpoo + L*(Bas p) — L2(By; ).
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Besov-Sobolev Spaces on B,

PROCEED
WITH
CAUTION:

Do notgo in
the wrong
direction!
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Besov-Sobolev Spaces on B, _

If we define

Az, w) = {

2] = lwll + |1 - | : 2weB,\ {0}
| 2| + |w]| : otherwise.

Then A is a pseudo-metric and makes the ball into a space of
homogeneous type.

A computation demonstrates that the kernel of T}, o, satisfies the
following estimates:

1
< -
|K20'(z7 w)| ~ A(Z, w)zo-

Vz,w € By;
If A(¢, w) < $A(z, w) then

A(¢, w)'’?

| K20 (€, w) — Kag (2, w)| S Az, w2 i
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Besov-Sobolev Spaces on B,

+ These estimates on Ks,(z, w) say that it is a Calderén-Zygmund
kernel of order 20 with respect to the metric A.

« Unfortunately, we can’t apply the standard T(1) technology
(adapted to a space of homogeneous type) to study the operators

T),20- We would need the estimates of order n instead of 2¢.

« However, the measures we want to study (the Carleson measures
for the space) satisfy the growth estimate

n(T(B,)) S r*

and this is exactly the phenomenon that will save us!

» This places us in the setting of non-homogeneous harmonic
analysis as developed by Nazarov, Treil, and Volberg. We have an
operator with a Calderén-Zygmund kernel satisfying estimates of
order 20, a measure u of order 20, and are interested in
L?(B,; 1) — L?(B,; 1) bounds.
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Besov-Sobolev Spaces on B,

Let p be a positive Borel measure in B,. Then the following conditions
are equivalent:

(a) wis a By (By)-Carleson measure;
(D) Tu2o: L2 (B ) = L2(By; p) is bounded;
(¢) There is a constant C such that
() 1 Tp20XQlI 72,0 < CH(Q) for all A-cubes Q;
(ii) w(Ba(z,7)) < C 1% for all balls Ba(z,7) that intersect C™ \ B,.

Above, the sets Ba are balls measured with respect to the metric A
and the set @ is a “cube” defined with respect to the metric A.
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Besov-Sobolev Spaces on B,

« We have already proved that (a) < (b), and it is trivial (b) = (c¢).
« It only remains to prove that (¢) = (b).
o The proof of this theorem follows from a real variable proof of the
T(1)-Theorem for Bergman-type operators.
« Follow the proof strategy for the T(1) theorem in the context at
hand. Technical but well established path (safe route!).
« It is possible to show that the T(1) condition reduces to the
simpler conditions in certain cases.

« An alternate proof of this Theorem was later given by Hyténen
and Martikainen. Their proof used a non-homogeneous
T(b)-Theorem on metric spaces!
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Besov-Sobolev Spaces on B,

PASSAGE

CITY OF GCHICAGD

4« Return to Beginning

<« Conclusion
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Model Spaces on the the Unit Disc

o Motivation of the Problem

Model Space of Functions on the Unit Disc
o Carleson Measures for the Model Space
« Connections to Two-Weight Inequalities for the Hilbert Transform

« Characterization of Carleson measures for Ky
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Model Spaces on the the Unit Disc _

Let H? denote the Hardy space on the unit disc D;
Let ¥ denote an inner function on D:

[W(E)|=1 ae £eT.

Let Ky = H?> © 9H?.
This is a reproducing kernel Hilbert space with kernel:
1 —9(N)I(z)
K -
2(2) 1— Az

Geometrically characterize the Carleson measures for Kg:

LGP du() < 02 I, v € Ko.
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Model Spaces on the the Unit Disc

We always have the necessary condition:

1 - TN0()|
A

— L du(z) < R 1Kl VA ED.
‘1—>\Z‘

« If 1 is a one-component inner function: Namely,
Qle) ={ze€D : [¥(2)| < €}, 0<ex<l1

is connected for some e.
» Cohn proved that p is a Ky-Carleson measure if and only if the
testing conditions hold for Carleson boxes that intersect Q(e).
« Treil and Volberg gave an alternate proof of this. Their proof works
for 1 < p < o0.
» Nagzarov and Volberg proved the obvious necessary condition is not
sufficient for u to be a Ky-Carleson measure.
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Model Spaces on the the Unit Disc _

o Let o denote a measure on R.
o Let 7 denote a measure on Ri'
. For f € I?(R,0), the Cauchy transform will be

@ = [ 1 (i) = Cof)(a).

RW—2

« Let o denote a measure on T.
« Let 7 denote a measure on D.
« For f € L?(T, ), the Cauchy transform will be

2= [ o(dw) = o)
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Model Spaces on the the Unit Disc _

Let o be a weight on T and 7 a weight on D. The inequality below
holds, for some finite positive €,

||C(O-f)||L2(ﬁ7T) < %Hleﬂ(T;a)?

if and only if these constants are finite:
a(T) - 7(D) + Sup{P(olT\I)(z)PT(z) + Pa(z)P(Tlﬁ\B )(2)} = o,

supo(1 / ICo11(2) Pr(dA(2)) = T2,

sup7(Br)~ /|Ci131 (w)20(dw) = T2
I 1

Finally, we have € ~ ﬂflﬂ + 7.
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Model Spaces on the the Unit Disc

Danger: Technical Obstructions Exist!

Cagﬁon

Difficult or Dangerous
Terrain Ahead
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Model Spaces on the the Unit Disc

Recast the problem as a ‘real-variable’ question:
T—1
Ro(z) = | ——o(dt), zeR2.
U() R|I—t|20( ) +

Write the coordinates of this operator as (R!, R?). The second
coordinate R? is the Poisson transform P. The Cauchy transform is

Co = R'o + iR%0.

Let o denote a weight on R and 7 denote a measure on the upper half
plane Ri. Find necessary and sufficient conditions on the pair of
measures o and T so that the estimate below holds:

IR (@)l 2@z iry < A Il 2io -
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Model Spaces on the the Unit Disc _

o The kernel of this operator:
T—1
|z — ¢
is one-dimensional. Proofs and hypotheses should reflect this
structure in some way.
» The necessity of the conditions is well-known:

o(T) - 7(D) + sup{P(alT\I)(z)PT(z) + Pa(z)P(Tlﬁ\BI)(z)} = b,
sup (1 / ICo11(2) 2 (dA(2)) = T2,

o B / IC5 15, (w) 2o (dw) = T2.
I I

» All efforts have to go into showing the sufficiency of these
conditions.
« Tool that saves us: (Non-homogeneous) Harmonic Analysis.
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Model Spaces on the the Unit Disc

» Use “hidden” positivity to deduce the ‘Energy Inequality’:

For any interval Iy and partition P of Iy into dyadic intervals,

> > Po(h\ K,K)’E(r, K)*1(Qk) S %*0(Qp,).

1eP Kewl

» Study the corresponding bilinear form:

(Raf, g),

and expand f and g with respect to weight Haar bases adapted to
the weights o and w.

» Mimic parts of the proof of the T1 Theorem. Use a clever
recursion argument discovered in the case of the Hilbert transform.
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Model Spaces on the the Unit Disc _

» Let o denote the Clark measure on T.
« Then L?(T; o) is unitarily equivalent to Ky via a unitary U.
« U*: L*(T;0) — Ky has the integral representation given by

/(&)
T1—E2

Uf(z) = (1 -9(2)) o (d§).

» For the inner function ¥ and measure p, define a new measure
p)
=1 =9|°p

A measure 1 is a Carleson measure for Ky if and only if
C: L*(T;0) — L*(D;vy,,) is bounded.
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Model Spaces on the the Unit Disc _

Let 11 be a non-negative Borel measure supported on D and let ¥ be an
inner function on D with Clark measure o. Set v, 9 = |1 — 2. The

following are equivalent:
(i) p is a Carleson measure for Ky, namely,

LGP du(z) < € Wl VF € Ko

(ii) The Cauchy transform C is a bounded map between L*(T;o) and
L2(D;v,9), i.e., C: L*(T;0) = L*(D;vy,,) is bounded;
(iii) The three conditions in the above theorem hold for the pair of

measures o and v, 9. Moreover,

C) 2 1€ 20y s 12 ) = 2+ T
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Model Spaces on the the Unit Disc

« We have already seen that (7) < (i7), and it is immediate
« It only remains to prove that (iii) = (1).
« The proof of this Theorem follows from a modification of the proof
of the two-weight inequality for the Hilbert transform.
« Follow the proof strategy as initiated by Nazarov, Treil, and
Volberg. Use required modifications developed by Lacey, Sawyer,
Shen, Uriarte-Tuero. Technical but established path (safe routel!).
« It is possible to show that a similar characterization exists for
d-dimensional Riesz transforms in R™. Full characterization is
open still.
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Model Spaces on the the Unit Disc

PASSAGE

CITY OF CHICAGD

<« Return to Beginning

< Conclusion
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The daydreams of cat herders

(Modified from the Original Dr. Fun Comic)
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