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Talk Outline

Talk Outline

@ Motivation and History of the Problem

o Review of Dirichlet Space Theory

o Hankel Forms on the Dirichlet Space

@ Main Result and Sketch of Proof

@ Corollaries, Further Results and Questions
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Motivations for the Problem
Bilinear Forms on the Hardy Space

@ The Hardy space H?(DD) is the collection of all analytic functions on
the disc such that

I3 = sup [ IF(re)Pam(€) < oo
0<r<1JT
o The Hankel Operator H, maps H?(D) to H2(D)* and is given by

Hb = (/ — PH2) Mb

@ To study the boundedness of this operator, we can study only the
corresponding bilinear Hankel form T : H2(D) x H?(D) — C,

Tb(f7g) = <fg7 b>H2
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Motivations for the Problem
Bilinear Forms on the Hardy Space

@ The bilinear form T is bounded if and only if b belongs to BMOA(D).
@ We can connect this to Carleson measures for the space H?(DD).

Lemma

A function b € BMOA(D) if and only if b € H?>(D) and

[6'(2)](1 — |2*)dA(2)

is a Carleson measure for H?(D).

V.
Theorem

The bilinear form Ty, : H?(D) x H?(D) — C is bounded if and only if

|6'(2)]*(1 — |2]*)dA(2)

is a Carleson measure for H?(D).
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Review of Dirichlet Space Theory

The Dirichlet Space D?(DD)

Definition (Dirichlet Space)

An analytic function is an element of the Dirichlet space D?(DD) if and only
if
I£1B2 = FO)? + [ IF(2)PeAGz) < o0

In terms of Fourier coefficients one has the equivalent norm given by
(0.9}
1132 = Y v/ + 1/F (n)?
n=0

The following inclusion relations hold

D?(D) C H?(D) c A*(D)
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Review of Dirichlet Space Theory

Carleson Measures for D?(D)

A measure p on D is a D?(ID)-Carleson measure if and only if

/D F(2)2du(z) < C2IF I3

for all f € D?(D).

@ The best constant in the above embedding is called the norm of the
Carleson measure

C(M) = HMHD2—CarIeson'
@ This is a function theoretic quantity.

@ We also want a geometric quantity that we can use to study Carleson
measures.
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Review of Dirichlet Space Theory

Carleson Measures for D?(D)

Logarithmic Capacity on the Disc

For an interval | C T, let T(/) be the Carleson tent over the interval /,

T(/)::{zeD:1—|/|g|z|g1,ie/}

2]

This definition obviously extends to general compact sets E C T.
Given a compact subset E C T, the capacity of the set E is defined by

cap(E) := inf{||f||%2 :Ref >1on T(E)}.

It is easy to see that for an interval | C T we have

= ()
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Review of Dirichlet Space Theory

Carleson Measures for D?(ID): Geometric Characertization

There is an obvious necessary condition a D?(D)-Carleson must satisfy:

Suppose that p is a D?-Carleson measure. For A € D, let

ka(z) :=1+1lo .
A(2) &1,
Then ky € D3(D) and ||ky |2, &~ —log (1 — |A|?). Let ky denote the
(approximately) normalized version of ky.

For each interval / C T there exists a unique A € D with 1 — [\> = |/|.

Standard estimates show:

M(T
cap(/

/ ka(2)2du(z) < C(u)IIRall2e ~ C(u)?.

Analogue of the Carleson measure condition for H2(ID). Unfortunately,
this simple condition is not sufficient.
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Review of Dirichlet Space Theory

Carleson Measures for D?(ID): Geometric Characertization

Theorem (Stegenga (1980))

A measure y is a Carleson measure for D?(D) if and only if

1 (Uj'V:lT(/J-)) < S(u)cap (Uj'vzl’f) ’

for all finite unions of disjoint arcs on the boundary T.

@ This is a geometric characterization of the Carleson measures.
@ But, it is difficult to check:

e Computing capacity is hard.
e One has to check every possible collection of disjoint intervals in T.
@ One has an equivalence between the quantities C(u) and S(u),

C(p)? = S()-
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Review of Dirichlet Space Theory Hankel Operators on the Dirichlet Space

Hankel Operators on the Dirichlet Space

In an analogous manner, one defines the (small) Hankel operator
hy : D?(D) — D?(D) by

hp :=Pp2Mp = /D b (z)f'(z)g(z)dA(2)

Suppose that b is analytic on D. It belongs to X (D) if and only if

/ID)If(Z)IZIb’(Z)Isz(Z) < C|fle, VF € D*(D). (1)

Moreover,

|Ib]|x := inf{C : (1) holds} + |b(0)]
Namely, dup(z) := |b'(2)|?dA(z) is a D?(D)-Carleson measure and
[16llx = Il bl D2 —Carleson + |b(0)|
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Review of Dirichlet Space Theory Hankel Operators on the Dirichlet Space

Hankel Operators on the Dirichlet Space

Theorem (Rochberg, Wu (1993))

Suppose that b is analytic on D. Then hy, is bounded if and only if
b e X(D). Moreover,

H hb”p2_)ﬁ =~ ”:ubHD2fCarleson'

One can also look at the corresponding problem for the bilinear form

Ty : D2(D) x D?(D) — C. But, one can easily observe that the operator
hp doesn't induce the bilinear form Tp.

The bilinear form Tp, : D?(D) x D?(D) — C is bounded if and only if
b e X(D).
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Results and Proofs
Main Result

Theorem (N. Arcozzi, R. Rochberg, E. Sawyer, BDW (2008))
Let Ty : D?(D) x D*(D) — C be the bilinear form defined by

Tb(fag) = (fg, b>D2
f(0)g(0)b(0) + /DW (f'(2)g(2) + f(2)g'(2)) dA(2).

= |b'(z)|?dA(z). Then Ty is a bounded bilinear form on

Let dup(z) :
D?2(D) x D?(D) if and only if b € X(D) with

16llx¢ = [l 116/l p2—carteson + b(0)] = || Thllp2xp2—c- )

This Theorem demonstrates that the corresponding picture for the Hardy

space H2(D) carries over to D?(DD).
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Results and Proofs Proof of Main Result: Easy Direction

Carleson Measure = Bounded Bilinear Form

Suppose that py, is a D?(ID)-Carleson measure.
For f,g € Pol (D) we have

To(f,g) := £(0)g(0)b(0) + / (2) (f'(2)g(2) + f(2)g'(2)) dA(2)

D

To(f8)l < |F(0)g(0)B(0) / 17(2)g(2)B(@)|dA(z2)

/ F(2)¢/(2)P(2)|dA(2)
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Results and Proofs Proof of Main Result: Easy Direction

Carleson Measure = Bounded Bilinear Form

ToF8)l < F(0)2(0)BO)] + |l ( / |g(z)|2dub<z)>2

+lgllp2 (/D !f(Z)\zdub(Z)>é

= (‘b(0)| + ”MbHDZ—Carleson) Hf”D2Hg“D2
= [|bllx|lIf|lp2llg|lp2-

AN

So, T} has a bounded extension from D?(D) x D?(D) — C with

I Tbllp2xp2—c S 1Bl x-
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

Choose an (almost) extremal collection of intervals {/;}; C T so that we

have
e (UL T(H) e (UL T())
cap(UY, 1)) cap(UY, 1))

This method of proof was suggested to us by Michael Lacey.
We will use this collection of intervals to construct functions f and g to
test in the bilinear for T;,. We will prove an estimate of the form:

Hb <UjN:1 T(’J))
cap(UY, 1))

5(pp) == sup

5 ||Tb||2p2><p2_><c'

The function g will be constructed using an approximate extremal function
from the collection of intervals that achieves the supremum and will be
approximately equal to the indicator function on UJ-’Vzl T(l)).

The function f will be, approximately, b’ on the set UX, T(/;).
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

Trees on D

@ There is a discrete version of the Dirichlet space that can be used
simple model.

@ To construct the dyadic tree 7, first form the Whitney
decomposition. The center of each box is a vertex on the tree.

@ The origin of D is the root of the tree, 0. We say that a vertex « is a
child of 3 if the arc on T corresponding to « is a child of the arc
corresponding to .

@ One then defines the dyadic Dirichlet Space as

BoT) :={f:T — C:|f(0)?+ ) _ |Af(a)]* := || ]|, < oo}
aeT
@ One can recover results on D?(ID) from results on By(7) by
averaging, mean value properties, etc.
@ The theory of the dyadic Dirichlet spaces and the connection with
D?(D) has been deeply explored by Arcozzi, Rochberg and Sawyer.
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

Using the dyadic tree 7, and the extremal intervals we selected, we can
form a holomorphic function ¢ that is basically the indicator of U; T(/;).

Lemma

There exists a holomorphic function ¢ such that

lo(2) —p(w)| < cap(UNLyl), z € T(I)

Re o(wy) > c¢>0, 1< k<M,
lo(wg)] < C, 1< k<M,
¢ (2) S pUlh), z¢ Ul T (1)

Moreover,
Il S cap (Uiy1)
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

We will use g = ¢? and

._ b'(¢) dA(Q)
R

Using the reproducing kernel property we find that

/ _ (<)

fla) = /.N () (1—Zz)2dA(<)
e HO
- B /D\Uj"’_lT(Ij) (1-C2)°
=: b(z)+Nb(2)

dA(C)

This function f is approximately b’ on the set Uszl T(l)
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

If we substitute these into the bilinear form T, we find that:
To(f,8) = Tolf,0%) = To(fe,9)
/ {F@)e(2) +21(2)¢ ()} (T RIAR)
f(0)(0)*b(0)
— FOLOPED) + [ 16(2) ez dAz)

12 [ (@D FRAR) + [ M(DFEe(PdA)
D D
= (1) +(2) + (3) + (4).
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

Term (1) is trivial.
Term (2) yields (using properties of ¢ and a key geometric property) that

(2 = /D 1b(2) Po(2)2dA(2)

-+ + [ 6(2)P el A
UM T SO TUONOY, T() D\, T(F)
= (2A) + (25) + (2(_‘).

The main term (24) satisfies
(24) = b (UJ’-Vle(IJ-)) +/U' " |b'(2)|? (¢(2)2 —1) dA(2)

= s (UL T(5)) + O (I Tl cap (U, T(1)) ) -

Terms (2g) and (2¢) are error terms and are controlled by properties of .
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

Terms (3) and (4) are error terms.
Using properties of o, geometric estimates, and Schur's Lemma, we can
show these are controlled by estimates of the form

et (Uy () + C(ON ol pac cap (U1

where € > 0 is a small number to be chosen later.
Thus, we have

e (U T()) S ettn (U T(H) + I To 22 e cap (U )

Choosing € > 0 small enough gives the result.
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure
Key Observations

If Tp extends to a bounded bilinear form on D?(D) x D?(D) — C then
b € D?(D). Setting g = 1 we obtain:

(£, ) p2| = | To(f, )| < || Thllpexp2—clIfllp2

for all polynomials f € Pol(ID). This implies that b € D?(D) and

I1bllp2 S | Tollp2xp2—c-

Proposition
Given € > 0 we can find 3 = 3(g) < 1 so that

s (VD TUDN UL T()) < ens (UL T ()
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Results and Proofs Proof of Main Result: Hard Direction

Bounded Bilinear Form = Carleson Measure

Note that

o (U T(D) + s (VD TUN UL T(R) = 1 (U] <(6)) |
< S(us)cap (UPP17)).

Since {IJ}JN:1 is the maximal collection of intervals in the geometric
definition of D?(D)-Carleson measures. Next observe that

cap (Ujl-vz(f)lj> <(l+¢€)cap <UJ-N:1/J-> :

This immediately gives that

i (WD TUPN UL T(1)) < e cap (Ulyl)

B. D. Wick (University of South Carolina) Bilinear Forms on the Dirichlet Space St. Petersburg Meeting 25 /1



Further Results and Questions
Corollaries of The Main Result

There is a close connection between boundedness of the bilinear form,
duality theorems for function spaces, and weak factorization results.

The weakly factored space D?(D)OD?(D) is the completion of finite sums
h =" figj under the norm

bllpeape = inf {3 Ifllpellgilioe : h =" figj}-
Corollary

With the pairing (h, b) = (h, b)p2 = Tp(h,1) we have that

(D*(D)&D?(D))* = X(D).

Namely, for A € (D3(D)OD?(D))", there is a unique b € X with
Ah = Ty (h,1) for h € Pol (D), and ||A]| = || Tsl|lp2exp2_c = ||b|| x-
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Further Results and Questions

Further Results and Questions

Further Results:

@ Without much difficulty one can characterize the symbols of bounded
bilinear forms that are bounded on B5(D) x BY (D) — C.

@ One should be able to use these ideas to prove the corresponding
inequality on the unit ball in C". (Details still need to be checked!)

Questions:

e Can one give an intrinsic characterization of the space X'(ID)?
Equivalent question: Can one give an intrinsic characterization of the
space D?(D)OD?(D)?

@ Can one prove the corresponding bilinear inequality for the spaces
DP(D) x DI(D)?

@ Can one prove the corresponding bilinear inequality for the spaces
D2(D) x D?(D) — C?
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Conclusion

Thank You!
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