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Preface

In 2005, I taught a graduate course on Dirichlet series at Washing-
ton University. One of the students in the course, David Opéla, took
notes and TeX’ed them up. We planned to turn these notes into a
book, but the project stalled.

In 2015, I taught the course again, and revised the notes. I still
intend to write a proper book, eventually, but until then I decided to
make the notes available to anybody who is interested. The notes are
not complete, and in particular lack a lot of references to recent papers.

Dirichlet series have been studied since the 19" century, but as
individual functions. Henry Helson in 1969 [Hel69] had the idea of
studying function spaces of Dirichlet series, but this idea did not really
take off until the landmark paper [HLS97] of Hedenmalm, Lindqvist
and Seip that introduced a Hilbert space of Dirichlet series that is anal-
ogous to the Hardy space on the unit disk. This space, and variations
of it, has been intensively studied, and the results are of great interest.

I would like to thank all the students who took part in the courses,
and my two Ph.D. students, Brian Maurizi and Meredith Sargent, who
did research on Dirichlet series. I would especially like to thank David
Opéla for his work in rendering the original course notes into a leg-
ible draft. I would also like to thank the National Science Founda-
tion, that partially supported me during the entire long genesis of this
project, with grants DMS 0501079, DMS 0966845, DMS 1300280, DMS
1565243.






Notation

N={0,1,2,3,...}

Nt ={1,2,3,4,...}

Z = integers

Q = rationals

R = reals

C = complex numbers

P= {2,3,5,7,...} = {pl,pg,pg,p4,...}
Py = {p1,p2; - px}

Ni = {n € N* : all prime factors of n lie in Py}
s=o+it, s€C, o,t eR
Q,={seC; Res>p}

m(x) = # of primes <z

p(n) = Mobius function

d(k) = number of divisors of k

d;(k) = number of ways to factor k into exactly j factors
¢(n) = Euler totient function

B(s) = 3, p 222

O(x) =2, logp

0. = abscissa of convergence

o, = abscissa of absolute convergence
o1 = max(0, o..)

0, = abscissa of uniform convergence
o, = abscissa of bounded convergence
F(x) summatory function

T
][ normalized integral
-T

£, = Rademacher sequence

[E = Expectation

T = torus

2 = b zlt’, where n = pi' - -pf’
B:Y a,z"™ — > a,n"*

Q:Y an™ Y a,z"™

T = infinite torus

vii



viii NOTATION

B(x) = v/2sin(rx)

HE= (30 s Y, Jauf? < oo}
Mult (X) ={¢: ¢of € X, Vf e X}
M,: f—=of

D> = infinite polydisk

E(e, f) e-translation numbers of f

H?2 = weighted space of Dirichlet series
H? = weighted space of power series

Q| 2opzt @™ | = D ey @
K

p = Haar measure on T*

(*(@) = Hilbert space of square-summable functions on the group G
X, = Dirichlet characters modulo ¢

L(s, x) = Dirichlet L series

H? (Q4/9) = {g € Hol (1/2) : [supyer SUPy~1/2 f:H lg(o + it)|P dt]? < oo}

1
£l = [t 3 S LGP ]
< The left-hand side is less than or equal to a constant times the right-hand side
~ FEach side is < the other side
pa(@,y) =sup{|¢(y)l| : o(z) =0, [¢] <1}
H® = H®(Q)ND
gi = k. /x|l



CHAPTER 1

Introduction

A Dirichlet series is a series of the form
Zann’s =: f(s), s€C.
n=1

The most famous example is the Riemann zeta function

1
((s) = v
n=1

(e 9]

NotATION 1.1. By long-standing tradition, the complex variable
in a Dirichlet series is denoted by s, and it is written as

s = o +1it.
We shall always use o for £(s) and ¢ for (s).

NoTE 1.2. The Dirichlet series for ((s) converges if o > 1; in fact,
it converges absolutely for such s, since
°|

|n— — |€—(a+it)10gn| _ |€—(cr+it)logn| —n°.

Also, if 0 < 0or 0 < s <1, the series diverges, in the first case because
the terms do not tend to zero, in the second by comparison with the
harmonic series.

REMARK 1.3. Consider the power series >~ 2"; it converges to

ﬁ, but only in the open unit disk. Nonetheless, it determines the
1

analytic function f(z) = = everywhere, since it has a unique ana-
lytic continuation to C\ {1}. The Riemann zeta function can also be
analytically continued outside of the region where it is defined by the
series.

For this continuation, it can be shown that ((—2n) = 0, for all n €
N7 and that there are no other zeros outside of the strip 0 < Re s < 1.
The Riemann hypothesis, proposed by Bernhard Riemann in 1859, is
one of the most famous unanswered conjectures in mathematics. It
states that all the zeros other than the even negative integers have real

part equal to %
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We shall prove in Theorem 2.19 that the zeta function has no zeroes
on the line {fs = 1}.

The importance of the Riemann zeta function and the Riemann
hypothesis lies in their intimate connection with prime numbers and
their distribution. On the simplest level, this can be explained by the
Euler Product formula below.

Recall that an infinite product [, @, is said to converge, if the
partial products tend to a non-zero finite number (or if one of the a,,’s is
zero). This is equivalent to the requirement that >~ | log a,, converges
(or a, = 0, for some n € NT). See e.g. [GamO01, XIIL.3].

NOTATION 1.4. We shall let P denote the set of primes, and when
convenient we shall write

P = {p17p27p37p4a'~-} = {2,3,5,7,...}

to label the primes in increasing order. We shall let P, denote the first
k primes.

THEOREM 1.5. (Euler Product formula) For o > 1,

m(-2) = =in

S
peP p

Formal proof:

H0-3) - (-2) (-3) (-9

If we formally multiply out this infinite product, we can only obtain
a non-zero product by choosing 1 from all but finitely many brackets.

This product will be W = L. For each n € N*, the term
1 27
# will appear exactly once, by the existence and uniqueness of prime

factoring.
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For a rigorous proof assume that Re s > 1, and fix k¥ € N*. Then

1\ ! 11 1
]i[ (1<—-§;> = ]i[ (1‘+-5;'+'i§; +‘;ﬁ;~+ ...)

PEPy

T T
n:p11 ...pkk

where the last equality holds by a variation of the formal argument
above and convergence is not a problem, since we are multiplying
finitely many absolutely convergent series.

Using (1.6), we have, for Re s > 1,

‘C(S)—H(l—i)_1 = X ni <Y %—w, as k — 0o,

pEP {n; pin, 1>k} N>pr41

Thus the product converges to ((s).
To see that the limit is non-zero, we have

1 1 1
‘1—(1——)—1 G
ps papa_l
2

< — for p large.
pO'

Since o > 1, this means that the infinite product converges absolutely,
and therefore > log(1 — #)’1 converges absolutely. O

NoTATION 1.7. We shall let €2, denote the open half-plane
Q, = {s:R(s) > p}.
COROLLARY 1.8. ((s) has no zeros in 2.

Proof: For s € 4, ((s) is given by an absolutely convergent
product. Thus, it can only be zero if one of the terms is zero. But

-1
(1 — I%) = 0 if and only if p* = 0, which never happens. U

THEOREM 1.9. 3 ;- = o0,

Proof: Suppose not, then ZPE]P% converges. By the Taylor expan-

sion of log(1 — z), for z close enough to 0,

—x <log(l—1z) < —g,
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so we conclude that Zpep log <1 — %) also converges. Since

1 1
10g(1——> < 10g(1——>,
p jud

for all o0 > 1 and p € P, we get

o0 < > log (1—%)

a contradiction. O

The following discrete version of integration by parts is often useful
when working with Dirichlet series. In it, integrals are replaced by
sums, and derivatives by differences. (In the familiar formula [" udv =
u(n)v(n) —u(m)v(m) — [ vdu, we let u correspond to b, v to A and
thus dv to a.)

In fact, one can prove integration by parts for Riemann integrals
using the definition (via Riemann sums) and Lemma 1.10.

LEMMA 1.10. (Abel’s Summation by parts formula) Let A,, =
> p_y i, then

n n—1
Z akbk = Anbn - Amflbm + Z Ak<bk - bk+1)'
k=m k=m

Proof: Since ap = Ap — Ap_1, we have
n

Z agby = Z[Ak — Aj_1]by
k=m

k=m
= Z Agby — Z Ap_1by
k=m k=m

n—1
= > Axlbk = besr] = Amibm + Anby.
k=m
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NoTATION 1.11. For x > 0, we let m(z) denote the number of
primes less than or equal to x.

The prime number theorem (see Chapter 2) is an estimate of how
big 7(n) is for large n. We can use the Euler product formula to relate
m and the Riemann zeta function.

THEOREM 1.12. For o > 1,

log ((s) :5/200% dx .

Proof: In the following calculation we use the fact that [7(k) —
m(k — 1)] is equal to 1 if k is a prime, and 0 if k is composite; the
equality > ,_ [m(k) — n(k — 1)] = m(n); and summation by parts.

log((s) = —) log (1 - _)

pGIP’

= - ; 7 (k) — 7 (k — 1)]log (1 - ,%)

. _nggoi [r(k) = 7(k = 1)]log (1 - ki)

k=2

<t (S (1 ) e (1 )|

(1) log (1 —~ 2i> — (L) log (1 - %)}

The penultimate term vanishes, since (1) = 0. As for the last term,
the trivial bound 7(L) < L gives

(L) log (1 - Li>

We let L — oo, and use the fact that -£ log(1 — L) = —5— to get:

log((s) = — iw(k) {log (1 - kl) —log (1 Tk Ji 1)5)}

k=2

(]

<L-L™ =0as L — 0.

o
e S
= E 7( —— dx
st — g
k=

2
o0
= s
/2 x5+1—x
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NoTATION 1.13. The Mobius function is helpful when working
with the Riemann zeta function. It is given as follows:

1, n=1,
wu(n) = ¢ (=1)%, if n is the product of k distinct primes,
0, otherwise.

Its values for the first few positive integer are in the table below:
n 1 2 3 4 5 6 7 8 9 10 11 12
pun) 1. -1 -1 0 -1 1 -1 00 1 -1 O

THEOREM 1.14. For o > 1,

1 o
O] = ; pu(n)n==.

Proof: We only present a formal proof — convergence can be
checked in the same way as was done for the Euler product formula.

= 10 5)

peP

(D (- (-0
_ 1_Zp—s+ Z P —

pEP p,q€P, p#q

— A(n)

ns
n=1

U

It is obvious that the Dirichlet series >~ a,n° converges (con-
verges absolutely, respectively) for all s € €, if and only if the series
> > (apn™P)n~° converges (conv. abs., resp.) for all s € Qp. This
ability to translate the Dirichlet series horizontally often allows one to
simplify calculations. (It is analogous to working with power series and
assuming the center is at 0). The proof of the proposition below is a
typical example of this.

The following “uniqueness-of-coefficients” theorem will be used fre-
quently.

PROPOSITION 1.15. Suppose that Y>> a,n~* converges absolutely
to f(s) in some half-plane Q, and f(s) =0 in Q,. Then a,, =0 for all
n € Nt.
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Proof: As remarked, we may assume that p < 0, so in particular,
> |a,| < oo. Suppose all the a,’s are not 0, and let ng be the smallest
natural number such that a,, # 0.

Claim: lim,_o f(0)N] = ap,-

To prove the claim note that

0 < ng Zann_"
n>ngo
n g
< D fal (52)
n>ngo
o 7
(1) o

n>ngo

and the last term tends to 0 as o — oo, since Y |a,| converges. As

flomg = an, + nf Z apn ?,

n>ngo
the claim is proved.

The proof is also finished, because the limit in the claim is obviously
0, a contradiction. O

Recall that the Cauchy product formula for the product of power
series states that

[ee]
(Z anz") (Z bmzm> = Z ( Z anbkn> 2*

k=0 \0<n<k
if at least one of the sums on the left-hand side converges absolutely.
The Dirichlet series analogue below involves the sum over all divisors of
a given integer. The multiplicative structure of the natural numbers is
far more complex than their additive structure. Indeed, as an additive
semigroup NV is singly generated, while as a multiplicative semigroup
it is not finitely generated — the smallest set of generators is P. This is
one of the reasons why the theory of Dirichlet series is more complicated
than the theory of power series. Now, we state the Dirichlet series
analogue of the Cauchy product formula. The proof is immediate.

THEOREM 1.16. Assume that > >~ a,n™° and Y °_ bypym™ con-
verge absolutely. Then

(i anns> (i bmms> = i Zanbk/n k=2,
n=1 m=1

k=1 nlk

with absolute convergence.
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COROLLARY 1.17. For o > 1,

= i d(k)k™

where d(k) denotes the number of divisors of k. More generally,
=Y di(k)k
k=1

where d;(k) denotes the number of ways to factor k into exactly j fac-
tors. Here, 1 is allowed to be a factor and two factorings that differ
only by the order of the factors are considered to be distinct.

Proof: We shall prove the first formula. Using Theorem 1.16, we
have, for o > 1,

o (£

- (e

1 nlk

i

[
NE

d(k)k™.

Ed

=1
The proof of the second formula is analogous. 0

The formula for ﬁ implies the following identity for the Md&bius
function. (It can also be proved directly.)
COROLLARY 1.18. 3, pu(n) =0, for all k > 2.

Proof: For o > 1, write

1= ()¢ (s)

- ZM —s

k=1 nlk

Comparing the coefficients of the outer-most Dirichlet series completes
the proof. O
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ProposiTION 1.19. (Mobius inversion formula) Let f,g be
functions on Nt . If

g@)=Y_f(n),  then  f(q) = u(a/p)g(d).

nlq dlq
Proof:
> ula/pgd) = > pula/p)> ] fn)
dlq dlq n|d
= > | D ulg/ad) | fn)
nlg \dlg, IIL
= > (D uls) ] fn)
nlg \ sl
= f(a),
since, by the preceding corollary, the bracket is non-zero only when
q/n=1. O

DEFINITION 1.20. The Euler totient function ¢(n) is defined as
#{1 <k <n; ged(n, k) = 1}.

Clearly, ¢(p) = p— 1, iff p is a prime. In fact, one can express ¢(n)
in terms of the prime factors of n.

LEMMA 1.21. If n=¢i*...q" withr; >0, then

¢(n):nf[1(1—qu).

Proof: First, note that ged(n,m) # 1, if and only if, qj|m, for
some 1 < j < k. Consider the uniform probability distribution on
{1,...,n}. Let E; be the event that ¢; divides a randomly chosen
number in {1,...,n}. For any [ that divides n, there are exactly n/l
numbers in {1,...,n} divisible by I. Thus, the events {E;}"_, are
independent and hence so are their complements. Hence, ¢(n)/n, the
probability that a randomly chosen number is not divisible by any g;,
is equal to the product of the probabilities that it is not divisible by

q;, that is H](]_—l/q]) O
THEOREM 1.22. For o > 2,

((s—1)  =o(n)
((s) =2 ns

n=1
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Proof: Again, we will only prove it formally, since turning it into a
rigorous proof is routine, but renders the proof harder to read. By the
Euler product formula, we have

@ﬁFIﬂjﬁ

¢(s) ocF (1 _ p31_1>
1 2
= H(l——s> {1+%+%+...}
A pop
2 1 2
= H({1+%+%+...}— — 4L D
ot peop PP p
1 2
_ H[1+<1——) (%+p—s+...>}
s p) \p* p
n=1
where
1\ . 1
an:H 1—— g :nH 1——) = ¢(n),
j=1 4j j=1 4q;
forn=¢qi" ... qt. O

1.1. Exercises

1. Prove that if x : Nt — TU{0} is a quasi-character, which means
x(mn) = x(m)x(n), the same argument that proved the Euler product
formula (Theorem 1.5) shows that

M =TT

n=1 pEP

1.2. Notes

For a thorough treatment of the Riemann zeta function, see [Tit86].
The material in this chapter comes from the first few pages of Titch-
marsh’s magisterial book.



CHAPTER 2

The Prime Number Theorem

2.1. Statement of the Prime number theorem

We have defined 7(n) to be the number of primes less than or equal
to n. Euclid’s proof that there are an infinite number of primes says
that lim,, . 7m(n) = 0o; but how fast does it grow? By Theorem 1.9
and Abel’s summation by parts formula we know

1

pEP

2
NE
3
=
3[0 —

so m(n) cannot be O(n®) for any a < 1.
Gauss conjectured that

X

m(x) ~ (2.1)

log
where the asymptotic symbol ~ in (2.1) means that the ratio of the
quantities on either side tends to 1 as © — oco. Tchebyshev proved that

93 ’
log x

< 7(r) < 1.1

log

for x large, and also showed that if

lim ()
z—oo z/ log

exists, it must be 1. The full prime number theorem was proved in
1896 by de la Vallée Poussin and Hadamard.

THEOREM 2.2. [Prime Number Theorem)]

T

m(@) ~ logz

11
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Looking at some examples, we see that

7(10°%) = 78, 498

1 6
106 _— W( 0 ) ~ 1.08
— ~T2.382 10°
log(106) ~ 7 log 10
and
7(10%) = 50,847,478
10° _ 7T<109) ~ 1.05
— a0 48,254,942 10° '
log(10) T log 10°

DEFINITION 2.3. For s € €, we define

O(s) =Y logp

S
peP p

It is easy to see that this Dirichlet series converges absolutely in €.

DEFINITION 2.4. For x € R, define
O(z) = Z log p.
pEP, p<z

The key to proving the Prime number theorem is establishing the
estimate ©(x) ~ = (Proposition 2.27).
Say more here?

2.2. Proof of the Prime number theorem

We will now prove the Prime number theorem in a series of steps.

LEMMA 2.5.
©
O(z) = O(z) as * — oo, i.e., limsup (z) < 00.
Z—00 X
ProOOF: Note that
2n
>
G I »
n<p<2n, peP

Indeed, the LHS is a positive integer that is divisible by the RHS. Note
that we have not yet proved that there are any primes between n and
2n, so the RHS may be an empty product (we interpret empty products
as having the value 1).

Thus,
2n
> _ @(271)—9(71)‘
()= Lo

n<p<2n
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Now, by the binomial theorem,

o= () () o ()

22n > <2n) — enlog4 > (2%) > 6@(211)76)(17,)7
n

n =

Thus

and consequently
©(2n) — O(n) < nlog4.
For x € R,x > 1, we have

O(2z) — O(x) O([2z]) - ©(|=])
O(2|z] +1) - 6(lz])
log([2z] + 1) + O([22]) — ©(|=])

CI.

(VAN VAN VAN VAN

Now fix z and choose n € N such that % < 1 < 5%. Then, by
telescoping,
u x x
o) —0(1) = > (5 -6(5m)
§=0
“ x
< Zc2j+1
3=0
= cx.

Since ©(1) = 0, we conclude that

O(z) = O(x) (2.6)
O
Recall that ®(s) = > p k;gsp. Since ZPE]P,% = 00 (Theorem 1.9)

we conclude that ®(s) has a pole at 1.

LEMMA 2.7. The function ®(s) — —L= is holomorphic in Q.

ProoOF: In Q,
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By logarithmic differentiation we obtain

) al-p)
¢'(s) 2

. 1
= > logp)l_p,s
L. (2.8)

Now
B T 2.9
=1 p p-1) 29
Combining (2.8) and (2.9), we obtain, for s € €,

—('(s) 10gp 1ng
ST o

Note that we can rearrange the terms since the series converge abso-
lutely in ;. Thus, for s € )y,

—('(s) log p
) +Z ) (2.11)

The second term on the RHS defines an analytic function in €2;/5 as
the series converges there absolutely. Thus in €5, any information

about the analyticity of _g(/s(f ) translates into the analyticity of ®(s).

The function ((s) has a pole at 1 with residue 1 and so ((s) — =5
is analytic near 1, and consequently, ('(s) + ﬁ is analytic near 1.

¢ "G _ ) 1 :
Thus <O T =% Gon S analytic near 1.
Thus

“(p*—1)

O(s) = Cl(j) - ])1& (2.12)

is holomorphic in 5 N {s: ((s) # 0}.
It remains to prove that ((s) # 0 if Re s > 1.

DEFINITION 2.13. The won Mangoldt function A : Ny — R, is
defined as

: I
A(m) = 08P M= (2.14)
0, else.



2.2. PROOF OF THE PRIME NUMBER THEOREM 15

PROPOSITION 2.15. For s € {4

—('(s) _ > Aln) _ $ logp. (2.16)

C(s) o -l
holds.

Proor: We have ((s) =[] ,ep(1 — ]%)’1 and thus

¢'(s) Z p°
= —) logp—7
C(S) peP 1= F
peP pS -1

which proves that the first and last term in the statement of the propo-
sition are equal. For Re s > 1, ||1/p®|| < 1, so the first equality above
yields

ds) oen—(1 4 L o L
G p%;a gp)p (1+ps+p25+...)
= =) > logp(p) ™.

This double summation goes over exactly those numbers n = p* for
which A(n) does not vanish and thus, for s € €,

T T TR

peP k=1 n>2

O

LEMMA 2.18. Let xy € R and assume F' is holomorphic in a neigh-
borhood of xg, F(xg) = 0 and F # 0. Then there exists ¢ > 0 such
that

forx € (xg —e, 29+ €).
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ProOF: Write F(z) = ay(s — x)* + arp1(s — 20)*™ + ... where
kE > 0. Then
Fl(z) kap(z —xo) ' + (b + Dagp (z — o) + ...
F(x) ar(z — 20)* 4+ apr1(x — @)1+ ...
k—l—%(w—wo)—i—...
(v —@0) + (2 — 20)? + ...
k

r — T

~
~

> 0,

for x € (z9, xo + €). O
THEOREM 2.19. The Riemann ( function does not vanish on the
line {R(s) = 1}.
PROOF: Suppose that ((1 + ity) = 0, for tp € R\ {0}. Define
F(s) := C3(s)¢*(s +itg)((s + 2ity). (2.20)

At s = 1, we see that (3 has a pole of order 3, and (*(s+ity) vanishes to
order 4, so F/(1) = 0. Thus, in a neighborhood of 1, F' is holomorphic.

Using Lemma 2.18, Re ( > > 0 for z € (1,1 + ¢). Computing

(z)

Fla) _ ), ity o+ 2it)
F(z) C@) dw+ﬂw C(x + 2ito)
- Z Aln — 4y TeTitologn _ pywe2itologn]
n>2
thus,
(x)
—A(n 4 cos(ty ] 2t |
Re Fo) ; ?[3 + 4 cos(tglogn) + cos(2t log n)]
Z —A(n)n™" [2 4 4 cos(tglogn) + 2 cos(tglogn)]
n>2

We observe that —A(n)n™* < 0 for every n > 2 while the term in the
square bracket is always non-negative, since it the square of

V2[1 + cos(tylogn)),
a contradiction with Lemma 2.18. O

LEMMA 2.21. Let f(t) : [0,00) — C be bounded and suppose that

/ f(t)e ™ dt (2.22)
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extends to a holomorphic function in Qq. Then fooo f(t) dt exists and
equals g(0).

PRrROOF: Let
T
= / f(t)e™*" dt . (2.23)
0

Then gT is an entire function by Morera’s theorem, and gr(0) =

fo ) dt . We want to show that lim; ., g7(0) = ¢(0).

1nse1t image around here

For R, 6 > 0 let Ugs := D(0,R) N Q_s. For any R > 0 there
is § > 0 such that g is holomorphic in Ugg, since by hypothesis g is
holomorphic in a neighborhood of €. Let C' := 0Ug s and C = CN§Yy
and C_ = C'\ Q. By Cauchy’s theorem:

00 = 020 = 5 [ T = e (1455 ) = 220

271 S

since e*(1 + ;—22) has value 1 at 0 and is holomophic everywhere in our
contour. Let h(s) := [g(s) — g:(s)] 5T <1 + E—é) In €y, we have

9(5) — gr(s)] = gy \

i

_ M /Ooe—(Re s)t dt‘
T
1l  Rest
Re s6
Thus
/ h(s)ﬁ < / | f(t)e™" dt |
Cy s Cy
e—ResT sT 2
< M 14+ — d
N c, Res (+R2)" |

For s € C, we have |s| = R and so

( 32)1 RP+s* |s°+s S+

1+ — —
+ R2%s R2%s R2

R2
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Thus
ds M e‘Re sT eRe ST 9Re s
h(s)— — 5 | ds |
o s 21 Jo, Res s R
M

s e

M

R
We conclude [, h(s) 4 R —0.

For C_, we will show that both

and

L(T) = / lgr(s)] e (1 + ;—22) %

tend to 0 as R tends to 0.
We start with I;:

gr(s)] = e
< M/ Re s)t dt
S M/ Res
— M Re st
Res
Therefore,
Me—(Re s)t
L(T) < - 14+ — d
= [ M () e

and since gr is an entire function, we can integrate over the semicircle
I'_ instead of C'_ and use the same estimates as in )y to get

Now
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and the expression in square bracket is independent of 7" and holo-
morphic in a neighborhood of C_ while T — 0 as T" — oo. Using
dominated convergence theorem, we conclude that I, — 0 as T" — oo.

Thus,
ds
90~ o) < | [ bS]+ R
+
M M 2M
< —4+ =+ L(T)— —
< gt TR -4
Taking the limit as R — oo implies that ¢(0) = limy_, g7(0) O

LEMMA 2.25. The integral [~ 9w g converges.

xT

ProoOF: For Re s > 1,

- [0

S
pEDPTL p

We are using the Stiltjes integral in the last expression because O(z)
is a step function.

We use integration by parts with « := 2~* and dv := dO(z). Then
du = —sz~ ) dr and v(x) = O(x), giving

> > O(z)
1+S/1\ Wdl’

The first term vanishes since O(z) = O(x) as * — o0o. We conclude

that ~ g
O(s) = 3/1 (z) dx .

strl

O(z) = 27°6(x)

Now let us use the substitution, z = €' to get

B(s) = 5/000 Oeh)e " dt .

N — _ O(s+1)
We want apply Lemma 2.21 to f(¢) := O(e')e " —1 and g(s) = o
1. By Lemma 2.5, we get that f(¢) is bounded and by Lemma 2.7, we

know that % — % is holomorphic in Qy. In order to apply Lemma
2.21, we need to check that g(s) is the Laplace transform of f(¢).
We have

/ O(e)e e dt :/ O(e!)e tH gt
0 0

& 1
/ le dt ==
0 s

and
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and thus g(s) is the Laplace transform of f(¢), and we can apply Lemma
2.21 to conclude that [~ f(t) dt exists.

/Ooof(t)dt _ /Ooo [6(e)e — 1] dt

which concludes the proof. O

NOTE 2.26. See [Fol99, p. 107] for information on integration by
parts in the context of the Stieltjes integrals.

PROPOSITION 2.27. lim,_,o @ =1, that is, O(z) ~ x.

Proor: We will proceed by contraction. There are two cases.

First assume that limsup,_, ., ef) > 1. Thus, there exists A > 1
and a sequence {z,} with x, — oo such that ©(x,) > Az,. Then,
since © is non-decreasing,

At Q(t) —t At Az, — t
/ udtz/ S MRS

2 2
We integrate the two pieces,

Az
/ )\%dt:)\xn(—— ):)\—1
e 12 s

AZTn
/ % = log(Az,) — log z,, = log A

n

n n

and

to conclude that ¢y = A — 1 —1log A > 0 by a well-known inequality for
log. This implies that floo 9(?2_35 dx does not converge, a contradiction.

@im) < 1, so there is A < 1 and
a sequence {x,} with x,, — oo and %ﬁ”) < A. As before,

™ Q(t) —t o Ny, — t
/)\ <t)2 dt S/w I dt :—c,\:—()\—l—log)\)<0

The second case is that liminf,_ .

Tn n

and we reach a contraction as in the first case. O



2.3. HISTORICAL NOTES 21

PROOF OF THEOREM 2.2. We can estimate

O(x) = ) logp

p<z
< Z log
p<z
= w(z)logz.
By Proposition 2.27, ©(x) ~ x and thus we have the bound
1
limsup 7 (x) et > 1.
T—00
For the other bound, let £ > 0, and write
O() > >  logp
zl=e<p<lz
> Z log z'7¢
zl-e<p<zx

= [r(z) =7z )](1 —¢)logx
= (l—¢)logx [W(ZL‘) + O(xl_e)}

where the last equality come from Lemma 2.5.
We have

7(z)logz < 11T8@(x) +O(z'*log 7)

and hence
7T(1:)10g3:< 1 O(x)

O(z~¢1 .
. ST % + O(z Flogx)

Using Proposition 2.27 again, we get

log x < 1

lim su T
x%oop 7r( ) €T B 1_5

for every € > 0. Taking ¢ — 0 yields

1
limsup w(x) 8T <
T—00 x
which concludes the proof. O

2.3. Historical Notes

The offset logarithmic integral function, Li(z) = ; k% satisfies

Li(z) & 77 ~ m(x) but is a better approximation to 7(z).
Gauss conjectured that m(n) < Li(n). This was disproved by E.
Littlewood in 1914.
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During the proof of the Prime Number Theorem, we used the fact
that ((s) does not vanish for Re s > 1. More precise estimates showing
that the zeros of ((s) must lie “close to” the critical line {Re s = 1/2}
yield estimates on the error |7(z) — Li(x)|.

The Riemann hypothesis is equivalent to the error estimate

m(x) = Li(x) + O(y/xlog ).

The best known estimate is of the error is
A(log 1)3/5

m(x) = Li(x) + O(we (oslozn)/?),



CHAPTER 3

Convergence of Dirichlet Series

We will now investigate convergence of Dirichlet series. Much of
the general theory holds for generalized Dirichlet series, that is, series
of the form

o0
E a,e .
n=1

An ordinary Dirichlet series corresponds, of course, to the case A\, =
log n.

When dealing with a generalized Dirichlet series, we shall always
assume that ), is a strictly increasing sequence tending to infinity, and
that A\; > 0. Sometimes, an additional assumption is needed, such as
the Bohr condition, namely A\,11 — A\, > ¢/n, for some ¢ > 0.

Recall that for a power series Y | a,z" there exists a (unique)
value R € [0, o0, called the radius of convergence, such that

(1) if 2| < R, then )7 a,2™ converges,

(2) if |z] > R, then Y > a,2" diverges,

(3) for any r < R, the series >~ a,2" converges uniformly and
absolutely in {|z| < r} and the sum is bounded on this set,

(4) on the circle {|z| = R}, the behavior is more delicate.

As we shall see, the situation for Dirichlet series is more compli-
cated. In particular, compare the third point above with Proposi-
tion 3.10.

We start with a basic result.

THEOREM 3.1. If the series Y- a,n™* converges al some sy € C,
then, for every § > 0, it converges uniformly in the sector {s : =5+ <
arg(s —s9) < 5 —0}.

Proof: As usual, we may assume sy = 0, that is, ) a, converges.
Let r,, .= ZZOZnH ay, and fix € > 0. Then there exist ng € N such that
|7,| < € for all n > ng. Using summation by parts, for s in the sector

23



24 3. CONVERGENCE OF DIRICHLET SERIES

and M, N > ny
N N
Z a,n”® = Z (rp—1—rp)n=*°
n=M n=M
N—1
1 1
— " ln+1) n
M-1 7“_N
Ms Ns’

The absolute values of the last two terms are bounded by ¢, since their
numerators are bounded by ¢ while the denominators have absolute
value at least 1. To estimate (3.2), note that

1 1 /"“ il
- @ = €T
(n+1)* ns L, st ’

so that
1 Is| [ 1 1
S P BEE
e T e s e
Thus the absolute value of (3.2) satisfies, for M, N > ny,
N-1 N-1
1 1 } |s] { 1 1 }
"y S | R DY L3 E—_—
Solmmnl < Sl e
_ s Al { 1 1 ]
< e— — —
o — |n” (n+1)
|s] { 1 1 ]
< =52
o g g
< c(d)g, (3.4)
since % = |1/ cos(args)| < 1/cos (5 —d) =: ¢(6). This proves that
the series is uniformly Cauchy, and hence uniformly convergent. O

COROLLARY 3.5. If Y7  a,n™* converges at so € C, then it con-
verges in (g, .

Proof: This follows from the inclusion Qg, C [Jsoo{s : arg|s—so| <
Z—0}. O
2

This implies that there exists a unique value o, € [—00, 00| such
that the Dirichlet series converges to the right of it, and diverges to the
left of it.
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DEFINITION 3.6. The abscissa of convergence of the Dirichlet se-
ries Y >° a,n"® is the extended real number o. € [—00, 0] with the
following properties

(1) if Re s > o, then > >~ a,n*° converges,
(2) if Re s < o, then > 2 a,n* diverges.

NoOTE 3.7. To determine the abscissa of convergence, it is enough
to look at convergence of the series for s € R.

EXAMPLE 3.8. It may not be true that the series Y ", a,n~° con-
verges absolutely in €2, 5 for every 6 > 0, in contrast with the behavior
of power series. An example of this phenomenon is the alternating zeta
function defined as

ns
n=1

First note that o. = 0 for this series. Indeed, the alternating series
test implies convergence for all o > 0, and the series clearly diverges if
o < 0. Absolute convergence of the series is convergence of the series
> ==, so occurs if and only if R(s) > 1.

n=1 no

DEFINITION 3.9. Given a Dirichlet series > 7 a,n~*, the abscissa
of absolute convergence is defined as

o, = inf {p ; Z a,n~° converges absolutely for some s with Re s = p}

= inf {p : Z a,n”® converges absolutely for all s with Re s > p} .

n=1
PROPOSITION 3.10. For any Dirichlet series, we have
o.<0qg< 0.+ 1

Proof: The first inequality is obvious. For the second, assume,
by the usual trick, that . = 0. We need to show that for o > 1,
ZOO_ |a,n~°| converges. Take € > 0 such that ¢ —e > 1. Then,

DRI

n=1 n=1

an
ne

where C := sup,, is finite, since o, = 0. U

REMARK 3.11. If a,, > 0 for all n € N*, then 0. = o,. This follows
immediately by considering s € R.
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Recall that for the radius of convergence of a power series, we have
the following formula
1/R = limsup |a,|".
n—o0

The following is an analogous formula for the abscissa of convergence
of a Dirichlet series.

THEOREM 3.12. Let Zzo:l a,n"° be a Dirichlet series, and let o,
be its abscissa of convergence. Let s, = a;+ -+ a, and r, = api1 +
Ani12 4+ ....

) _1; log |5y
(1) If > a, diverges, then 0 < 0. = limsup,,_, ol
(2) If > a, converges, then 0 > o, = limsup,,_, ., kii!:'-

Proof: We will show (1); the second part has a similar proof. Hence
we assume that > a, diverges and define

. log |sy|
o = limsup ———.
n—soo logm
We will first prove the inequality o < o.. Assume that Y " a,n™
converges. Thus ¢ > 0 and we need to show that ¢ > a. Let
b, = a,n~? and B, = > ;_, by (so that By = 0). By assumption,
the sequence {B,} is bounded, say by M, and we can use summation
by parts as follows:

SN =

|
WE
$

i
L

Il
E
o
3q

ol
Ll

= Bp[n® — (n+1)7] + ByN?

S
Il
—

so that

N-1
sal < MDY [(n+1)7 —n’]+ MN°
n=1

< 2MN°.
Applying the natural logarithm to both sides yields
log|s,| < ologN +log2M,
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SO
log |sy| log2M
<o ,
log N — log N
and this tends to o as N — o0, giving the desired upper bound for «.
We need to show the other inequality: o. < a. Suppose that o > «;
we need to show that Y > a,n 7 converges. Choose an ¢ > 0 such
that o + ¢ < 0. By definition, there exist ng € N such that for all
n > ng

log [sul _

< oa+te.
logn

This implies that
log|s,| < (a+¢)logn = log(n®*e).

Thus, |s,| < n®*e, for all n > ny. Observe that

1 1 o du
_———_— = < 7(U+1)_
n’ (n+1) U/n wetl — an

Using summation by parts, we can compute
N N

> - S su [0 = (1)) + sy(N +1)77 — sy M~
n=M+1 n n=M
N
<

Z note [U?’L_J_l] + NoteN—O + Mete
n=M

/S (M _ 1)a+5—0'

Y

and the last quantity tends to zero as M tends to oo.

We estimated S°N_ | nete=~1 by the integral [ A]/\[[:ll xotemo=ldy <
(M —1)*t¢=7 and the symbol < means less than or equal to a constant
times the right hand-side (where the constant depends on a + ¢ — o,
but, critically, not on M). O

EXERCISE 3.13. Prove (2) of Theorem 3.12.

From the formulae above we can simply deduce formulae for the
abscissa of absolute convergence, although these can be derived easily
on their own.

COROLLARY 3.14. For a Dirichlet series Y - a,n"*, we have

log(Ja1]+-+[an|)
logn Z 07
log(lan 1| +anal+..) <
logn —

(1) if >_ |an| diverges, then o, = limsup,,_, .,

(2) if > |an| converges, then o, = limsup,, ., .

0.
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Proof: Recall that to determine the abscissae, one only needs to
consider s € R and then absolute convergence of the series is exactly
convergence of the Dirichlet series whose coefficient are the absolute
values of the original coefficients. 0

EXAMPLE 3.15. The series

= (~1
Z()

s
n=1 Py,

n

has o, =0 and o, = 1.

Proof: The series of coefficients diverges and so we use the first of
the pair of formulae for each abscissae:

) log 1
0. = limsup = 0,
nooo lOgn

and, using the prime number theorem,
logn — log(logn)

1
O = limsupM = limsup = 1.
n—00 10gn n— 00 logn

EXERCISE 3.16. Show that Theorem 3.1 holds for the generalized
Dirichlet series Y oo a,e **, (assuming, as we always do, that \, is
an increasing sequence tending to infinity).

(Hint: Find a substitute for (3.3), by considering the integral
[ se=5*dx )

Therefore generalized Dirichlet series also have an abscissa of con-
vergence.

EXERCISE 3.17. Show that Theorem3.12 implies that if the abscissa
of convergence o. > 0, then

Ve>0, s, = O(no"). (3.18)
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Perron’s and Schnee’s formulae

Suppose you know the function values f(s) of some function f that,
at least in some half-plane, can be represented by the Dirichlet series
> > a,n~%. How do you determine the coefficients a,,? We have seen

n=1
one way already in Proposition 1.15:
a; = Sll)rgo f(s)
ag = sligloZ [f(s) — aq]
az = lim 3°[f(s) —a; — ae277]
S§—00

and so on. The disadvantage is that these formulae are inductive.

Schnee’s theorem (Theorem 4.11) gives an integral formula for a,,, and

Perron’s formula (Theorem 4.5) gives a formula for the partial sums.
First, we need to recall the Mellin transform.

DEFINITION 4.1. Suppose that g(z)z~! € L'(0, ), then

(Mo)(s) = [ glaras ! ds
0
is the Mellin transform of g at s = o + it.

REMARK 4.2. The Mellin transform is closely related to the Fourier
transform and the Laplace transform. From one point of view, the
Fourier transform is the Gelfand transform for the group (R, +), while
the Mellin transform is the Gelfand transform for the group (R*, x).
The two groups are isomorphic and homeomorphic via the exponential
map, and we can use this to derive the formula for the inverse of the
Mellin transform.

Here is an inverse transform theorem for the Fourier transform.
BVj,. means locally of bounded variation, 7.e. every point has a neigh-
borhood on which the total variation of the function is finite.

THEOREM 4.3. If h € BV}y.(—00,00) N L*(—00, 00), then
T

L) +hO0)] = = tim [ (FR)(©)e€ de,

2 2 T—o0 _T
29
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for all X € R.
Proof: See [Tit37, Thm. 24]. O

This gives us the following formula for the inverse of the Mellin
transform.

THEOREM 4.4. Suppose that g € BV,(0,00). Let 0 € R, and
assume that g(x)x°' € L'(0,00). Then
L)+ o) = g gim [ (M) d
— lg(z z7)| = =— lim s)x™ ds
5 L9 g oA | (Mg ,
for all x > 0.

Proof: Let A = log x, then G(\) := g(e*) belongs to BVj,.(—00, o0).
Let h(\) := G(A\)e*. Then

/ WO d = / (N[N dx

[e.o] o0

= [ ot e
0

< oo,

so h belongs to L'(—o0,00). It also belong to BVj,.(—00,00), be-
cause, locally, it is the product of a function of bounded variation and
a bounded increasing function. We have

Mg)(s) = lAwmmﬁ*dx

= / N G(N)e* dX
= / ) (G(N)er) e dt
= F(GNe) (1)
= (Fh)(-t).
Now, we apply Theorem 4.3 to h.
S Lo +gG)] = 5 [hO) + )]
1 T

_ et i

= ey lim _T(fh)(é‘)e dg
1 T .

= ¢ — lim (Mg)(o —it)e™ dt
271’ T—00 _T
1 T :

= ¢ — lim (Mg)(o +it)e™™ dt
2T T—oo _T
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1 T ,

= o Tlim (Mg)(o +it)e o+ gy
T T—oo0 |
1 7;'+iT

_ I —As

= [ M as
1 o+iT'

= — lim (Mg)(s)z™° ds,

277-@ T—oo o—iT
and we are done. O
Given a Dirichlet series Y>> a,n~%, let F(z) = Y

n<e Gns Where

> means that for # = m € NT, the last term of the sum is replaced
by %= so that the function F(z) satisfies

F(z) = 3 [F*) + F(a)]

for all . This function F(z) is called the summatory function of the
Dirichlet series.

THEOREM 4.5. (Perron’s formula) For a Dirichlet series f(s) =

> oo apn”®, the summatory function satisfies

1 o+iT

F(z) = — lim / Mxwdw, (4.6)
27(-2 T—o00 o—iT w

for all o > max(0, 0,.).

Before we prove Perron’s formula, we need the following two propo-
sitions.

PROPOSITION 4.7. Let F,(x) =Y. _ a,n"°, then

n<x
(1) Fo(w) = 2~ F(z) + o [ Fly)y " dy,
(2) F(x) =27F,(x) — o [y Fo(y)y”" dy.
Proof: First note that if o = 0, the formulae hold trivially.

To prove (1), evaluate the integral on the RHS by parts, assuming
that x ¢ N:

RHS = x779F(z) + {— F(y)y_"}: + /095 y 7dF (y)
= ; ann~" = F,(z).

If o € NT, note that the difference between the limit of the LHS as
r — xo— and the value of the LHS at xg is %ann_" and the same is
true for the RHS, since the integral on the RHS depends continuously
on z. Since the two sides were equal for all x € (xy — 1, z9) and they
jump by the same amount at xy, they are equal at zy as well.
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To prove (2) one can either do an analogous calculation, or set
by = a,n~7, let Go(z) =Y _ b,n~7, and let G(x) = Go(z). Now we

n<x

apply (1) with G in place of F' and & = —o instead of o to get
Flz) = Gs(2)

= 27°G(x) + 5/ G(y)y ' dy
0

= 2°F,(x) — 0/ E,(y)y"_1 dy,
0

since F(z) = G_,(x) and F,(x) = G(x). O

The following is a necessary condition for a function to be repre-
sentable by a Dirichlet series.

PrOPOSITION 4.8. Consider the Dirichlet series f(s) ~

Yoo apn”® and take a positive o satisfying o > o1 := maz(0,0.).
Then
flo+it) =o(|t]), as |t| — . (4.9)

Proof: By Theorem 3.12, we know that F(z)z=% — 0 as ¢ — o0
(see Exercise 3.17). Since F'(z) is 0 if # < 1, we have that F(z)z™°"! €
L'(0,00). By Proposition 4.7,

T—00 T—r00

flo) = lim F,(z) = lim 27 °F(x) + 0/000 F(y)y ' dy.

Since the first term tends to 0, we obtain

o)

o

In fact, (4.10) holds for all s € €,,, since both sides are ana-
Iytic there. As The function H(\) := F(e)e ™ is integrable and
F(H)(t) = (MF)(—s), by a similar change of variables argument to
the one we used in the proof of Theorem 4.4. So by the Riemann-
Lebesgue lemma we have

= (MF)(—o0), for all 0 > 0. (4.10)

lim Js) = lim (MF)(—s)
t—+oo S t—+o0
=l
= 0.
Therefore we get (4.9), since |s| = [t| as t — Fo0. O

We will now prove Perron’s formula (4.6).
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Proof: The function F is in BV,.(0,00), and F(z)z 7! €
L'(0,00). So we can apply the Mellin inversion formula to MF(—s) =
f(s)

. and use the substitution © = —w as follows:
1 1 —o+il

F(x) = [F(z")+ F(27)] = =— lim (MF)(u)z™ du
2 27(2 T—o0 —o—iT

1 o—iT
= —— lim / Mw“’ dw
2mi T—=oo Jovip W

o+iT
= L lim / —f(w)xw dw,

2my T—oo Jy_sp W
and we are done. O

One can use this formula to estimate the growth of a, from es-
timates of the growth of f(w). Also, note that the formula might
hold for smaller ¢’s, provided that f extends holomorphically to larger
half-planes. This follows from the Cauchy integral formula applied to
integrals along long vertical rectangles.

Recall that one can use the Cauchy integral formula to obtain the
coefficients of a power series from the values of the function it repre-
sents, namely

| N
ap = — f(e”)e ™ db.
2 Jo
The following theorem is a Dirichlet series analogue.

THEOREM 4.11. (Schnee) Consider the Dirichlet series f(s) ~
S Lapn~*. One has, for o > o,

n=1
I 1 /T Fo 4 it dr a,n”?,if A =logn, (4.12)
im — o+it)e = .
T—o0 2T | _p 0, otherwise.

Proof: Formally, exchanging the order of summation and integra-
tion, one gets

1 /T Y g —o—it) 1 At
— [ flo+it) e dt = ][ apel—o Tt ogntiAL gy
o ) 2

T
= E ann_a][ e!A—loemt gt (4.13)
-

T
We write ][ to denote the normalized integral, obtained by dividing

by the size of the set over which we are integrating. The integral in
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(4.13) is 1 if A = logn, and tends to 0 as 7" — oo otherwise, since for
a # 0, one has

T .

[ 1 , i sin(aT)

iot dt = ol wl| _ )
_Te 2T [e ¢ ] oT

This computation works fine for finite sums, and hence we can
change finitely many coefficients of the series. So we may assume that
a, =0, if logn < A+ 1, and then we must show that the LHS of (4.12)
1s zero.

Case (i): 0 > 0.

Consider the integral inside the limit. Then ¢ lies in the finite inter-
val [=T,T] and on this interval the series converges uniformly (since it
is contained in an appropriate sector, and we can apply Theorem 3.1).
Thus we may interchange the order of summation and integration and
then use integration by parts as follows

1 [T , T
oT Z apn TN loen)t qp = Zann—o][ pi(A—logn)t

=T nZeAJrl

_ / ][ i0-loga)t gt JF ()

_ / - »sin[(A — log )T AP ()

(>\ logx)T
x~%sin[(A — log )T
[ (A —logz)T F(a:)}

o0

0

(4.14)

dx (A —=logx)T

Since F'(z) = 0 for x < 1, the term in brackets in (4.14) vanishes
at 0. At infinity, F(z) = O(z7*"%) = o(z?), by choosing ¢ small
enough. (Again we let 07 denote max(0,0.)). Hence the expression
is o((logz)™!) and so the whole term (4.14) vanishes.

We will show that the limit of (4.15) as T' — oo vanishes as well.
We need to differentiate the square bracket. We obtain three terms:

d [z77sin[(A — logx)T] _ —ox 7 sin[(A — log x)T]
dx (A —loga)T B (A —loga)T
27T cos[(A — log z)T]
* O\ —log )T

7 Lsin[(A — log z)T]
(A —logx)?T

/Ooo Pt {x—ff sin[(A — log 2)T]

fram
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For each of these terms, we estimate the corresponding integral. Recall
that F(x) = O(x?¢) for any positive . In particular, 277 F(x) =
O(z7°), for any 0 < o — oy. The first and third terms are similar and
we get, as T' — o0

> —ox 7 sin[(A — log z)T] 1 [
I: F dr| = = —ie0
/6A+1 (ZL‘) ()\ — log l‘)T JZ‘ T /6A+1 O(l’ ) - 07
> 77 tsin[(A — log z)T] 1 [
IIT : F dr| = = O(z717%) = 0.
/6A+1 (37) ()\ — IOg ZL’)2T * T e+l (I ) —

The remaining term is more delicate. We will use the change of vari-
ables u = (logz — \), so that dz = e*™du. We have

I1: / T pay=tLeoslA —log )] / T F(ert)er 0o ST g
At (A —logx)T 1 u
o0 [1(eutA —o(u+X)
= —/ (e )e cos Tu du,
1 u

and the last integral tends to 0 as 7" — oo by the Riemann-Lebesgue
lemma. Indeed,

efo'(u+)\)

g(u) = F(e"™)——— = 0(e™ V) as u — oo,
u

and thus belongs to L.
Case (ii): o <0.
Choose some a such that o + a > 0, and define g(s) = f(s — a).

Then
T

17 : 1 ,
o7 /_T flo+it)e™ dt = 77 _Tg((a + a) + it)e™ dt,

and we can reduce to Case (i). O
EXERCISE 4.16. Check that the same proof yields Schnee’s theorem
for generalized Dirichlet series. Let A, be a strictly increasing sequence

with lim,, ,., A, = 00. Define the abscissa of convergence for f(s) =
S ane~® just as for an ordinary Dirichlet series. Then, for o > o,

1 (T , ape M7 if =\
lim — et dt = ¢ " ’ " 4.17
700 2T /T Jlo+it)e {O, otherwise. (4.17)

4.1. Notes

Perron’s formula, like Schnee’s theorem, also holds for generalized
Dirichlet series. For further results in this vein, see [Hel05, Ch. 1].






CHAPTER 5

Abscissae of uniform and bounded convergence

5.1. Uniform Convergence

We introduced the alternating zeta function f in Example 3.8, and
showed its abscissa of convergence was 0, whilst its abscissa of absolute
convergence was 1. In the strip {0 < Rs < 1}, one can ask whether
there is another form of convergence, intermediate between absolute
and pointwise conditional convergence. For example, in what half-
planes does the series converge uniformly or to a bounded function?

The values of the alternating zeta function are closely related to
the values of the Riemann zeta function; more precisely,

C(s) = (2'7* = 1)¢(s). (5.1)
Indeed, for o > 1, both series converge absolutely, so we can reorder
the terms freely, and hence

o = YT

n=1 n
= -1 =1
= ;F”;(zn)s

= (=14+2"7%)¢(s).

We will see later [?] that ((s) can be analytically continued to C\ {1},
and that this continuation is unbounded on any of the lines {s: Re s =
a} with a € (0,1). The relationship (5.1) will hold for the continuation
as well, since both sides are analytic, and shows that ¢(s) must also be
unbounded on {Re s = a}. Hence the convergence cannot be uniform
on this line either. We can get uniform convergence, however, provided
we divide by s, as the following proposition shows.

PROPOSITION 5.2. If f(s) = > 7", a,n~* converges at sg = 0, then,
for any 6 > 0,

% S; a,n”®
f(s)

converges uniformly to == in §2s.

37



38 5. ABSCISSAE OF UNIFORM AND BOUNDED CONVERGENCE

Proof: We use the same estimates as when we proved uniform con-
vergence in the sector, but we replace the inequality (3.4) by

EH 1— ! <H5
o |Me (N+1)°] — §°

This is an estimate for the main term of ZTJL A @nn %, Each of the two
other terms was estimated by e, so with the extra 1/s, we obtain, using

1/]s| < 1/6,

1 < €
Z -5 < 3=
. Z anpn < 35,
n=M
for M, N > ng and s € €25. Thus we are done. ]

DEFINITION 5.3. For a Dirichlet series f(s) ~ > " a,n~° we de-
fine the abscissa of uniform convergence o, as

oy = inf {p ; Z a,n”° converges uniformly in Qp} ,

n=1

and the abscissa of bounded convergence oy, as
o
op = inf {p : Z a,n~° converges to a bounded function in Qp} :
n=1

If a Dirichlet series converges absolutely at some sy € C, then it
converges uniformly in the closed half-plane Q,, by the comparison
criterion. Also, if a Dirichlet series converges uniformly in some half-
plane €, for N large enough, the sum differs by at most 1 from the
partial sum 32 a,n~*, for all s € Q,,. But (the absolute value of)
this partial sum is bounded by 327", |a,|n~?° < 0o, and so the Dirichlet
series converges to a bounded function in €2,,. Combining these two
observations with the previously known inequalities between o, and o,
and the obvious inequality o. < g3, we obtain

o. < op <0y <0 < 0+ 1
In fact, o, = 0, a result due to Bohr in 1913 [Boh13Db].

THEOREM 5.4. (H. Bohr) Suppose that a Dirichlet series con-
verges somewhere and extends analytically to a bounded function in
Q,. Then for all 6 > 0, the Dirichlet series converges uniformly in

Qs

Proof: Suppose that |f| < K in Q, and fix 0 < § < 1. If p > 0y,
we are done by the chain of inequalities above. Thus, we may assume
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that p < g,. Observe, that it is enough to prove the following estimate
for o > p+ 0:

< C(K,5)N°log N, (5.2)

since the right-hand side is o(1) as N — oc.
To prove 5.2, we fix s and N and define

g(z) = % <N+%>

Let d denote o, — p + 2, and integrate g around the rectangle with
vertices s — 0 £iN% and s + (0, — p) £ iN%

It would be nice to put a picture in here

By the residue theorem, we obtain

/Dg(z) dz = 2mif(s).

Consider the left-hand edge of the rectangle (LHE), on it we can esti-
mate

K 1\
z)| < N+ —
|g( )| \/52—|—Im2(2—s) ( 2)
so that
g(2)dz| < KN~ /
/LHE =) Nd\/52+y
Nd
— KN‘;{log <y+ \/52+y2>}

—Nd

CKN’[log N + log d]

[ IA

C(K,5)N°log N.

As for the integration over both of the horizontal edges (HE), we can

use the same estimate
o+d—2 1 r—0
KN (N + —) dx

/H o) d:

- o—9 2
1 r=0+d—2
S KN—d |: $—0:|
lOg N r=0—0
)
< KN

log N
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Hence, we can conclude that

2mif(s) = /RHEg(z) dz+O(N%log N).

Since the series converges absolutely on RHE, we can interchange
the order of integration and summation

oo 1 zZ—S 1
g(z)dz = / apn”* (N+ —) dz
/RHE ) RHE ; 2 2=
oo 1 zZ—S 1
= Zan/ n* <N~|— —) dz
— RHE 2 Z—5
o0 N —"_ l zZ—S8 1
— Zann_s/ ( 2) dz
— RHE n z— S

We will show that the contribution of the tail of the series above
— the sum for n > N — is small, while the sum over n < N is
approximately the partial sum of the Dirichlet series.

First, assume that n > N, i.e., n > N + 1. Apply Cauchy’s theo-
rem to the rectangular path whose left-hand edge is RHE and whose
horizontal sides have length L, and let L tend to infinity. Since the in-
tegrand has no poles in the region encompassed by this rectangle, the
integral over the closed path vanishes. On the new right-hand edge,
the integrand decays exponentially with L and so the limit of the inte-
gral over this edge tends to 0. On the top edge (and similarly, on the

bottom one), we estimate as follows,
co+itEiNd N + 1\ %5 d 1 o0 N + 1\ T—0
oo ) 5550 = e ()
s+(ga—p)£iNd n Z—$8 N o+(oca—p) n
1 & (z—0) log(NL%)
= / e "/ dx

N +(oa—p)
1 1 (0a=p) 1og(N;%) |

= —_—e

N —10g (%32)

1
The expression log (NJrE) is minimized when n = N + 1. So

n

N+1 1
o (“2) | = ~logl1 - )
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Hence, we can estimate the tail of the series by

[oe) l zZ—S (o0} 1
o[ (FEE) Loa 5 Y Mve(TR
n=N-+1 RHE n Z— 8 n=N+1 n? n
1\7"
= N <N+—)
2
< N

since > U+(,a ~ converges.

If n < N, we use Cauchy’s theorem again, but now with a rectan-
gular path Whose right-hand edge is RHE and whose width L tends to
infinity. The residue theorem now implies that

N+3\"77 1
/( 2) dz = 2mi.
O n z—3S

The integrand decays exponentially on the left-hand edge, and so the
integral over that edge tends to zero. As for the top edge (and also the
bottom one)

s+(oq—p)EiN® N + 1N\ *¢ dz
‘/ ( 2) dz
—ocotit+iN? n Z—=S

o0

D

n=N-+1

1 )Ua—p

|ay|
na—i—aa—p

1 o+(0a—p) N_|_% r—ag
< w50 e

_ L/UJr(UaP) e(xﬂ,)log( +7) "

Nd

o 1 1 (O'a—p)log(N:%
ey

log

(“) :

<

log< >

41 —p

< Nl—d 2
~ n
< NTlpToate

Thus,

N 1\ 28 N
N + §) 1 . |an|
a,n”* dz = 2miy —+O(N tpoetr
nz::l /RHE < n 2= Z Z
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where we used boundedness of the partial sums of the convergent series
S° _lanl_ We have shown that 5= Jrip 9(2) dz is close to both the

n netoa—p"

partial sum of the Dirichlet series and f(s) (and the error is as in (5.2),
and does not depend on s). O

The promised equality of the two new abscissae is now an immediate
corollary:.

COROLLARY 5.5. The equality o, = o, holds for any Dirichlet se-
ries.

Note, however, that the above corollary does not imply that if a
Dirichlet series converges to a bounded function in some half-plane, it
will converge uniformly in that half-plane. We only know that it will
converge uniformly in every strictly smaller half-plane.

REMARK 5.6. The function g(z) used in the proof of the theorem
above comes from Perron’s formula which can be restated as (in the
special case of © = N + 1)

1 o+it+1T N+ 1\z—s
Z apn”® = —— f(z)# dz + enr,
n<N 210 J g vit—ir =8
where ey 7 is an error term that comes from not taking the limit in 7'.
One can also prove this formula using the estimates above.

5.2. The Bohr correspondence

Bohr’s idea was to use the following correspondence between Dirich-
let series and power series in infinitely many variables. For a positive
integer with prime factorization n = p’fl e pfl, we define

k
27 = zfl...zll.

We have an isomorphism between formal power series in infinitely
many variables z1, 29, ... and Dirichlet series, given by

B : Zanzr(") — Zann_s. (5.7)
We shall write Q for the inverse of B:

Q: Zann_s — Z 2™, (5.8)

The map B is an evaluation homomorphism — indeed, we evaluate
the power series on the one-dimensional set {(z;) : 2z = p; °}. It is
clearly onto, and it has a trivial kernel because the right-hand side is
0 iff all the coefficients vanish.
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For finite series, we can norm both spaces so that B will be isomet-
ric. Indeed, we have

N
dt = > a,f
n=1

N

:/mz

n=1

2

dt. (5.9)

an62mt~r(n)

By T*° we mean the infinite torus
T = {(*™, ™2 ): 0<t; <1VjeN"}
which we identify with the infinite product
[0,1) x [0,1) x ---

on which we put the product probability measure of Lebesgue measure
on each interval.

We shall investigate when (5.9) holds for infinite sums in Theorem
6.39.

Flesh this section out.

5.3. Bohnenblust-Hille Theorem

We will now proceed to show that o, — o, < %, and that this bound
is sharp. Originally, Hille and Bohnenblust exhibited an example of a
Dirichlet series for which equality holds in the above inequality. Their
construction was extremely complicated.

Instead of going through their construction, we shall show that
such an example exists using a probabilistic method. This is a non-
constructive method, used in other fields, in particular in combina-
torics/graph theory.

Before describing the probabilistic method we mention two anal-
ogous methods: the “cardinality method” and the “Baire category
method”. Recall that one can prove the existence of transcendental
numbers by showing that there are only countably many algebraic num-
bers (and uncountably many real numbers). This is much easier than
proving that a concrete number is transcendental. Similarly, the ex-
istence of a nowhere differentiable continuous function on an interval
I can be proved by showing that the set of all continuous functions
with a derivative at at least one point is of the first category (and thus
cannot equal the complete metric space of all continuous function on
I). The construction of a particular example is again fairly technical.



44 5. ABSCISSAE OF UNIFORM AND BOUNDED CONVERGENCE

The probabilistic method is similar in spirit. Instead of exhibiting
a concrete example of an object with some given property, we con-
sider some set S of objects and equip it with a convenient probability
measure. We strive to show that a randomly chosen object will have
the desired property with a non-zero probability. Although it might
seem that this will rarely work, the probability method has been very
successful, especially when examples with the given property have a
complicated structure or description.

In our case, we will need to consider random series of functions of
the form

0
f€(3) - Z Enlnn ",
n=1

where {e,} is a Rademacher sequence, that is, a sequence of indepen-
dent random variables, such that each €, € {£1} and Prob (e, =1) =
Prob (g, = —1) = 1/2. One can also consider the random series

o
fw(s) _ Zaneinwnn—s7

n=1
where w = {w,}72, is a sequence of random variables that are in-
dependent and such that each w, is uniformly distributed on [0, 27].
Both {e,} and {w,} are i.i.d.’s, that is, independent and identically
distributed.

When we have a Rademacher sequence, we use E to denote the

expectation, that is the average over all choices of sign, of some function
that depends on the sequence:

IE[Z Enln-

If the sequence is finite of length K, this just means adding up all
2K choices and dividing by 2%. If the sequence is infinite, one must
replace this by integrating over the space {—1,1}* with the product
probability measure.

Note that a sequence of i.i.d.’s has a canonical probability distribu-
tion associated to it, namely the product probability. Heuristically, to
choose a random sequence, we can choose it element by element, and
since these elements should be independent, we arrive at the product
probability.

As an example of a theorem about random Dirichlet series we prove
the following proposition.

PROPOSITION 5.10. Let {a,} be a sequence of complex numbers and
let {w,}22, be sequence of i.i.d.’s which are uniformly distributed on
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0; 27]. Denote f,(s) := > 07, ane™ n~% as above. Then there exists

some & = &({a,}) such that o.(f,) = & almost surely.

Proof: Given a sequence of random variables, a tail event is an
event whose incidence is not changed by changing the values assumed
by any finitely many elements of the sequence. The zero-one law of
probability asserts that any tail event associated to a sequence of i.i.d.’s
happens with probability either 0 or 1 [Kah85, p.7]. Consider the
events B, = {f, : 0.(f,) < a} for a € R. These are clearly tail events.
Let

¢ = inf {a: Prob(B,) =1},

where we agree that inf() = co. Since the events B, are nested, we
have

Prob (B,) =0, for all a < &,
Prob (B,) =1, for all a > &,
and {fo: o) =3} = (MaBora) \ (UaBoos)
which easily implies that ¢ has the desired property. 0

Let f be a holomorphic function on a domain 2 C C. We say that
0€) is a natural boundary for f, if no point zg € 9€) has a neighborhood
to which it can be holomorphically continued. Proposition 5.10 can be
strengthened in the following way [Kah85, p. 44].

THEOREM 5.11. Let w, and & be as above. Then, with probability
1, the line {Re s = @} is the natural boundary for the Dirichlet series

S apennTs.

We will need the following theorem, which we shall prove as Corol-
lary 5.23 below. We shall use multi-index notation, where o € Z" —
see Appendix 11.1. We shall use T" to denote the r-torus, which by
an abuse of notation we shall identify with both {(e*™ ...  ¢*mitr)
0<t; <1V j}and {(ty, -~ ,t,) : 0<t; <1V}

THEOREM 5.12. There exists a universal constant C > 0 such that
for everyr € Nt every N > 2, and every choice of coefficients ¢, € C,

with |a| = |ag|+ -+ -+ || < N, there exists some choice of signs such
that
1
sup :l:cae27ri(a1t1+---+artr) < C [7’ log N Z |Ca‘2i| 2 . (5.13)
teTr

lo|<N
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By Fubini’s theorem and the orthogonality of {e*™*'}  for any

choice of signs
2
/ Zicnegma't dt = Z|ca\2,
| -

so the left-hand side of (5.13) is at least > |co|?. The theorem says
that for some choice of signs, this estimate is only off by a factor of

vrlogN.
Note that choosing all ¢, positive and using the Cauchy-Schwarz
inequality yields the following much cruder estimate:

- ;Ca
< JC_N(ZH)

where Cy is the number of terms, roughly N, if N > r.

caei(a1t1+"‘+artr)

la|<N

sup
teT”

We will need the following lemma.
LEMMA 5.14. Let
P(t) _ Z Ca€27ri(a1t1+~--+artr)

la|<N

be a trigonometric polynomial on T". If P is real, then there ex-
ists an r-dimensional cube I C T" of volume (N + 1)7%" on which
’P(tla o 7t7“>’ > %HPHOO

Proof: By multiplying P by (—1), if necessary, we may assume that
there exists 6 = (6y,...,60,) € T" such that

P(0) = [ Plloe-

By the mean value theorem, we conclude that for any ¢ = (t1,...,t,) €
T", there exists 6 belonging to the segment connecting ¢ and 6 such
that
: oP -
P(t)—P(0) = ) (t; - 05) 5 (0),
=1 !

Thus,

PO~ PO < mxl -0l 3|50 6519
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There exists a choice of signs s; € {£1} so that

i P(él—i—slx,. +sx Z‘

dx|,—o

We fix this choice, and define a trigonometric polynomial of degree at
most N

Qz) = (él—i—slx .., 0, + s5,.7).

Then Q(z) = Y, bre™ and Q'(z) = >, ikbre™™®. Note that by inte-
grating against e~*** we obtain |bg| < ||Q||, and hence

QO < D kbl

N
<
< ml?x|bk| Z k
k=—N
< Qoo N(N +1)
< Pl N(N +1).

Thus, we can continue our estimate from (5.15)

[P(t) = P(0)] < |[PlloN(N +1)suplt; — 0] (5.16)
j
Since |P(#)] = ||P|le, whenever the right-hand side of (5.16) is
bounded by £[|P||«, we have P(t) > %. This will occur if

1

suplt; — 0| < ——— —.
jp“ J|—2N(N+1)

The set of such t’s is a cube of volume [N(N + 1)]7" > (N +1)7?". O

THEOREM 5.17. Let {P,}X_, be a finite set of complex trigono-
metric polynomials in r variables of degree less than or equal to N,

with N > 1. Let Q(t1,...,t,) = >, enla(t1,...,t.), where g, is a

Rademacher sequence. Then

>
Prob (n@um > [s2riog v IR ) <

for all real v > 8.

Y

EEEY

Proof: First suppose that all P,’s are real, let 7 = > || P,||%, and
= [|@]|oc (here M = M{(e) is a random variable). Let A be an
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22

arbitrary real number. Then, using the inequality %(ez +e?)<ez
yields

E (eAQ(t)) — E (6)\2" z—:nPn(t))

_ E (H 6)\anPn(t))

n

- [eno)
- I (%[ema) L e—APnoe)])
ﬁe*fnpnzo

n

IN

IA

)‘2
— e ZalPall%
22

2 (5.18)

By Lemma 5.14, there exists an interval I = I(g) C T" of volume at
least (N + 1)~ such that |Q| > ||Q||w of I. For fixed ¢ = {e,,} we
thus have

AM(e) 1 / 2Q) 4 ,—AQ()
e 2 < € Te dt
vol(1(g)) Jre)
< (N+1)~ / W 7AW g
’]T’V‘

Taking the expected value and using estimate (5.18) yields

E(e¥) < (N+1)"E ( / e 4 ¢~ dt>

— (N+1)2’r’/ ]E(e)\Q(t) +6—>\Q(t)) dt
T

7,2
< (N+1)2T/ 207 dt

22
= 2(N+1)* e
e%ﬂogzmrlogu\/ﬂ)

Thus,

2
E (6%—%—1og2—2rlog(zv+1)> <1,
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and hence, by Chebyshev’s inequality,
Prob (e%—)‘z—T—logQ—%ﬂlog(N—i—l) > 7) < l
B e
The event on the left-hand side of (5.19) is equivalent to
AM — N2

5 —log2 —2rlog(N +1) > logy.
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(5.19)

(5.20)

Choose A = \/ 2log[2y(N +1)?7], then, after algebraic manipulations,

(5.20) becomes

2
M\/— log[2y(N + 1)2] > 4log[2y(N + 1)*7],
T
which is the same as

M > 2v/27\/log[2y(N + 1)2].
For v > 8 we have

29(N +1) < (yN)™,
50 (5.21) will hold if

M > 2V27\/log[yN]?

= 4y/r7log[yN].

Recalling that M = ||Q]| and 7 =Y, || P,]|* we obtain

Prob (IIQIIOO > 4{rloghN]Z|anll2r> <

when () is real.
If @ is complex and

1
1Qll > 4[2rloglyN] > [ Pal%] 2,

then one of the two following inequalities must hold:

IRe Qe > 4{rloghN1ZHRePnuzo},

2

[ Qe > 4{rlong1§julm Pnuzo]

(5.21)

But since these inequalities involve real polynomials, either of them
happens with probability at most %, by the real case. The probability

that at least one of them happens is thus at most %

U
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COROLLARY 5.22. Let N > 2, and let ¢, € C be given for every
a=(aq,...,a,) € Z" with || < N. Then, for any v > 8, there exists
C > 0 such that

2 Eacaewot

<N

2
Prob > C(rlog N) é{ Z |ca|2} < —.
g

lal<N

[e.9]

Proof: Fix v > 8, and choose C' > 0 such that C? > 32 (1 + fﬁ)
Let P,(t) = coe’! and use Theorem 5.17. O

COROLLARY 5.23. There exist a choice of signs {e,} such that

< CrlogM?| 3 rcawz]é

la|<N

[e.9]

Proof: For any v > 8, the probability that a random series will not
have the property is at most % < 1. O

THEOREM 5.24. (H. Bohr) For any Dirichlet series o, — 0, < 3.

Proof: Let p > oy, then Y >° a,n™° converges uniformly in Q_p.

Fix s € C with Re s = p + % + e. By the Cauchy-Schwarz inequality,

Sl = S laal
< (Shl®) (Zoe) )

where the second sum converges. By uniform convergence, there exists
K > 0 such that for every t € R and N € N*

N
Zann’(””t) < K.
n=1
Consequently,
N 2
K2 > Zannf(erit)
n=1
N

= Z la,*n"* + 2Re Z AT () P18 50

n=1 1<n<m<N
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Taking the normalized integral yields

N T
K* > Z an|*n"?" + 2 Re Z andm(nm)p][ etloe S .
n=1 1<n<m<N =T

Taking the limit as T tends to oo, the mixed terms tend to 0 and so

we conclude that
N

Z ‘an|2n72p < KZ,

n=1

for all N € N*. Thus the first sum on the right-hand side of (5.25) is
bounded, and so Y, |a,n~*| converges. Thus, o, < £ + p+e. Since
this is true for every p > o, and € > 0, we get o, < % + oy U

THEOREM 5.26. (Bohnenblust-Hille, 1931) There exist a

Dirichlet series y " a,n~* for which o, = % and o, = 1.

We shall present a probabilistic proof, due to H. Boas [Boa97].

Proof: Each a,, will be an element of {£1,0} and the coefficients
will be constructed in groups, starting with k = 2. To construct the k*
group, choose a homogeneous polynomial @, of degree k in 2* variables
with coefficients ¢; € {£1}, with j = (ji, ..., jor),

Qk(zl,ZQ,...,ZQk) = ZEJ'Z{I Z;ik

lil=k

so that .
2
[0l < €| 10gh S Ieif]
VIS
This is possible, by Corollary 5.23. By Lemma 5.29, the number of

(monic) monomials of degree k in 2 variables is (zkﬁf*l). We conclude
that

@il < ¢ 2o(* )]

We convert the @;’s into Dirichlet series as in (5.7)
fils) = (BQ(s) = S &5 (W piy)
lil=F

and let f = >"77, fi, thought of as a Dirichlet series. Then the coef-
ficients of f lie in {£1,0}, since each n can appear in at most one fj.

Claim 1: o,(f) = 1.
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Proof: In f;, the number of non-zero coefficients is
k _ k\k k2
2"+ k-1 S (27) S 2_
k - k! T kR
By the prime number theorem, p;, =~ klogk, so that por+1 < M2FE, for

some M > 1. Hence any n that has a non-zero coefficient in f; must
satisfy

n < (M2%)".

Thus, we can estimate for o < 1,

k2
> agln™ > Z%(MZ’%)_IW (5.27)
n k
2k2(1—0)
kk(1+0) pfko
k

By the root test (or ratio test), (5.27) diverges for o < 1.
Since for o > 1 the series converges absolutely (by comparison to
>.,,n"7), we conclude that o, = 1.

Claim 2: o,(f) = L.

2
Proof: Fix e >0, let 0 = % + ¢, and note that

|felo+it)] = [Qu(pys- - Pyt )]
i i o ; j it
= D e paa ) W )"
7=k
Thus,
sup |fe(o +it)| < sup |Qr(21, - -, 2o1)]
t |Z¢\=p;k”71+i, i=1,...,2k
< S Qx|
zi|=1
% 1k —1\1?

< Cpgt [2k logk( +k B )} (5.28)

1
< (2Fklog2) R [2’“ log k2k2] ’
= (klog2) k72X (ot3t30) | flogk
~ (klog2) 2R g

The series ), |fx| is thus estimated by a summable series. Hence,
> [ converges to a holomorphic function which is bounded in J2+4e
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and equal to f in €. Letting ¢ — 0+ yields, by Theorem 5.4, o, =

op < % Thus, by Theorem 5.24 and Claim 1, o, = % U
LEMMA 5.29. The number of monomials of degree m in n variables
is (n+nn;afl)'

PROOF: From a linear array of n+m — 1 objects, choose n —1 and
color them black. Let the power of z; be the number of non-colored
objects between the (i — 1)** black one and the i*" one. O

EXERCISE 5.30. Fill in the details that the series in (5.28) con-
verges.

EXERCISE 5.31. Show that for all z € [0, 3], there is a Dirichlet
series such that o, — o, is exactly z.

(Hint: Although Bohnenblust and Hille did not spot it, this result
is a one-line consequence of Theorem 5.26. If you find the right line!)

5.4. Notes

The proofs of the Bohnenblust-Hille theorem in Section 5.3 and
Bohr’s Theorem 5.4 are based on H. Boas’s article [Boa97]. The orig-
inal proofs are in [BH31] and [Boh13b], respectively. Theorem 5.24
was proved in [Boh13a].

Talk about recent advances, in particular [DFOC™11].






CHAPTER 6

Hilbert Spaces of Dirichlet Series

6.1. Beurling’s problem: The statement

We will motivate our discussion by considering a problem posed by
A. Beurling in 1945. If we set 3(x) = v/2sin(rx), the set

{B(nz): ne N}
forms an orthonormal basis of L?([0;1]).

PROPOSITION 6.1. If ¢ : RT — C is 2-periodic, and {(nzx)},en+
is an orthonormal basis for L*([0;1]), then 1 = ¢“3, for some 0 € R.

Proof: Extend v to an odd function on R. Then % is odd and
2-periodic, so we can expand it into a sine series ¥(x) = >~ | ¢S (kx).
Since {1(nx)},en+ is an orthonormal basis, we have

L= [|Bma)lP = Y [(B(ma),d(na)]
= > |{B(ma),
= > el

k|m

Ckﬁ(nk$)>|2

2

WE

b
Il

1

Letting m = 1, we obtain |c;|?> = 1. Thus, for m > 2, we have 1+ -+
|cm|? = 1 (where the middle terms are non-negative) and so |c,,| = 0.
Il

DEFINITION 6.2. Let {v,} be a set of vectors in a Hilbert space
H. We say that {v,} is a Riesz basis, if span {v,} = H and the Gram
matriz G given by

Gij = (vj,vi)
55
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is bounded and bounded below, that is, for all {a,}°, € ¢*:

00 00 00
C1 Z ‘CLj’Q S Z aiEjGij é (&) Z \aj]2. (63)
j=1 j=1

i.j=1

PROPOSITION 6.4. The set {v,}°, is a Riesz basis if and only if

the map
(o] o
T Zanen — Zanvn
n=1 n=1

is bounded and invertible, where {e,} is an orthonormal basis for H.

Proof: We have

HTZanen

2
_’H E AnUn
n

2
= E ananxymn
m,n
and
2

2
H E anenll = E lan|*.

n n

Thus condition (6.3) is equivalent to boundedness of 7" from below and
above. Moreover, T is onto if and only if the span of {v,} is dense in
‘H. The claim follows by recalling that a map is invertible if and only
if it is bounded, bounded from below, and onto. O

Here is Beurling’s question.

QUESTION 6.5. (Beurling) For which odd 2-periodic functions 1) :
R — C does the sequence {¢(nz)}2, form a Riesz basis for L*([0;1])?

REMARK 6.6. A frame is a set of vectors {v,}22; in H such that
for some ¢q,c9 > 0

alol* < Y v )P < ol
n=1
holds for every v € H. (Unlike a Riesz basis, they do not need to be
linearly independent).
The following problem attracted a lot of attention; it has many
equivalent reformulations.

CONJECTURE 6.7. (Feichtinger) Suppose that {v,}5°, is a set of
unit vectors in ‘H that form a frame. Does it follow that {v,}%, is a
finite union of Riesz bases?

The conjecture was proved, in the affirmative, by A. Marcus, D.
Spielman and N. Srivastava [MSS15].
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Beurling’s idea was to consider the Hilbert space of Dirichlet series

H? = {iann_s 2 aal? < oo}. (6.8)

n=1 n

Let us first observe that for any f € H? we have o, < % Indeed, by
the Cauchy-Schwarz inequality,

> aan”| < <§n:|anl2)é(Xﬂ:n‘%)é < oo,

whenever 20 > 1. In fact, the above estimate shows that for any
so € Qy/9, the map H? 5 f — f(sp) is a bounded linear functional.
Therefore it is given by the inner product with a function ks, € H?,
the so-called reproducing kernel at sq, i.e.,

f(s0) = (f ks, forall feH>

For any Hilbert (or Banach) space of analytic functions X', we define
its multiplier algebra by

Mult (X) = {¢; ¢f € X, Vf € X}.
It is easy to check that the following hold
elc X = Mult(X)C A,
e Mult (&) is an algebra.
Clearly, multiplication by £~* is isometric on H?, for all k¥ € N. Con-
sequently, every finite Dirichlet series lies in Mult (#?).
Also, note that SUDeq, |k=3| = k=2 — 0 as k tends to co. Thus,
1 lIaaate g2y Z S Lo, -
The following result — multiplication operators are bounded if they
are everywhere defined — is true in great generality (see Section 11.4).

PROPOSITION 6.9. The multiplication operator M, is bounded on
H? for every p € Mult (H?).

Proof: Multiplication operators on a Banach space of functions in
which norm convergence implies pointwise convergence (or at least a.e.
convergence) are easily seen to be closed. Indeed, suppose that f, — f
and M,f, — g. Then, for every s € Qy/9, fu(s) — f(s) and so
(Myfn)(s) = @(s) fa(s) = @(s)f(s) = (Myf)(s). On the other hand,
M, fn(s) = g(s), for all s € Qq/5. We conclude that (M, f)(s) = g(s)
for all s € €/ and hence M,f = g. Thus, M, is closed. Hence,
M, is an everywhere defined closed linear operator on a Banach space,
and the closed graph theorem states that such operators are necessarily
bounded. 0
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Now let ¢ be an odd 2-periodic function on R. We can ex-
pand it into a Fourier series ¢(z) = Y o~ ¢,6(nz). The sequence
{1(kx)}ren+ is a Riesz basis, if and only if it spans L? and the oper-
ator T : >, apf(kx) — >, ar(kz) is bounded and bounded below.
Denote ¢ (x) := ¢ (kz) and analyze the condition on T

‘;w - ‘%ak;w(nm)
- < > apcaB(nkz),> ajcmﬁ(mjx)>

k,n 7,m

= E ()CpQ;Cmp,

kynzjzm; kn:]m

2

and thus we want

Z pCn@;Cry Z|ak|2. (6.9)
k

k,n,j,m; kn=jm

Let us define auxilliary functions in H?:
g(s) == chnfs, f(s) = Zaklfs.
n k
We have

lgfli3e = <chak(nk)—57zcmaj(mj)—s> — Z A CnGjCpn,

n,k m,j k,n,j,m; kn=jm

and so the condition (6.9) holds, if and only if ||gf|32 ~ || f]lxe, i-e.,
when M, is bounded and bounded below.
Let us also look the density of the span of {¢,},. It is equivalent

to
Span { Z cnﬂ(nkx)} = L[*([0;1]) <= span { Z cnenk} = (*(N)
n keNt n keN+
<= Span { Z cn(nk)s} =H?
n keNt
<= Span {k‘sg(s)} =H>.
keN+

The last condition implies that range of M, is dense. But since M, is
bounded below, it has a closed range and thus is onto. Therefore M,
is invertible, or M/, is bounded. Conversely, if M, is invertible, the
image of the dense set span {k™*}en+ is dense, and so the density of
span {¢y} follows by the above equivalences. We have proved:
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PROPOSITION 6.10. Let (z) = > 7 | ¢,f(nx) be a odd 2-periodic
function on R. Then {¢(kx)}ren+ is a Riesz basis, if and only if both
g and 1/g are multipliers of H?, where g(s) = o0, c,n"*.

n=1

In view of Proposition 6.10, Beurling’s question 6.5 would be an-
swered if we could answer the following question:

QUESTION 6.11. What are the multipliers of H??

6.2. Reciprocals of Dirichlet Series

PROPOSITION 6.12. If f(s) = > 0" a,n™* is a Dirichlet series that
converges somewhere and satisfies a; # 0, then g(s) = ﬁ 18 also

given by the sum of a somewhere-convergent Dirichlet series. Moreover,
op(g) = inf{p : inf \fHQp > 0}.

Proof: By rescaling, we may assume that a; = 1, and by shifting
the series so that o, < 0, we have sup |a,,| < M. We will construct the
coefficients by of g inductively. Clearly, by = 1. For n > 2, we have

0 = fgn) = > anubs. (6.13)
kln

Equations (6.13) can be solved for by, first when k is a prime, then a
power of a prime, then when £k has two distinct prime factors, and so
on.
Claim: If n = pi* ... pir, then |b,| < n2M.

Proof: For n =1, b, = 1 and so the claim holds. Assume induc-
tively that the claim holds for all m < n. By (6.13), we have

kln, k>2
k>2
n\ 2 -
< M (—) M=t
< M) (5
k>2
) 1
l],,2
< My o
k>2

2
= Mlip? (% — 1) ,

and the claim follows, since %2 < 2.
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Since |i| < log, n, we obtain

b, | Mip?
Mlog2 nn2

nlog2 M’I’L2

n2+log2 M'

IA A

Hence, for Re s > 3 + log, M, the Dirichlet series > b,n™* converges
absolutely.
Now, g is bounded in Q,, if and only if inf | f| ‘Q > 0. As g is given

by a convergent Dirichlet series in {23410g, 7, by Theorem 5.4,
op(g) < inf{p: inf \f||Qp > 0}.

The reverse inequality is obvious. U

Note that the condition a; # 0 is necessary, since a; = lim,_,, f(o).

6.3. Kronecker’s Theorem

THEOREM 6.14. (Kronecker)

(1) Let 0y,...,0, € R be linearly independent over Q, and let
ay,...,a € R, Te > 0 be given. Then there exist t > T
and q, . ..,q € Z such that

‘tej—Oéj—q]" <g, 1§]§]€
(2) Let 1,01,...,0, € R be linearly independent over Q, and let

ai, ..., € R, T e >0 be given. Then there exist N> n > T
and qi,...,q, € Z such that

nb; —a; —q;| <e, 1<j<k.

Proof: (1) = (2): Assume that all §;’s lie in (=M, M). Fix 0 <
e < 1, and apply (1) to the (k+1)-tuples 0y, ...,0;, 1 and oy, ..., ax, 0,
T=N+1and ¢/(M+1). Let n = q41, then [t —n| < e/(M +1).
Thus, for 1 < j <k, we have
nb; —a; —q;| < |n—t6; +[t0; — a; — g
Me €

< .
M+l Ml

To prove (1), define F(t) := 1+ 25:1 emilit=asil - We need to
show that limsup, . |F(t)] = k+ 1. Fix m € N, and define
a=(0,a1,...,a5), 0 =(0,60,...,0) and j = (jo,...,Jx). Then

[F@OI"™ = Yoo @™,

lil=jo++jx=m
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m!
51
[T, €™ in the product, and, by independence of §;’s over Q, distinct
j’s yield distinct y;’s. Also, >7, . la;| = (k + 1)™, since there are
(k + 1) terms, each with a coefficient of modulus 1.

Suppose that limsup,_ ,. F(t) < k + 1. Then there exist M > 0
and A\ < k + 1 such that |F(t)| < A for all t > M. Consequently,

where a; = %6_2”““ and ~; = j - 0. Indeed, there are Z* ways to get

1 (T
limsupf/ |E()|™ dt < ™.
0

T—o0

Since [F(t)]™ is a finite combination of exponentials,

la;] = | im
1 /T
< limsup—/ P di
T—o0 T 0
<A™ (6.15)
Note that there are (m:k) < (m+1)* possible j’s. Thus, summing the

inequality (6.15) over all j’s yields

k+1)™ = > ol

ljl=m

< (mA 1),

a contradiction for large m. 0
REMARK 6.16. Let ¢q,...,qx be distinct primes. Then
logqy,...,logq. are linearly independent over Q.
Proof: If not, then for some rational numbers r,...,r, we have

> ;7 log g, = 0 and by clearing the denominators, there exists integers
Nni,...,Nk so that

anloquzo — Hq,’;’“ =1.
2 2

Thus all ng’s must be zero by the uniqueness of prime factorization. [

6.4. Power series in infinitely many variables

Recall from (5.8) that given f € H? f = > "7 a,n*, we have a
formal power series in infinitely many variables

Q) =3 a, .



62 6. HILBERT SPACES OF DIRICHLET SERIES

Let D> denote {(2;)2,; |2i| < 1} — the infinite polydisk.
PROPOSITION 6.17. If f € H? and z € D™ N2, then (Qf)(z) is

well-defined.

Proof: Using the Cauchy-Schwarz inequality, we obtain

1Qf(2) (Z |an|2) (g; |Z|zr<n>> '

For z € D™, observe that the map n + 1,(n) := 2" is multiplicative
and satisfies |1, (n)| < 1, for all n € NT. Tt follows that

[e.9]

- rn 1
;‘z()f — Hl_—w
1
N H1—|¢<p>|2'

peP

Therefore

o 1/2
QF) < Iflle [H . ] .

1

This is finite if z € D> N ¢2. O

REMARK 6.18. A character on (NT,-) is a multiplicative map from
N* to T. A quasi-character on (N¥, ) is a multiplicative map from N*
to D. So 1, is a quasi-character.

Hilbert, in 1909, asked:

QUESTION 6.19. Does Qf(z) make sense on a larger set than D> N
%7

This was his answer. Let z = (z,22,...), and let z,) denote
(#1,..-,%m,0,0,...). Consider the sequence F,,,(2) := F(z(, ) this is
called the m'°-Abschnitt (or cut-off). If f € H? and F = Q f then the
functions F;, are well-defined on D> by Proposition 6.17.

ProposITION 6.20. (Hilbert) Suppose that there ezists C' > 0
such that

|Fn(2)]<C Vz e D* VmeNT,
Then, for every z € D*° N ¢y, the limit
lim F,(z) =: F(2)
m—0o0

extsts.
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Proof: Fix z € D* N¢y and an € > 0. Then, there exists K € N
such that |z;| < 55 holds for all £ > K. Fix n > m > K, and consider
the function f € H* (D" ™) given by

fWiaty - swn) = F(21, 0y Zmy W1y - -, Wy, 0,0, ...).

Now, we apply the polydisk version of Schwarz’s lemma, Lemma 11.2,
to g(w) = %&ﬂo). Since g : D"™ — D, we conclude that

£
|g<zm+17”'7zn)| < z:rﬂ?{,n|zl| < %7
so that
£
- < = 90 =c
7(2)~ JO)] < 520 =
Thus, the sequence {F,,(2)},, is Cauchy. O

DEFINITION 6.21. We define H*(D>) by

H>(D>*) := {F(Z) = Zanzr(”) L Fa(2)| <C, YmeN,z e ]DDOO}.
n=1

(6.22)
The norm of F' € H*(ID*) is the smallest C' that satisfies the inequality
in (6.22).

6.5. Besicovitch’s Theorem

DEFINITION 6.23. (1) Let f € Hol (2,), let ¢ > 0. We say
that 7 € R is an e-translation number of f, if

sup |f(s+it) — f(s)] < e.

s€Q,

We shall let E(e, f) denotes the set of e-translation numbers
of f.

(2) A set S C R is called relatively dense, if there exists L <
oo such that each interval of length L contains at least one
element of S.

(3) A function f € Hol (Q2,) is uniformly almost periodic in Q,,, if
for all € > 0, the set of e-translation numbers of f is relatively
dense.

EXAMPLE 6.24. The function f(s) =274 37° is uniformly almost
periodic in the half-plane €2, for every p € R.
It follows from Kronecker’s theorem that for every ¢ > 0 there

exists an arbitrarily large e-translation number. Indeed, let 6, = 102g7r 2
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0y = % and a; = ag = 0. Then there exists an arbitrarily large 7 € R
so that

dist {7120g27Z} <e and dist {TIQOgB,Z} <e

™ ™

Thus,
|2—(s+z‘-r) . 2—s| _ |2—s(€—i710g2 i 1)|

log 2
< 2727(log 2) dist {T;g ,Z}
e

< Ce.

Similarly, one obtains

Tlog 3
2w

There exists a refined version of Kronecker’s theorem that implies that

the e-translation numbers of f are relatively dense, so f is uniformly

almost periodic. However, the claim also follows from Corollary 6.28
below.

]3—(5“7) —37% < 37727(log 3) dist { L} < Ce.

THEOREM 6.25. (Besicovitch) Suppose f(s) = > 02, a,n™* and

n=1
the series converges uniformly in Q,. Then f is uniformly almost pe-
riodic.

LEMMA 6.26. Suppose [ is uniformly almost periodic and uniformly
continuous in Q,, and let 0 < g1 < gy be arbitrary. Then there exists
a d > 0 such that for each 7 € E(ey, f), the inclusion (T — 0,7+ ) C
E(ea, f) holds.

Proof: Let 6 > 0 be such that for every 0 < ¢’ < ¢ and z € Q,,
|f(z+1id") — f(2)] < ez —e1.

For any 7" € (1 — §,7 + ), write 7/ = 7 + ¢’ with 0 < |¢’| < §. Then
the inequality

f(z+im) = f(2)] < |f(z+i(r+0") = flz +im)| + |f(z +iT) = f(2)]
< (eg—e1)+er = e
holds. ]

LEMMA 6.27. Lete,d > 0 and let f1, fo be uniformly almost periodic
and uniformly continuous functions. Then the set

P={r€E(Ef): dist (1,E(e, f2)) < 0}

15 relatively dense.
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Proof: For a uniformly almost periodic function f and € > 0, let
L(e, f) denote the infimum of those L > 0 such that any interval of
length L contains an e-translation number of f. Choose K € N so that

L = §K is greater than max{L(3, f1), L(5, f2)}. Write

R = |J[(n—1LnL) = |JI.
nez nez
In each I, there exist 7'1(") € E(3, f1) and 7'2(”) € E(3, f2) and clearly
—L <™ —7{" < L. Decompose |—L, L) into 2K disjoint intervals J;
of length 0. Since this is a finite number, there exists ng € N such that
if any interval .J; contains some point in the set {r\™ — 7\ },cz, then
it contains a point in the set {7\ — 7{" n o
there exists n’ € {—nyg,...,no} such that

(7 =) = = )] < 6

Thus, for any n € Z,

Equivalently,
T = <7'1(n) — Tl(n,)> = <7’2(n) — T2(n/)> + 66,

with |#| < 1. By the triangle inequality, this implies that 7 lies in

E(e, f1), and is closer than § to an element of F(e, f3), namely (7'2(") -

7). In other words, 7 € P.

We will now show that P is relatively dense. Consider an arbitrary
interval I of length (2ng + 3)L and find the integer n for which 7\ is
closest to the center of I. Then the distance of 7'1(") from the center of
I is at most L. Find the corresponding n’ and 7, and conclude that

Ir— 7" = 7" < noL.

This means that 7 lies in I, and so the set P intersects every interval
of length (2n¢ + 3)L. O

COROLLARY 6.28. Let fi and fy be both uniformly almost periodic
and uniformly continuous. Then fi + fo is also uniformly almost peri-
odic.

Proof: Fix € > 0, and apply Lemma 6.26 to f = fy, &1 = 5 and
es = 2. We obtain § > 0 such that {r : dist (1, E(%, ) < 0} C

E(%, f2). Now apply Lemma 6.27 to conclude that
{re B, fi): dist (1, E(3, f2)) < 0}

is relatively dense. But, by the triangle inequality, any 7 in the above
set is an e-translation number for f; + fs. 0
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Proof: (of Theorem 6.25) Since a finite Dirichlet series is uniformly
continuous, it follows inductively from Corollary 6.28 that it is also
uniformly almost periodic. Therefore it is sufficient to prove that the
uniform limit of uniformly almost periodic functions is also uniformly
almost periodic.

Fix ¢ > 0. Find N so that ||f, — f|lec < /3 holds for all n > N.
Then any e/3-translation number 7 of fy is an e-translation number
of f, since

1fz4+7)—f(2)] < |f(z+7)—=fn(z+7)|+|fn(z+7)— fn(2)] + |fn(z) = f(2)]
< € Y z. O

6.6. The spaces H?

DEFINITION 6.29. Let w = {w,}22; be a sequence of positive real
numbers which are in this context called a weight. Define the Hilbert
space H2 of Dirichlet series by

HZ = {Zann_s ; Z |an|?w, < oo}

n

REMARK 6.30. Note that if f € H2, then f’ is in the space with
weights w, (log n)?.

One way to obtain interesting weights is from measures on the pos-
itive real axis. Let p be a positive Radon measure on [0, c0) such that

0 € supp p (6.31)
Joo 477 du(o) < oo. (6.32)

We define the weight sequence by
w, = / n% du(o). (6.33)

0

One example of course is when p is the Dirac measure at 0 denoted
by do, and all the weights are 1, giving H?. Here is another class.

EXAMPLE 6.33. For each a < 0, define p, on [0, 00) by

—Q

dpte = ~1mdg.
o (0) P(_a)a o
Then for each n > 2, we have from (6.33)
w, = (logn)®. (6.34)

Since w; is infinite, it is convenient to assume that sums ) a,n"*

start at n = 2 when dealing with these spaces.
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REMARK 6.35. On the unit disk, one can define spaces H2 by

H? = {Zanz" Y anPw, < oo}. (6.36)

A special case is when
w, = (n+ 1)

Then o = 0 corresponds to the Hardy space, « = —1 to the Bergman
space, and o = 1 to the Dirichlet space, the space of functions whose
derivatives are in the Bergman space. The theory of the Hardy space
on the disk is fairly well-developed — see e.g. [Koo80, Dur70] for a
first course, or [Nik85| for a second. The Bergman space (and the
other spaces with @ < 0 in this scale, that all come from L?-norms
of radial measures) is more complicated — see e.g. [DS04, HKZ00].
The Dirichlet space on the disk is even more complicated analytically,
though it does have the complete Pick property. See e.g. [EFKMR14].

This section should be seen as an attempt to continue the analogy
of Remark 6.35. The case a = 0 in (6.34) we think of as a Hardy-type
space, and the case & = —1 in (6.34) we think of as a Bergman-type
space. When « > 0, we can still define weights by (6.34), though they
do not come from a measure as in (6.33). By Remark 6.30, we can think
of @ = 1, for example, as the space of functions whose first derivatives
lie in the space with @ = —1. This would render this space a “Dirichlet
space” of Dirichlet series, which is perhaps a surfeit of Dirichlet.

If the weights are defined by (6.33), then, for every € > 0,

1
w, > / n=* dp
0

> u([0,e])n"%, (6.37)

and, consequently, the weight sequence cannot decrease to 0 very fast.

PROPOSITION 6.38. Suppose w, is a weight sequence that is bounded
below by n=% for every € > 0. Then for any f € HZ, we have o,(f) <
1

5
Proof: Take o > %, and choose € > 0 such that 0 — ¢ > % Then,
by the Cauchy-Schwarz inequality;,

Z|an|n*° = Z|ann75|n*(075)

n n

(o e

IA
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The first term is finite by (6.37), and the second since 2(c —¢) > 1.

The following theorem, in the case that p = dg, is due to F. Carlson
[Car22]. If w; < oo, we assume that the Dirichlet series for f starts
at n = 1; if wy is infinite, we start the series at n = 2 (Condition (6.32)
says that ws < 00).

THEOREM 6.39. Let p satisfy (6.31) and (6.32), and define w, by
(6.33). Assume that f =) a,n"° has op(f) < 0. Then

Z!an|2wn = lim lim —/ / f(s+0)|* du(o) dt. (6.40)

c—0+T—o00 2T

Moreover, if n({0}) = 0, then the right-hand side becomes

%Eﬂoﬁ/ / (o) dt.

Proof: Fix 0 < ¢ < 1, and let 0 < ¢ < 1. Define ¢ by

O T D) 2l

Since the Dirichlet series of f converges uniformly in €., there exists

N such that
1Y am™ = f(s)] < 4, VseQ, VN >N
n<N’
Then
. 1 T Le 2 s—c|2
g [ [T varaera = g g [T ane R o) ans ot

n<N'
1/c
= Z |an\2/ n=2 % du(o) + O(e)
0

Let N’ tend to infinity, and ¢ tend to 0, to get that the difference
between the left and right sides of (6.40) are at most ¢; since this is
arbitrary, the two sides must be equal.

As limp_, JL_T o1f(s 4+ ¢)|?dt is monotonically increasing as ¢ —
0", the monotone convergence theorem proves the second part of the
theorem. 0

In particular, if du = dp_y = 2dm, we obtain

1 T [e%)
WP—— =2 i ][ / 24 dt
anla | logn Jim A |f(s)]" dm(o) dt,
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and for pu = 9y, we get

T
2 . . . 2
En jan]” = lim lim ][_T|f(0+lt)l dt.

6.7. Multiplier algebras of H? and H2

NOTATION 6.41. Let us denote by D the set of functions expressible
as Dirichlet series which converge somewhere, that is,

o0

D := {f: Jpsuch that f(s) = Zann_s in Q,}.

n=1

Since 0, < g.+ 1, D is also the set of Dirichlet series that converge
absolutely in some half-plane.

The following theorem is due to H. Hedenmalm, P. Lindqvist and
K. Seip, in their ground-breaking paper [HLS97].

THEOREM 6.42. Let o and {w,} satisfy (6.31) — (6.33). Then
Mult (H2) is isometrically isomorphic to H*® () N D.

REMARK 6.43. Before we prove the theorem, note that it implies
that the multiplier algebra is independent of the weight w. The sit-
uation is analogous to a similar phenomenon on the disk. For any
sequence w = {w, }°°,, one can define a Hilbert space of holomorphic
functions H2 by (6.36). If the sequence w comes from a radial positive
Radon measure £ on D such that T C supp p as

wn = / 22" du(2),
D

then {w,}, is non-increasing and, since the measure is radial, the se-
quence {2"},en is an orthogonal basis of H2. (Saying the measure is
radial means dy = dfdv(r) for some measure v on [0, 1]). Thus, the
norm on H?2 is given by integration:

AP = [P dutz),
For all these spaces,
Mult (H2) = H>(D), (6.44)

the bounded analytic functions on the disk. Indeed, if u is carried by
the open disk, this follows from Proposition 11.9. If p puts weight on
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the circle, the theorem is still true, and can most easily be seen by

writing
LGP dutz) = tin [ 176 dutz).

In particular, (6.44) holds for all the spaces with w, = (n + 1)* for
a < 0.

REMARK 6.45. There exist many functions in H*(€) \ D, for
example f(s) = (2)7" and g(s) = CESVEL

Before embarking on the proof of the theorem, recall the following
fact. It is a version of the Phragmén-Lindel6f principle — a maximum
modulus principle for unbounded domains. This particular version is
known as the three line lemma.

LEMMA 6.46. Let f be a bounded holomorphic function in {z €
C; a < Re z < b}, let N(0) := sup,eg |f(o +it)|. Then the function
N s logarithmically convex, that 1s,

o—a

N(o) < N(a)=4N(b)t==.
Proof: See Theorem 12.8, p. 274 in [Rud86]. O

REMARK 6.47. The lemma does not hold without the assumption
that f is bounded in the strip. Indeed, consider the function f(z) =
e“”. Tt is holomorphic in the strip {—% < Re z < I}, bounded on
its boundary {|Re z| = 7}, but lim,_,_ f(it) = oco. However, one
can weaken the assumption of boundedness of f to an appropriate
restriction on the growth of f.

The following lemma is trivial if 1 € H?2.
LEMMA 6.48. Any multiplier of H2 lies in D.
PROOF: If  belongs to Mult (H2), then both ¢(s)27* and ¢(s)37*

are in D. So
p(s)27% = Zann_s

o(s)37°% = Z byn .

Multiplying the first equation by 37° and the second by 27°, we con-
clude that a, is zero when n is odd (and b, is zero when n is not
divisible by 3), so ¢ itself can be represented by an ordinary Dirichlet
series. U

PROPOSITION 6.49. Let ¢(s) = > 02 byn~® with o, < 0. Then
Mol = lleoll-
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Proof: Let f(s) = )., <yann™%, then oy(¢f) < 0. By Theorem
6.39,

loflZs = lim Jim ][ / o(s + OPIf (s + O du(o) di

c—0+ T—o0
< elld, - 115

Hence M, is bounded on a dense subset of H2, and therefore extends
to a bounded operator on all of H2, which must be multiplication by
¢. (Why?) Also, the estimate above shows that || M| < [[¢]|q,-

Conversely, assume that |[M,|| = 1 and 1 < ||¢||q, (possibly infi-
nite). Let

N(o) :=sup |p(o + it)].
teR

Clearly, N(o) — |b1| as 0 — o0, and for any o > 0, we have

N*(0) > Jim ][ o(o + i) dt — Z\b 20 s |b]2,

unless ¢ is a constant (in which case the Proposition is obvious). For
any 0 < a < b one can apply the three line lemma, 6.46, to conclude
that log NV is convex, so it must be convex on the half-line (0, 00). Since

lim log N(o) = log|b| < oo,
g— 00

we must have that log V, and hence N, is a decreasing function on
(0, 00).

For each ¢ > 0, Y b,n"° converges uniformly in Q., and hence by
Theorem 6.25, ¢ is uniformly continuous and uniformly almost periodic
in this half-plane. Thus, there exist €1, €9, 3 and €4 positive such that

{t: [plo+it)] > 14e, —T<t<T} > e(27) (6.50)

holds for every sufficiently large T' > 0, and o € (3,3 + £4). Indeed,
choose €3 so that N(e3) > 1. Then there is some ¢; > 0 and some
rectangle R with non-empty interior,

= {U+iti€3§0’§€3+€4, t1§t§t1+h}7

such that |¢| > 1+ 2¢; on R. By the definition of uniform almost
periodicity, there exists some L such that every interval of length L
contains an ¢; translation number of ¢. For T' > L, every interval of
length 27" contains at least % disjoint sub-intervals of length L, so for
any o € [e3, 3 + 4] the left-hand side of (6.50) is at least Lh. Setting
€9 = % yields the inequality (6.50).
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Now, on one hand, we have
IME27 g, < IMI - 1127 Moz, = 1127 ez,
so that this sequence of norms is bounded by /wy. On the other hand,

||M302_S||§_[72ﬂ > hm/ ][ |2 (s+e3) S—|—€3)| dt dﬂ( )

T—o00
> p([0,4])27 25 ey (14 1),
and this tends to infinity as j tends to oo, a contradiction. O

For later use, note that the proof of Proposition 6.49 shows:

LEMMA 6.51. If ¢ = > "7 b,n~* satisfies op(¢) < 0, and ||¢|lq, >
1, then

sup || M227°|| = oo.
jENT
For K € N*, define
= {n=p"- ... D r; € N},

where, as usual, p; is the [-th prime. Clearly, n € N, if and only if
pufn for all | > K. Let Qx : D — D be the map defined by

Qx <Z ann_s> = Z a,n”*.
n=1 neENg
The map Q is well-defined, since if > | a,n™* converges absolutely

in €2, then so does ) . ann™°
We need the following observations.

LEMMA 6.52. For any K € N, the map Qx has the following
properties:
(1) The restriction of Qx to H2 is the orthogonal projection onto
span {n~°: n € Ng}.
(2) For any ¢, f € D, Qr(vpf) = (Qxp)(Qk f).
(3) ]fQO € Mult (Ha), then QKM<pQK = MQKSDQK = QKMLP‘

Proof: (1) follows immediately from the orthogonality of the func-
tions {n="},en+.

(2) By linearity, we only need to check that Qg(n™*m™°) =
Qr(n *)Qx(m™%), for all m,n € N*. This follows from the facts that
if p is prime, then p *nm if and only if p )(n and p Xm, and

s Jn77 plkn, foralll > K,
Qrn = {O, otherwise.
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(3) Let f € H2, then, using (2), we get

QM Qrf = Qr(eQxf)
(Qre)(Q%f)
= Qrlef).

Also,

Mg, o,Qrf = (Qre)(Qxf)
= Qk(»f)- O

PROPOSITION 6.53. Mult (H2) C H*(Qg) N D.
Proof: Let f =3 a,n™* € H2, and fix K € N*, s € Qg. Then

Qi f(s)l =

IN
:\

q
1
w0
o}

i)
B
2

neNg neENg
r K
1 ]
= sup |a,
—0
Lj=1 1 _p] neNg

So, if sup,,cy,. |an| is finite, then Qx(f) is bounded in €, for all p > 0.
Since Y |an|*w, converges, {|a,|*w,} is bounded, and hence by (6.37),
la,| = O(n®) for all € > 0. Thus, for any € > 0, the Dirichlet series
of f.(s) := f(s + €) has bounded coefficients. Consequently, Qx f. €
H>(2,), which is the same as saying Qx f-1, € H*(£y). Since € > 0
and p > 0 were arbitrary, we conclude that

Qrf- € H(Qy), VKN >0, fcH.
Let o be in Mult (H2). Then ¢27° € H2, and so 27°Qk(p) =

Qr(p27°) € H>®(,), for all £ > 0. Since we know ¢ € D by
Lemma 6.48 it follows that o,(Qxp) < 0.

By Lemma 6.51, applied to Q) gy, we get

1@k ellay < 1 Moxelorm Il (6.54)
By Lemma 6.52,
IMorelowmzll = 1@k MoQx|l
< M.

So by (6.54),
1Qxelly < [[M,]l VK €N
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Using normal families, we conclude that some subsequence Q)k,¢ con-
verges to some function ¢ € H*(€)) uniformly on compact subsets of
Q. But Qg — ¢ uniformly on compact subsets of €2,y and hence,
@ =1 in Q,, (). By uniqueness of analytic functions, we conclude that
@ =1 in . O

Combining Propositions 6.49 and 6.53, we complete the proof of
Theorem 6.42. This also concludes the solution to Beurling’s problem
[HLS97].

COROLLARY 6.55. (Hedenmalm, Lindqvist, Seip) Let ¢(x) =
\/5220:1 cpsin(nmx) be an odd, 2-periodic function on R.  Then
{¥(nz)}pen+ forms a Riesz basis for L*([0,1]) if and only if the func-
tion @(s) =>.°7  ¢,n~% is bounded and bounded from below in Q.

n=1

6.8. Cyclic Vectors

Consider the following variant of Beurling’s question. Let v
[0;1] — C be in L?. When is the set {¢)(nz) : n € NT} complete,
i.e., when do we have

spati {¢(nz) : n € N} = L2([0; 1))?

As before, we can write (z) = Y 7, ¢,8(x), and translate this prob-
lem to H% Let f(s) = o2 ¢,n . When is

span {f(ns): n € Nt} = H*?
Since f(ns) = (M,-sf)(s), it is equivalent to requiring that
span {f - D} = H?,

i.e. that f is a cyclic vector for the collection of multipliers {M,,-« :
p € P}. An obvious necessary condition is that f does not vanish in
21 /2. We record this open question.

QUESTION 6.56. Which Dirichlet series f satisfy span {f-D} = H??

6.9. Exercises
EXERCISE 6.57. Show that H? contains a function f with o,(f) =
I
EXERCISE 6.58. Prove that the reproducing kernel for H?2 is given
by

K(su) = 3 —n (6.59)

EXERCISE 6.60. Prove (6.34).
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EXERCISE 6.61. Show that if & € Z, and w,, = (logn)?®, the re-
producing kernel for #?2 can be written in terms of the ¢ function (if
a = 0), its derivatives (if @ < 0) or integrals (if a > 0), after adjusting
if necessary for the constant term.

EXERCISE 6.62. Prove that ) a,n® is in D if and only if a, is
bounded by a polynomial in n.

6.10. Notes

The proof we give of Besicovitch’s theorem 6.25 is from his book
[Bes32, p. 144]. In the book he also develops the theory of functions
that are almost periodic in the LP-sense (where the LP-norm of the
difference between f and a vertical translate of it is less than €).

The solution to Beurling’s problem, and the proof of Theorem 6.42
(in the most important case, H2 = H?) is due to Hedenmalm, Lindqvist
and Seip [HLS97]. The spaces H?2 were first studied in [MCCa04].

In Carlson’s theorem 6.39, if y has a point mass at 0, then one
cannot take the limit with respect to ¢ inside the integral in (6.40).
Indeed, E. Saksman and K. Seip prove the following theorem in [SS09]:

THEOREM 6.63. (1) There exists a function f in H>®(Qy) ND such
that limy o 5= [1 | f(it)|? dt does not exist.

(2) For all € > 0, there exists g =Y - a,n"° € H*(Qy) N D that
is a singular inner function and such that > |a,|* < €.

For a more refined version of Carlson’s theorem, see [QQ13, Section

7.4].






CHAPTER 7

Characters

7.1. Vertical Limits

Let us return to the map Q : D — Hol (D*°). Consider the group
(QT, ) equipped with discrete topology. Its dual group K — the group
of all characters,

K={x:Q" = T; x(mn) = x(m)x(n),for all m,n € Q*}

is isomorphic (as a topological group) to T* via the map y +
{x(pr) tren+t = (x(2), x(3), x(5), ... ). The topology on K is the topol-
ogy of pointwise convergence. It corresponds to the product topology
on T*°. The group T is also equipped with a Haar measure, which
is the infinite product of the Haar measures on T. We shall use p to
denote Haar measure on T°.

Given any set X, a flow on X is family of maps T; : X — X, where
t is a real parameter, that satisfy Tj is the identity, and T 0T, = T, ;. If
X is equipped with some structure (measure space, topological space,
smooth manifold, ...), we usually assume that T} is compatible with
this structure (i.e. each T} is measurable, continuous, smooth, ...).

Given a sequence of real number {a;, },en, wWe define a flow on T*
by

Ti(21, 29, ...) 1= (e g e "2y ),

the so-called Kronecker flow. Note that the Kronecker flow is contin-
uous and measurable.

DEFINITION 7.1. A measurable flow on a probability space is er-
godic, if all invariant sets have measure 0 or 1.

THEOREM 7.2. The Kronecker flow is ergodic if and only if {ay,}
are linearly independent over Q.

Proof: See [CFS82]. O

In particular, if a,, = logp,, the Kronecker flow is ergodic. (See
Theorem 6.14.) The ergodic theorem (of which there are many vari-
ants) says that for an ergodic flow, the time average (the left-hand side
of (7.4)) equals the space average (the right-hand side).

7
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THEOREM 7.3. (Birkhoff-Khinchin) Let T; be an ergodic flow on
K. Then

lim - / 9(Toxo) dt = /K 9(0)dp(x), (7.4)

T—o00 2T _T
for all xo, if g € C(K), and for a.e. xo, if g € L*.
Proof: See [CFS82]. O

LEMMA 7.5. Let f ~ Y > a,n"* safisfies 0,(f) < 0. Then Qf €
C(T>).

Proof: 1t suffices to show that the series for Q f is uniformly Cauchy;,
since the partial sums are clearly continuous.

Let L = sup, |a,| < c0. Fix 0 < e < 1, and find N € N such that
for all My > M; > N

Mo
Z a,ntl < e.
n=M;
Thus, for all ¢t € R,
Mo
Z a, [eitlogpl}rl(") o [eitlogpk}%(”) < e
n=M;
Note that, if wy,...,wg, (1,...,( € T, then
\wl...wk—(’l...(’k\ < |w1 _CI‘ ++|wk—Ck| (75)

This can be proven by induction on k using the inequality |wjwy —
GG| < |wy — G| + |wa — (|, which follows easily from the triangle
inequality.

Fix z € T* and My > M; > N as above. By Kronecker’s theorem
6.14, we can find ¢ € R such that |e"!8Pi — z;| < 7.z holds for all j’s
such that p; < M,. Thus we have,

Mo

Mo
Z anzr(n) < Z s |:Zr(n) . [eitlogm}’"l(n) o [eitlogpk}rk(n)} ‘
n=M; n=M;
Mo
+ Z ar, [6itlogp1]7’l(”) . [ez‘tlogpk]m(n)
n=M;
< e+4e=2¢,
where we used the inequality (7.5) to estimate the first term. O

This gives another proof of Carlson’s theorem, 6.39.
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THEOREM 7.6. Let f ~ > > a,n* € H?, and let x > 3. Then

1 [T >
T / i ds = Z||n (7.7)

Proof: Since 0, (f) < o.(f) < 3, we obtain ¢,(f,) <0, for z > 1.
Since Qf, is continuous on T* by Lemma 7.5, we can apply the
Birkhoff-Khinchin ergodic theorem 7.3 for any character xo, € K to get

Jim / QR di = /K 1000 dp(x)
= > 10f(a) (7.8)

q€Q+
= Z |an|?n 2. (7.9)
n=1

We used Plancherel’s theorem to obtain (7.8), and the fact that Qf is
a sum only over positive powers of z means the only non-zero terms
in (7.8) are when ¢ € NT, giving (7.8). Choosing the trivial character
Xo(n) =1 yields

(Qf)(Tixo) = Y amn "n""xo(n)

= f(x+it),
giving (7.7). O

For every 7 € R, the map f ~ fir is unitary on H2. Thus, by
Corollary 11.8, for every sequence {7j}ren C R, there is a subsequence

Tk, such that { fiml} converges uniformly on compact subsets of €2 5.

DEFINITION 7.10. Let f € H?, and let {7 }ren be a sequence of real
numbers. If the sequence f;;, converges uniformly on compact subsets
of €/, to a function g, then g is called a vertical limit function of f.

PROPOSITION 7.11. Let f € H?, and let x be a character. Then
Ix(8) :=>"0"  anx(n)n™* is a vertical limit function of f. Conversely,
all vertical limit functions have this form for some character x.

Proof: Fix a character y and let k € N*. By Kronecker’s theorem,
we can find 7, € R such that |e/™1°8Pi — y(p;)| < 1/k holds for j =
1,...,k. Define fy := f;;,. Then using inequality (7.5), we conclude

r1(n) ri(n)

that for any n € N*, n=p;"" ...p,"",
fe(n) — f()| = |F()n™ — f(n)x(n)]
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l

l
= |fm)]-[T] [e™=»™]" = ] x(p)"
j=1 Jj=1
l
< A flle D rsle™ =™ = x(py)|
j=1

AN
| —
=
T
Ing

-k
7=1
and this last expression tends to 0 as & — oo. Proposition 11.7 now
implies that f, is a vertical limit function of f.
Conversely, let g be a vertical limit function of f. Using Proposition
11.7 again, we conclude that there exists a sequence {7 }ren C R such

that ﬁTk(n) — g(n) for all n € N. Equivalently,

n'mk — gA(n), as k — oo.
f(n)
Since n o n'™ is a character for all k¥ € N, so is the limit: n —
9(n)/ f(n). O

Let us now turn to the Lindelof hypothesis, a conjecture weaker
than the Riemann hypothesis, but one that could be possibly ap-
proached by the tools of functional analysis.

Recall that the alternating zeta function is given by ((s) =
S (=1)"n~*. We have seen that ((s) = (2'=* — 1)¢(s). This im-
plies that ((s) and ((s) are of comparable size in {s € C : Res >
0, |1 — Re s| > €}, for any € > 0.

CONJECTURE 7.12. (Lindelof hypothesis) For every o > 1 and
ke Nt

N O 2
lim — |C"(o +it)|* dt < 0o
T

holds.

Recall that dg(n), defined in Corollary 1.17, is the number of ways
n can be factored into exactly k factors, allowing 1 and where the order
matters.

LEMMA 7.13. Let k be a natural number and let € > 0. Then

dp(n) = O(n®) as n — oo.
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Proof: Note that dy(n) is the number of divisors of n. Also, d3(n) <
do(n)?, since

S WACED WACERADS

lin lln

k=1 and

Applying this argument inductively, we obtain di(n) < dy(n)
thus it is enough to show that ds(n) = O(n®) for all € > 0.
Fix ¢ > 0. We need to show that there exist C' = C(g) such that

dy(n) < Cn® holds for all n € NT, or equivalently, that

logds(n) < elogn + logC.
Write n = Hé.zlp;j with ¢; > 0 and ¢; > 0, then dy(n) = Hé.:l(l +t;).
We want to show that

!
Z log(1 +t;) —et;logp;] < logC
7=1

for all n € N. Clearly, if logp; > 1/e, then the j™ summand is non-
positive, because log(1 +¢;) < t;. As t; — oo, the j™ summand tends
to —oo. Hence each of the finitely many summands with logp; < 1/¢
is bounded. U

Suppose that the Carlson theorem applied to 5 *(s). Then

1T S 5
lim—/ CFo+it))>dt = Y n~|Ck(n)|?

T—>002T T 1
oo A~
< > k)P
n=1
< oo,

since CA’f(n) = di(n) = O(n®) for all £ > 0 by Lemma 7.13. Thus we
would have proved the Lindel6f hypothesis. Conversely, the following
is known.

THEOREM 7.14. (Titchmarsh) If
N O 12
lim — |C% (0 + it)|* dt < oo,

then it equals to 3°°° , n=27|Ck(n) 2.
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7.2. Helson’s Theorem

We will need some properties of Hardy spaces of the right half-plane
Q. There is more than one natural definition. We will consider two
of them. Let ¢ : Q9 — D be the standard conformal mapping of the
right half-plane onto the disk, that is, ¥(z) =
define the conformally invariant Hardy space as

H{(Q0) ={go¢; g€ H'(D)}.
For 1 < p < oo, writing e = 4(—it) = 1*%, and changing variables
yields

, do

ol = [ Lo 5
do

- /|<gow><—z't>|p—

= /IQO@D —it)| (1+t2)

Any function g € HP(D) extends to an L? function on T satisfying

o inp 40
/ g(e®)e™ — = 0, for all n € NT. (7.10)
T 2T

Conversely, any LP function on T satisfying (7.10) is the boundary
value of function in H?(ID).
Let 1 be the measure on the real axis give by du(t) = m

We deduce that a Lebesgue measurable function f : iR — C belongs
to H?(Qp), if and only if

gy = [ 1£GOP dute) < .

and

/f (1+ t)” du(t) = 0, for all n € N*. (7.11)

Here is the second definition for the Hardy spaces of the half-plane.
For 1 < p < o0, set

HP(Q) := {f € Hol () | ||f\|§{p(ﬂo) = ililg/_ |fo+it)]P dt < oo}
For any function f € H?({) and almost every ¢ € R, the limit f(it) :=
limyo4 f(0 + it) exists and satisfies f € LP(iR). One can recover f
from f by convolution with the Poisson kernel. For both H?(£2) and
HP(Q) we identify the functions with their boundary values.
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By the Paley-Wiener theorem,
H*(Q) = {f € L*(iR); (F[)(i€) = 0,V¢ < 0}.
The different integrability conditions in HY(€y) and HP(£) yield

Sz

H?(Q

€ H*(Q).
When p = oo, we will define H*(Qy) = H(€) to be the bounded

analytic functions in €)y. For more information on H? spaces of the
half-plane see Chapters 10 and 11 of [Dur70].

THEOREM 7.15. (Helson) Let f(s) ~ > >  a,n~* € H% For a.e.
character x € K, the function f,(s) = >.°°  a,x(n)n™% defined on
Qi) extends to an element of HZ(Q), and satisfies

: 1 g )12 - 2
Tlggoﬁ/_TuX(nn dt = ;yany < oo0. (7.16)

Before we prove the theorem, let us start with a preliminary obser-
vation. The set {e,},co+ forms an orthonormal basis of L?(K), where

eq(X) = x(q), for all x € K.

Include reference here.
Proof: By Tonelli’s theorem, we have,

// D Pdu(t)dp(x)
- / [ 1niPaptdut

= /_ ) /K ;an%x n)x(m) (%) " dp(x)d(t)
-/ Zzwduu)

T

= I

We conclude that for a.e. x € K, the function f, belongs to L*(iR, du).
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Fix k € N*. By the Cauchy-Schwarz inequality and Tonelli’s theo-
rem, we obtain

[ 20 (35 2) e 2

/K dp(x)
< [ (f1sora) ([ ]52]" o )

= [ [ 1ndordptodnt)
= [ [ S et (2) " dotoduts

= [ SlaaPantt)
= Z\an|2 < 0.

n

Thus, the function G(x) = [ f,(it)(155)"du(t) belongs to L*(K) C
LY(K). To show G(x) = 0 for a.e. x, we only need to show that all its

Fourier coefficients vanish, i.e,

/K G(x)x(q) dp(x) =0, for all ¢ € Q*.

Let us set a, = 0 for all ¢ € Q" \ N*. Since G € L*(K), we can apply
Fubini’s theorem:

| con@dito = [ x@ [ (ﬂ)kfxat)du(wdpm

1+t

= /R G;Z)k /K @Zﬂ:ann‘“x(n)dp(x)du(t)

1—at\"
- /R<1—I—z’t> aqq "t du(t).

If ¢ € QT \ N*, then the last term vanishes, since a, does. If ¢ € NT,
then ¢~ € H>*(Qy) = H®(Qp) and thus has the form g o ¢ for some
g € H*(D) C H?*D). Hence, by (7.11) the last term above also
vanishes. Consequently, G(x) = 0 a.e., and so for a.e. x € K, f,
belongs to H?(Qp).

To prove (7.16), note that, by Plancherel’s theorem, the function
Qf : K — C defined by (Qf)(x) = 2252  anx(n) = 2207, anen(X)
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belongs to L?(K). Also note that

filit) = Zanx(n)n_it

n

= Z an(Tyx)(n)

—(Qf)(T).

where 7} is the Kronecker flow on K. We apply the Birkhoff-Khinchin
erdodic theorem 7.3 to the ergodic flow {T}} and the function |Qf|* €
L}(K) to conclude that

R Y 1" )
Jm sz [ dnenf e = g o @@l d
= [ 1@hP dotv
K
- Z|a’n|27
n=1
holds for a.e. yo € K. O

REMARK 7.17. Recall that by Lemma 7.13, (f/era and, conse-

quently, ff/%E belong to H? for every k& € Nt and ¢ > 0. Thus,
by Theorem 7.15, for a.e. x € K

T 1 2k
lim - §X<§+5+it) dt < oo,
and
T | 1 2k
711_{1010 . CX(§+€+it) dt < oo.

A sequence {a,}°°, is called totally multiplicative, if ana, = anm
holds for all n,m € N*.

LEMMA 7.18. Let {a,} be a non-trivial totally multiplicative se-

quence. If f(s) = 0" ayn™®, then 1/f(s) ~ > 7 | anp(n)n=*%, where
1 denotes the Mobius function.

Proof: Using Corollary 1.18 we obtain

(Z ann_s> (Z amu(m)m_s> = Z k~* Z an i (K /1)

k=1 nlk
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= Z apk™* Z p(k/n)
k=1 nlk

= 1

THEOREM 7.19. If a sequence {a,} € (* is totally multiplicative,
then for a.e. character x € K, >~ a,x(n)n~° extends analytically to
a zero-free function in €.

Proof: ~ Write f(s) = Y2 ,a,n~° and, note that f, =

> L apx(n)n* also has totally multiplicative coefficients. Thus

1 oo
= = 2 anx(nu(n)n™ = gy(s),
fx(s) 1 *
where g(s) = D07 appu(n)n™ € H?, since u(n) € {0,£1} for all
n € N*. By Theorem 7.15, the function g, belongs to H?(£y) for a.e.
X- Consequently, f, must be zero-free in the right half-plane for the
same x'’s. O

We obtain the following “probabilistic version” of the Riemann hy-
pothesis.

COROLLARY 7.20. (Helson) For almost every character x € K,
Ce(8) =D 0" x(n)n=° is zero-free in y /s.

Proof: Since {n~W/2*)} € (2 we conclude that
S n~ W2y (n)n=* is zero-free in Q) for a.e. x. In other words, ¢, is
zero-free in (51, for a.e. x. Taking ¢ = % and intersecting the sets

of corresponding x’s we conclude that ¢, is zero-free in €2, for a.e. x.
O

7.3. Dirichlet’s theorem on primes in arithmetic progressions

We can write the set of all primes P as the disjoint union P =
P’ U P! UP?, where
P = {peP, p=j mod 3}
for j =0,1,2.
Clearly, P = {3} and the following easy argument shows that P?
is infinite.
Proof: Suppose not and write P2\ {2} = {q1,...,qn}. Let
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Then M =2 mod 3 and M is not divisible 2 nor by any ¢;. Thus M
factors as M = gy ...q, with ¢; € P! for all j. This implies M = 1
mod 3, a contradiction. O

It seems that no similar simple argument exists for P!. Nevertheless,

even more is true: every arithmetic progression without a common
factor contains a set of primes whose reciprocals are not summable.

THEOREM 7.21. (Dirichlet, 1837) Let l,q € Nt and assume that
ged(l,q) = 1. Then
1
> lew
p

pEP; p=l mod q

Before we prove this theorem, we need some preparation. Let ¢
be a natural number, and let us denote by Z; the group of units of
the ring Z,, that is, the group of invertible elements of Z,. It can be
checked that 0 < k < ¢ — 1 is a unit in Z, if and only if ged(k,q) =1
(see Exercises 77), and so |Z;| = ¢(q).

Let G be a finite abelian group, and let ¢?(G) be the Hilbert space
of functions f : G — C normed by

2 . _ L 2
I = 1 L0

The dual group of GG, denoted by G, is the set of characters, i.e. the
multiplicative functions from G to T.

PROPOSITION 7.22. Let G be a finite abelian group. Then G forms
an orthonormal basis of £2(G).

Fix ¢, and let G := Z;. Any character e € G = ZE extends to Z by

e(n) = e(n mod' q), if ged(n,q) =1,
0, otherwise.

Then e : Z — T U {0} is totally multiplicative. Any such function is
called a Dirichlet character modulo q. We denote the set of all Dirichlet
characters modulo ¢ by X,. The trivial Dirichlet character modulo ¢
is the periodic extension of the trivial character on Z}, that is,

q
)1, if ged(n, q) =1,
Xo(n) = {O, otherwise.

We will identify Dirichlet characters modulo ¢ with their restriction to
Z.
q
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Suppose that ged(l, q) = 1 and define 6; : Z — T U {0} by

1, n=1[1 mod g,
5i(n) = et
0, otherwise.

Then ¢, is g-periodic (but not multiplicative). We can regard it also as
an element of EQ(ZZ), and by expansion with respect to the orthonormal
basis obtain consisting of characters

qin) = 306 )x (),

X

if ged(n,q) = 1. If ged(n,q) # 1, the equality also holds, since both
sides vanish.

Let Res > 1, then for any Dirichlet character, the series
> pep X(P)p™° converges absolutely. This justifies exchanging the or-
der of the sums in the following

Z i _ 251(27)

p=l mod gq; peP ps pS

1 _

= x()x(p)p™

oa) 2= =

1 X(p

= W x(1) (S)
q XEXy peP p
1 _

- x() S xa X(f)}rw)
q peP p X7X0 peP p

Except for finitely many primes (the prime factors of ¢), xo(p) = 1. By
Theorem 1.9 we can conclude that lim, 14 Y cp Xo(p)p™ = co. Thus,
to prove Theorem 7.21, it is enough to show that the second term in
(7.17) is bounded as s — 1+.

DEFINITION 7.23. Let x be a Dirichlet character. Define the Dirich-
let L-function in 21 by

L(s,x) = Zfﬁ?

Since x is multiplicative, the same argument that proved the Euler
product formula (Theorem 1.5) shows that

- ()

ot o ML= x(p)p~*
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Note that
logL(s,x) = — Y log(1—x(p)p™)
_ _x(p) 2s
a p% ( P o ))
= Y % +0(1).

Therefore, to prove Theorem 7.21, it is enough to show that
limg 14 L(s, x) is finite and non-zero, for every non-trivial Dirichlet
character x. If ¢ = ¢i* ... ¢/}, then

Lisxo) = [[————— = (1—a*). .. (1= g*)(s).

Sop L= xo(p)p

THEOREM 7.24. If x is a non-trivial Dirichlet character, then
o.(L(s,x)) = 0.

Proof: Since > 7 x(n) does not converge, Theorem 3.12 yields

log |sn|
log N

q

o. = limsupy_, o, > 0. We can compute

7
'
B

X (n)xo(n)

—_

Q) <X7 Xo)zﬂ(z;)

S Q3

Hence, by periodicity of y, we can conclude that |sy| < ¢(g), and so
o. = 0. O

Thus, lim,_,14 L(s, x) is finite, in fact, L(1,x) is defined for every
non-trivial Dirichlet character y. Hence, to prove Theorem 7.21, it
remains to show that L(1,y) # 0, for x # xo.

We will now fix a non-trivial character n € &,. We distinguish two
cases.

Case I: 7 is not a real-valued character.
LEMMA 7.25. For s > 1, J[ ey, L(s,x) 2 1.

Proof: By definition of the Dirichlet L-function and the power series
expansion of the natural logarithm, we have

I] 20 = I;Iexp<210g1_—)

1
e, g x(p)p~*
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- e (DT

x peP k=1
= exp (2;; kSZX > (7.18)

where rearranging the order of summation is Justlﬁed by absolute con-
vergence. For any character x, x(1) =1 and hence

(01, x) = —251(7”)9(()

Consequently, 1 = ¢(q)(d1, x), so that for any n € N*| we obtain

doxn) = 6lg) Y (61, x)x(n)

X

= 0(@)di(n)
> 0.

We conclude by (7.18) that J[ L(s,x) = exp(r), where r is non-
negative. 0

Suppose that L(1,n7) = 0. Then L(s,n) = O(s — 1) as s tends
to 1. Its conjugate 7 is also a character (and different from 7, since
we assumed 7 takes on some non-real value somewhere). Moreover,

L(1,7) =>7" ) L(1,7) = 0. Thus, as s — 1+,

HL(SaX) = L(SaXO)'L(S7n)'L(Saﬁ)' H L(57X)
X XFN:T:X0
= O((s—1)HO(s—1)0(s—1) O(1)
= O<S - 1)7

which contradicts Lemma 7.25. This concludes case 1.

Case II: 7 is real character.

LEMMA 7.26. Let m € N*. Then 3, n(n) > 0. If m = * with
L € N¥, then -, n(n) > 1.

Proof: Write m = pi*...p,", then

> o) =TT ) +np;) + - +n®)].

nlm j=1
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Since 7 is real, the only possible values for 7(p;) are 1, 0, and —1.
Corresponding to these cases, we observe that

rj+ L, if 77(]93') =1,

1, if n(p;) =0,

1, if n(p;) = —1, and r; is even,
0, if n(p;) = —1, and r; is odd.

n(1) +np;) +--- +nlpy) =

Thus >_,,,7(n) is a product of non-negative factors. If m is a square,

all r;’s are even, so that » - n(n) is a product of numbers larger than
1. U

LEMMA 7.27. For all M < N € NT and every o > 0,

nO'
n=M

Proof: Let s, = ,_, n(k) and use summation by parts as follows

sn[n7 = (n+1)"]|+O(M™)

< @)Y [ — (n+ )]+ O()
= G(@)[M o — N + oM7)
— o(M),

where the estimate |s,| < ¢(q) was demonstrated in the proof of The-
orem 7.24. U

For N € NT, set

=
33
3

Sv = Y.

m,n>1; mn<N

0 and thus conclude the

The following two claims imply that L(1,7)

proof of Theorem 7.21.

Claim 1: Sy > clog N, for some ¢ > 0.
Proof: Write

zk WO

k=1 mn= k nlk =1
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since Lemma 7.26 implies that if & = [, then > nM(n) = 1 and in
general, the sum is non-negative. But we can estimate the last sum

from below by comparing to the integral f VN Cff ~ %log N. U

Claim 2: Sy = 2v/NL(1,n) + O(1).

Before we prove this claim, we need the following approximation.

LEMMA 7.28. For K > 1, we have

K K+1 1
Z \/_ / +T+0(\/—E),

where T 18 some positive constant.

Proof: Let 7,,, = \/% — fnTH 4t Then
1
0 < T < (7.29)

m_m’

which is an alternating series. So > >°_ 7, converges to some number

m=1
7 between 0 and 1. We have

EK:L - /K+1d—$+KT
= vm R e

and by (7.29) we know that > Tm = O(

m=K+1

We can now prove Claim 2.
Proof: (of Claim 2) Write

- X Eethvy L
m<\/ﬁ,n>\/7 nm<N nm<N

= Sr+Sm.
The first term is easy to estimate using lemmata 7.27 and 7.28:

Z — > ng = > \/—%O(N‘l/“) = O(1).

m<vVN \/N<n§N/m m<vN

As for the second term, we have

5= YWy L

n<\/7 m<f
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n(n)

e %H—l)ww%)]

e w_?)m(g)]

77(” n(n N-1/2
- 2\/ A A .
Z PR U Dy U3 )
n<v'N n<\/7 n<v'N
The second term on the last line is O(1) by Lemma 7.27, and the third

term is O(1) since there are only v N terms in the sum. The first term
is a truncation of the series for L(1,7), so we get

511—2\/_ Z 7] O(1),

n\/i—i—l

E

|
é\g

3=

which equals
2VNL(1,n) + O(1)
by another application of Lemma 7.27. U
We have thus proved Theorem 7.21.

7.4. Exercises

1. Let ¢ be in NT. Prove that ged(n,q) = 1 if and only if there
exists m € Nt such that mn = 1, mod q.
2. Prove Proposition 7.22. (Hint: It is easy if G is cyclic. Then

show that Gmg =G, x Gg)
7.5. Notes

Theorem 7.15 is from [Hel69]. Our proof of Dirichlet’s theorem is
from [SS03]. This theorem was where Dirichlet series were first used
(and, in honor of this, were named after Dirichlet).






CHAPTER 8

Zero Sets

There is an interplay between the number of zeroes of a holomorphic
function and its size. Roughly speaking, the more zeroes a function
has, the larger it must be. The simplest example are polynomials —
if a polynomial has n zeroes, it must be of degree at least n thus
|P(z)| > C|z|™ as |z] — oo. More generally, assume that f € Hol (D)
is normalized so that f(0) = 1. Then, log|f(z)| is subharmonic in D
and so

o:mmmgémmmmm

Thus log|f(z)| has to be “large enough” to offset the negativity of
log|f(2)| around points where f vanishes.

DEFINITION 8.1. Let F be a family of holomorphic functions de-
fined on a set U and Z C U. We say that Z is a zero set for F, if there
exists a function f € F that vanishes exactly on Z, that is, such that
Z = f~10}.

It is well-known that for any connected open set U C C, the zero
sets for F = Hol (U) are the sets Z C U that have no accumulation
points inside U.

For the Hardy spaces on the unit disk, the zero sets are well under-
stood:

THEOREM 8.2. Let {\,},, C D be a sequence, 0 < p < oo. The
following are equivalent
o {\,} is zero set for H?(D),
o {\,} is zero set for H* (D),
o 2 (1= [An]) <00,

An 2—An ]
° An z=An i .
II. AT converges to a non-zero function

The fact that the zero sets for H?(D) are independent of p follows
from inner-outer factorization. An analogous factorization theorem
does not hold for the polydisk and the zero sets for H?(ID") depend on
p when n > 1.

Precise descriptions of the zero sets for the Bergman space or the
Dirichlet space are not known.

95
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Consider a Dirichlet series of the form f ~ > am27"%. Clearly,
if A € o.(f) is a zero of f, then so is A + ﬁggk, for any k € Z. The fol-
lowing theorem shows that the zero sets of Dirichlet series have similar

behavior at least in the half-plane €, ).

THEOREM 8.3. Let f ~ > > a,n"*, f(so) = 0 and so > o,(f).

Then, for every 6 > 0, the strip {|Re (s — so)| < 6} contains infinitely
many zeroes.

Proof: Since the set of zeroes is discrete, we can find 0 < 7 <
min {0,090 — o, } such that C' = 9B(sg,7) does not contain any zero
of f. By compactness, m := infsec | f(s)| > 0. As the series converges
uniformly in Q4,_,, we can find N € N such that

‘f(S) S e

n=1

< %, for all s € Qg _,

By Theorem 6.14, we can find an arbitrarily large t; € R so that for
all primes p < N, tglogp ~ 0 mod 1. More precisely,

< m
AN (lan| + 1)

‘n—aezto logn

n_‘"

forall 1 <n < N, o € [og—T,00+T].

Consequently, by triangle inequality,

N
3 m —5 —s+it 3m
|f(s) = f(s +ity)| < E—FZan‘n —n S| < -

n=1

By Rouché’s theorem, it follows that f(s + ity) has a zero inside C,
that is, f(s) has a zero inside of C' + ity. Since t, is arbitrarily large,
we can find infinitely many disjoint disks of this form. U

We have an immediate corollary.

COROLLARY 8.4. If ¢ € Mult (H?) and p(so) = 0 for some so € Qy,
then ¢ vanishes at infinitely many points.

QUESTION 8.5. Does the above theorem hold for o.(f) < 09 <

ou(f)?

Note that the function ﬁ has a zero sy = 1 and no other zero in

the set {Re s > 1/2}, if the Riemann hypothesis holds, so the answer
to the question should be negative. In [MV, Problem 24], M. Balazard
poses the similar question of whether a convergent Dirichlet series can
have a single zero in a half-plane.
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1
P
<oo}.

Let us define the uniformly local H? space on €1/, by

0+1
HE (Qy)0) = {g € Hol (£42) : [Sup sup / |g(o+it)|P dt
0

R o>1/2

Then, clearly,
HP(Q2) C HE(Ch)2),

f S Hc}:o(Ql/2) — @ S Hp(Q1/2>, fOI'p > 1.

A deeper result is the following, which is a variant of Hilbert’s
inequality. See [Mon94] or [HLS97] for a proof.

THEOREM 8.6. H? < H2 (Q12).

We define HP by to be the completion of the set of all finite Dirichlet
series with respect to the norm

1 T 1/7’
— 1 1) |P
£l = {Tlgrolo oT /_T\f(zt)! dt} :

COROLLARY 8.7. H*" — HZ"(y3), for alln € N¥.

QUESTION 8.8. Does HP < HP (£21/2) hold for all p > 1 (p > 1)?

and

One might expect that the answer to the question has to be affir-
mative. As a warning, we recall a conjecture of Hardy and Littlewood
in 1935 that for any ¢ > 2 there exist a constant ¢, > 0 such that

2m |4 27 ]
/ E ane™| dt < ¢, / E |a,|e™
0 0

The conjecture turns out to be true precisely when ¢ is an even integer
(this was shown by Bachelis in 1973 [Bac73]).

Suppose that f € H2. Then %5) € H?*(Qy2), and hence its zeroes
Sk = oy + ity satisfy

q
dt.

Z—Uk_l/Q < 0.

k 1+ ’Sk|2

AO) = > (ak—1/2>,

O<t<6+1

Also, if we define

then, by the above condition, A(f) < oo, for all § € R.

THEOREM 8.9. (Hedelmalm, Lindqvist, Seip) If f € H?, and
f#0, then supycp A(f) < oo.



98 8. ZERO SETS

Proof: Suppose not, then there exist a sequence {6;}, C R such
that A(6;) — oo. Define f;(s) := f(s+6,); then

1 fillzz =11 llaee-
Thus {f;}, is a bounded sequence in H?, hence {f;(s)/s}; i is also
bounded in H?(5). Let {s}}4 be the zeroes of f;(s)/s. The condition
A(6;) — oo implies that

j
Zak—l/Q—M)o as j — 0o. (8.10)
e L)

Using inner-outer factorization, this implies that f;’s converge to 0
uniformly on compact sets, since the Blaschke product part does by
(8.10), and the outer parts are uniformly bounded on compact sets, by
the norm control. But by Proposition 7.11, some subsequence of { f;};
converges uniformly on compact subsets to a vertical limit function
fx =2, anXx(n)n™%, where x is a character. We conclude that f, =0,
a contradicton. O

QUESTION 8.11. How can the zero sets of H?, H2, etc. be classified?



CHAPTER 9

Interpolating Sequences

9.1. Interpolating Sequences for Multiplier algebras

DEFINITION 9.1. Let ‘H be a Hilbert space of analytic functions on
X with reproducing kernel k. We say that (\,) C X is an interpolating
sequence for Mult (H), if

{(e(An)), » € Mult (H)} = £

In other words, we require that the map F : ¢ — (¢(2,)) maps
Mult (H) onto ¢ (it always maps into, by Proposition 11.9). By ba-
sic functional analysis, whenever one has an interpolating sequence, it
comes with an interpolation constant.

Indeed, consider the quotient Banach space X = Mult (H)/N,
where

N = {f: f(z,) =0, VneN}

is the kernel of E. We obtain a bounded operator E : X — (>, which is
one-to-one and onto. By the open mapping theorem, it has a bounded
inverse. We conclude that if {z,}, is an interpolating sequence for
Mult (H), then there exists a constant C' > 0 such that for any sequence
(an)n € €, there exists a function f € Mult (H) such that f(z,) = a,
for all n € N and ||f|l < CJ/(an)||cc- The infimum of those C' for
which this holds is called the interpolation constant of the sequence.

The exact description of interpolating sequences for particular
spaces is hard. There is a general result due to S. Axler [Ax192] show-
ing that sequences that tend to the boundary will, in many spaces,
have subsequences that are interpolating, but verifying the condition
of the theorem can be difficult.

THEOREM 9.2. (Axler) Let H be a separable reproducing kernel
Hilbert space on X, and assume that Mult (H) separates points of X.
Suppose that (x,) is a sequence with the property that for any subse-
quence (z,, ), there exists some ¢ € Mult (H) such that limy_,oo ¢(xy,)
does not exist. Then (x,) has a subsequence that is an interpolating
sequence for Mult (H).

99
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L. Carleson in 1958 characterized interpolating sequences for
H>(D). For later convenience, we shall apply a Cayley transform and
quote the result for H>(€)y). First we need to introduce a metric.

DEFINITION 9.3. Let A be a normed algebra of functions on the
set X. We define the Gleason distance p4 between two points x and y

by
pa(z,y) = sup{lo(y)[| : ¢(z) =0, [|o] < 1}.

When the algebra is understood, we shall write p.

For the algebra H* (D), the Gleason distance is called the pseudo-
hyperbolic metric, and , and it is given by

z—w
peoy(zw) = |22
In the right half-plane, this becomes
S—u
pH‘”(Qo)<Svu) = s+al

In the polydisk, it is straightforward to show

zj—wj

. (9.4)

pre@m) (2, w) = max

1<j<m |1 — ijj

THEOREM 9.5. (Carleson) Let (s;) C . Then the following are
equivalent:
(1) (s;) ts an interpolating sequence for H>(Qyp).
2) inf; [Ty | 252] > 0.
(3) inf,; ’zl;;’ > 0 and there exists C > 0 such that for every
€ H*(Q),

sz [f(si)I* < CIIFIS.

Carleson’s theorem is very important, and the various conditions in
it have names.

DEFINITION 9.6. Let A be a normed algebra of functions on the
set X, and let p = p4 be the Gleason distance. We say a sequence (z,,)
is weakly separated if inf,, 2, p(zp,, x,) > 0.

We say the sequence is strongly separated if

inf [sup{[d(2n)| = ¢(zm) =0V mFmn, [0 <1} > 0. (9.7)
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In H*(Qp), a sequence is strongly separated if and only if the a
priori stronger condition

i%f [H p(sm,sn)] > 0

m#n

holds; this is an elementary consequence of the fact that dividing out
by a Blaschke product does not increase the norm. In the polydisk, as
we shall see in Theorem 9.11, these two conditions are different.

DEFINITION 9.8. Let H be a reproducing kernel Hilbert space on
X, and let p be a measure on X. We say u is a Carleson measure for
‘H if there exists a constant C' such that

[istan < sy, vien

With these definitions, condition (2) in Carleson’s theorem becomes
the statement that the sequence is strongly separated, and condition
(3) is that the sequence is weakly separated and the measure ) 00,
is a Carleson measure for H%(Qp).

QUESTION 9.9. What are the interpolating sequences for
Mult (H2)?

The answer is not known in general, but K. Seip [Sei09] showed
that for bounded sequences, the interpolating sequences for Mult (H?)
are the same as for the much larger space H>()y). Let us use H™ to
denote Mult (H?), which by Theorem 6.42 is the bounded functions in
() that have a Dirichlet series:

We shall write H° for those f in H* whose Dirichlet series is supported
on N,,.

THEOREM 9.10. (Seip) Let (s;) be a bounded sequence in . Then
the following are equivalent:

(i) It is an interpolating sequence for H>.

(i) It is an interpolating sequence for H.

(i11) It is an interpolating sequence for H™ ().

Moreover, if {s;} is contained in a vertical strip of height less than

21 and is bounded horizontally, these three conditions are equivalent

log2’
to (s;) being an interpolating sequence for HS°.

To prove Seip’s theorem, we need a result by B. Berndtsson, S.-Y.
Chang and K.-C. Lin [BCL87] that gives a sufficient condition for a
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sequence to be interpolating on the polydisk. We shall explain what
condition (3) means in Section 9.2.

THEOREM 9.11. (Berndtsson, Chang and Lin) Consider the
three statements
(1) There exists ¢ > 0 such that

HpHOO(]D)m)(/\iy Aj) > ¢
J#
for all 1.
(2) The sequence {\;}32, is an interpolating sequence for H>(D™).
(3) The sequence {\;}32, is weakly separated and the associated
Grammian with respect to Lebesque measure o is bounded.
Then (1) implies (2) and (2) implies (3). Moreover the converse of
both these implications is false.

To prove Seip’s theorem, we need to compare Gleason differences
in different algebras. For the remainder of the section, we shall adopt
the following notation:

Z._w.
dm(Z,w) = pHOO(Dm)(Z’w> - 12132}751 lj—ﬂ)jZ]j
S—U

p(s,u) = pree(0y)(s,u) =

pm<57 u) = dm((2787 '7p;15)7 (27”7 '7p;1u>>
For points s, u in £y, we shall write

s+u

s = o+it, u = v+wy.
LEMMA 9.12. For each n > 2,
di(n™*,n™") < p(s,u)
pa(s,u) < p(s,u).

ProOF: The first inequality is because the map s — n~° is a holo-
morphic map from €y to D, so it is tautologically distance decreasing
in the Gleason distances for the corresponding H*> spaces.

The second inequality follows from the first. O

LEMMA 9.13. For every M > 0, there exists v > 0 such that if
s,u € Q and |s|, |u] < M, then
p2(3au) > p(S,U)’Y.
If in addition |t —y| < H < %, then we can choose v so that

01(3, u) > p(S, U’)W'
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l1-p2=C(1-p)

[t
[l

,f/ /p

F1GURE 1. Curve p, = p” fits outside shaded area

Proor: It is sufficient to prove that there exist constants ¢, C' > 0
such that

(1) p2(57u) Cp(S, )
(2) 1= pa(s,u) < C(1 = p(s,u)).
(See Figure 9.1)
To prove (1), let K be the closed semi-disk

={s:02>0,[s| <M}
Define the function ¢ on K x K by

pp2((857uu)) if s #u, and s,u €
v = {1 if Rs or Ru =0
22‘;—1‘3;; if s=u € Q.

It is straightforward to check that v is continuous, so we can set

1/ max (s, u)

cC =
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and get (1).
For (2), we observe that
p2(s,u) = max P piﬂf
p=2,3 1 _ p—s—u
Writing s = 0 + it and u = v + 1y, we get
2
s—u
1—p(s,u)* = 1-—
p(s, u) P
dov

T (0P (t—y)? (9:14)

We also have

p—20' +p—2v _ 28%1)—5—&

1—2Rp—s—t + p202v:|

14 p 2020 _ 20 _ 52

p:2% 1— 2Rp—s—@ 4 p-20-20

— (I-p?>)(A-p*) 15)
p=23 (1 —p=27v)2 4+ 2p=°=v(1 — cos|log p( y)j'

We would like to show that for some constant C); we have that

ov

1 —po(s,u)> = min {1—

1—po(s,u)® < C : 9.16
pals,u)” < Mo +0)2+(t—y)? (9.16)
as this, together with (9.14), would give (2).
First, assume that
2
t—yl < H < . (9.17)
logp

Then, as 1 —p~* is comparable to x on [0, 2M], we see that the numera-
tor in (9.15) is comparable to ov, and the first term in the denominator
is comparable to (o + v)?. As for the second term, a Taylor series ar-
gument shows that for ¢ — y close to 0,

1 —cos[logp(t —y)] ~ (t—1y)> (9.18)
Continuity and compactness show that (9.18) remains true (with some
constants) if (9.17) holds, as the left-hand side can then vanish only at
t —y = 0. This gives us the second part of the lemma, where we only
need to use the prime p = 2.

If (9.17) fails with p = 2, there will be points where ¢ # y but
1 —cosflog2(t —y)] = 0.

However, one cannot simultaneously have

1 — cos[log3(t —y)] = 0,
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since log2 and log 3 are rationally linearly independent. So by com-
pactness and continuity again, we get (9.16). O

ProOF OF THM. 9.10: Suppose (s,) is bounded and interpolating
for H>*(€p). Then by Theorem 9.5 and Lemma 9.13, we have

Hjlf H pQ(SZ‘, Sj) > 0.
i#]

Therefore by Theorem 9.11, the sequence ((27%,37%)) is interpolating
for H>(D?). So if (a;) is any target in (>, there exists some ¢ €
H>(D?) satisfying

$(279,37%) = a;.
Then

o(s) = (277,37
solves the interpolation problem in H>(£2) N D.

Finally, if the vertical height of a rectangle containing all the points

is less than 27/log2, the second part of Lemma 9.13 shows that one

can interpolate with a function of the form ¢(27%), where ¢» € H>(DD).
0J

9.2. Interpolating sequences in Hilbert spaces

Let Hj; be a reproducing kernel Hilbert space on a set X. Given a
sequence (A;) in X, let g; denote the normalized kernel function at A;:

1

9 = k-
[1Ex, ]

Define a linear operator &£ by

€ [ {f.9) (9.19)
We say the sequence ()\;) is an interpolating sequence for Hy, if the map
& is into and onto £2. (Note that because g; is normalized, £ necessarily
maps into £°°; but it does not have to map into ¢?).

We say that a set of vectors {v;} in a Banach space is topologically
free if no one is contained in the closed linear span of the others. This
is equivalent to the existence of a dual system, vectors {h;} in the dual
satisfying

(hj,vi) = bij.
The dual system is called minimal if each h; is in V{v;}.

THEOREM 9.20. The sequence (\;) is an interpolating sequence for
Hy, if and only if the Gram matriz G = (g;, g;) is bounded and bounded
below.
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PROOF: (=) Suppose £ is bounded and onto ¢*. As E*e; = g;, we
have

<g]7.gz> = <gg*6juei>
is bounded. By the open mapping theorem, £ has an inverse
571 262 — \/{gl} C Hy.
Let h; = E'e;. Then

G = <hj7 hi)
is bounded.
(<) Suppose G is bounded and bounded below. Define
L:0? — Hi
ej g

Since G is bounded, L is bounded, and & = L* is therefore a bounded
map into ¢2. Since G is bounded below, the minimal dual system {h;}
to {g;} has a bounded Gram matrix (see Exercise 9.37), and if (a;) is
any sequence in ¢, we have

£ ajhy) = (ay),

so & is onto. O

THEOREM 9.21. Any interpolating sequence for Mult (Hy) is an
interpolating sequence for Hy.

PROOF: Suppose ();) is an interpolating sequence for Mult (Hy).
Then there is a constant M such that for every sequence (w;) in the
unit ball of £°°, the map

R:g — wg;

extends to a linear operator on Hj of norm at most M (since it is
the adjoint of a multiplication operator that solves the interpolation
problem). Therefore, for all finite sequences of scalars (c;), we have

1Y cimigill> < MDY gl
Write this as

chéiiji(gj7gi> < M226j6i<gjagi>7

i,J i,J
let w; = €*™ and integrate with respect to each t; to get

Z le;]? < M? ch5i<gjagi>'

i7j
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This proves G is bounded below. A similar argument, with w; = e*™

and ¢; = a;e*™ gives
Z ajdi<gj7 g’L> S M2 Z |aj’27
.3
so G is also bounded. By Theorem 9.20, we are done. U

Interpolating sequences for H? and H2 where the weights w,, are
(logn)®, as in (6.34), are studied in [OS08]. In particular, they show
that for bounded sequences, the interpolating sequences are the same
as in the corresponding space of analytic functions that do not have to
have Dirichlet series representations.

9.3. The Pick property

A particularly useful feature of the Hardy space H? is that it has
the Pick property.

DEFINITION 9.22. The reproducing kernel Hilbert space H; on X
has the Pick property if, for every subset F' C X, and every function
v F — C, if the linear operator defined by

T: k>\ — '(ﬁ()\)k))\
is bounded by C on V{ky : A € F'}, then there is a multiplier ¢ of Hy,
with multiplier norm bounded by C, and satisfying
d(A) = P(\) VYAeEPFR
THEOREM 9.23. If Hj has the Pick property, then the interpolating
sequences for Mult (Hy) and Hy, coincide.

PROOF: Suppose ();) is an interpolating sequence for Hy,, so there
are constants ¢; and ¢y so that

a Y lal < 1) el < ey lal

Let (w;) be a sequence in the unit ball of /*°. Define R by

R:g; — wg;.
Then
Co * Co _
(|=—RR|gj9)0 = —(9,9) — wiw;(g;, i)
Cc1 C1
C2 _
> 0—(615@-) — w;w;(c20i;)
1
= 0;5(1 — |wi]?)
> 0.
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Therefore R is bounded by y/ca/c1, so by the Pick property, there is a

multiplier ¢ of H; with norm bounded by +/c2/c1 such that ¢(\;) = w;.
O

The idea of using the Pick property to reduce the characterization
of interpolating sequences for a multiplier algebra to the more tractable
problem of characterizing them for a Hilbert space was originally due
to H.S. Shapiro and A. Shields, in the case of H>*(D) [SS61]. It was
developed more systematically by D. Marshall and C. Sundberg in
[MS94].

The space H? does not have the Pick property — one way to see
this is that the bounded interpolating sequences for H? are interpo-
lating sequences for H?(€;/5) [OS08], whereas bounded interpolating
sequences for the multiplier algebra can only accumulate on the bound-
ary of €2g by Theorem 9.10. However, there are several Hilbert spaces
of Dirichlet series that have the Pick property (and a stronger, matrix-
valued version, called the complete Pick property).

THEOREM 9.24. If k(s,u) = n(s + u), then this has the complete
Pick property for each of the following n’s:

n(s) = 2_;@ (9.25)
)
1) = T+ o)
((29)
18 = 5 - o)
O —C) (9.26)

P2)—P(2+s)
In (9.26), the function P(s) is the prime zeta function , defined by

P(s) = Y p*

DEFINITION 9.27. A sequence ()\;) satisfies Carleson’s condition in
the reproducing kernel Hilbert space Hy, if there exists a constant C' so
that

i) |2
ZH{/;,)L < CIfI* V¥ f €My

DEFINITION 9.28. The sequence ()\;) is weakly separated in the
reproducing kernel Hilbert space Hy, if there exists a constant ¢ > 0 so
that, for all ¢ # j, the normalized reproducing kernels satisfy

(g5, 95)] < 1—c.
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THEOREM 9.29. [AHMRI17| Let Hy, have the complete Pick prop-
erty. Then a sequence (\;) is an interpolating sequence if and only if
it 1s weakly separated and satisfies Carleson’s condition.

9.4. Sampling sequences

DEFINITION 9.30. Let K be a Hilbert space of functions on a set
X with bounded point evaluations and denote the reproducing kernel
at ¢ € X by k.. We say that a sequence {z,}, C X is a sampling
sequence, if for all f € IC, we have

f (2
> H,j ~ £

Equivalently, one can say that the operator E : K — ¢? given by
E:f— (Héz"‘)‘)n is bounded and bounded below. Another way to
rephrase this is to require that the sequence of normalized reproducing
kernels {Hll;ﬁ}n forms a frame.

For weighted Bergman spaces on the disk there is a complete de-
scription of sampling sequences in terms of lower density of the se-

quence.

PROPOSITION 9.31. There are no sampling sequences for the Hardy
space of the disk.

Proof: Suppose that {2, }, C D is a sampling sequence for H*(D).
Then {z,}, cannot be a Blachke sequence, since the corresponding
Blaschke product f would satisfy 0 < ||f]2 < co and > |f(z,)* -
|k..[I72 = 0. If {z,}, is not a Blaschke sequence, we consider the
function f(z) = 1. Then

Z'ff;" = S ) =

while || f|l2 < oo, a contradiction. O

However, there exists “generalized sampling sequences” for the
Hardy space, that is, sequences satisfying

|f/ Zn |2
e~ IR

where l%zn is the reproducing kernel for the derivative. But this is
because differentiation maps the Hardy space (modulo constants) iso-
metrically onto a weighted Bergman space.

There is another proof of the fact that H?(ID) does not admit any
sampling sequence, using the fact that multiplication by z is isometric.
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The same idea works for 2. The reader is invited to recast that proof
for the Hardy space.

PROPOSITION 9.32. There are no sampling sequences on H?2.

Proof: The multiplication operator My-s is an isometry on H?2.
On the other hand, the sequence fn := My-sf tends to 0 uniformly

U‘f‘fi(s"l‘)f — 0 as N — oo and thus

cannot be comparable to || fx[|? = || f]*. O

on compact sets in €2y5. Thus )

A similar argument shows that “generalized sampling sequences”
involving f’(s,) do not exists.

QUESTION 9.33. Is there a sensible interpretation of “{s,}, is a
generalized sampling sequence for H?”? If so, how are these character-

ized?
9.5. Exercises

EXERCISE 9.34. Prove Equation (9.4). (Hint: use an automorphism
of D™ to move one point to the origin).

EXERCISE 9.35. Prove that any sequence that tends sufficiently
quickly to 0D is an interpolating sequence for H>(D).

EXERCISE 9.36. Fill in the details of the proof of (9.16).

EXERCISE 9.37. Prove that if (h;) is the minimal dual system of
(gi), then the inverse of the Gram matrix G = (g;, ;) is the matrix

<hjv hi)'
9.6. Notes

For a much more comprehensive treatment of interpolating se-
quences, we recommend the excellent monograph [Sei04] by K. Seip.
For a concise treatment for H>°(D) and H?(D), including Theorem 9.20,
see [Nik85].

Axler’s theorem 9.2 was proved for multipliers of the Dirichlet space
[Ax192], but the argument readily adapts to the stated version. Car-
leson’s theorem is in [Car58|. Seip’s paper [Sei09] contains much
more information on interpolating sequences for H* than Theorem 9.10
alone.

Necessary and sufficient conditions for a sequence to be interpo-
lating for H*°(D?) are given in [AMO1], but they do not completely
resolve the issue. For example, the following is still open:

QUESTION 9.38. If ), is strongly separated in H*(D?), is it an
interpolating sequence?
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Interpolating sequences for H? and HZ were first considered in
[OS08]. See also [Ols11].

The fact that (9.25) gives rise to a Pick kernel was observed in
[MCCa04]. Necessary and sufficient conditions for a general kernel to
have the complete Pick property, a matrix valued version of the Pick
property, are given by P. Quiggin [Qui93, Qui94] and S. McCullough
[MCCu92, MCCu94]; see also [AMOO0]. The application to kernels
of the form discussed in Theorem 9.24 is discussed in [?]. The kernel
coming from (9.26) is particularly interesting, as it is in some sense
universal amongst all kernels with the complete Pick property. See [?]
for details.






CHAPTER 10

Composition operators

DEerINITION 10.1. Let K be a Hilbert space of analytic functions
on X with reproducing kernel £ and let ¢ : X — X be an ana-
lytic function. To ¢ we associate a composition operator C, given

by Co(f) := fop.

The study of such operators was originally inspired by the following
result.

THEOREM 10.2. (Littlewood’s subordination principle) For
any analytic ¢ : D — D, the operator Cy, is bounded on H*(D).

J. Shapiro proved in 1987 [Sha87] that C, is compact on H?*(D),
if and only if “p does not get too close to 9D too often.”

An interesting property of composition operators is that their ad-
joints permute the kernel functions. Indeed,

(f;Coke) = (Cuf ke)
= (fop k)
f(»(Q))
(fow k)
= <f7 k@(())v

SO C;kc = k@(c).

Recently, various properties of C, were studied in terms of prop-
erties of ¢ on the Hardy space, the Dirichlet space and the Bergman
space.

We now gather some results about composition operators on H2.
Let @ : €/ — (/5 be an analytic function. Note that Cp : f
f o ® might not map Dirichlet series to Dirichlet series. Indeed, if
f~>0 agn™®, then (fod) ~ > a,n~®®). The next two theorems
are due to J. Gordon and H. Hedenmalm [GH99].

THEOREM 10.3. An analytic function ® : Q5 — €y2 gives rise to
a composition operator Cg : H* — D, if and only if P(s) = cos + ©(s),
where co € N and ¢ € D.

113
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THEOREM 10.4. (Gordon, Hedenmalm) An analytic function
@y — Qe gives rise to a bounded composition operator Cg :
H? — H2, if and only if (s) = cos + p(s), where co €N, ¢ € D, and
® has an analytic extension to Qo such that (o) C Qo, if co > 0 and
(I)(Qo) - Ql/g, ZfCD = 0.

They also proved that Cg is a contraction (i.e., ||Cgl| < 1), if and
only if ¢y > 0 in the above theorem. Furthermore, the same theorem
holds for HP with 2 < p < oo and the conditions are necessary for
1l<p<2.

Compactness of composition operators was studied by F. Bayart.
He proved the following theorem [Bay03|:

THEOREM 10.5. (Bayart) The composition operator Cg is compact
on Mult (H2), if and only if ®(Qy) C ., for some e > 0.

He also proved that if Cp is a compostion operator on H2, then
QC3Q7! is a composition operator on H?(T>), i.e., there exists 9 :
D> N ¢ — D> N ¢% such that Cpy = QC3Q~'. This allows one to
construct compact composition operators on H? that are not Hilbert-
Schmidt.



CHAPTER 11
Appendix

11.1. Multi-index Notation

When dealing with power series in several variables, it is easy to
become overwhelmed with subscripts. Multi-index notation is a way
to make formulas easier to read.

We fix the number of variables, d say, and assume that is under-
stood. We write

o = (al,ag,...,ad)

for a multi-index, where « is in N¢ or Z¢. Then

g Ca 2™

ol oo ag
E Cay,ag,..aq?1 #2° """ g -

stands for

We define
d

ol = )]

r=1
ol = aglag! - ay!
11.2. Schwarz-Pick lemma on the polydisk

Schwarz’s lemma on the disk has a non-infinitesimal version, called
the Schwarz-Pick lemma. Both these lemmata generalize to the poly-
disk.

LEmMMA 11.1. (Schwarz-Pick) If f : D — D is holomorphic, then

f(w)_—f(z)
1— f(w)f(2)

IN

)

'w—z

1 —wz
for all z,w € D.

Proof: For £ € D, let ¢¢ be the automorphism of the disk that

exchanges 0 and &, that is, ¢¢(2) = f:—gz Consider the function g :

115
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D — D given by g = ¥y © f 0 ¢y, Choose ¢ = 1,(2) so that

B i - ) = | L =IC)
9] = 1Wsmel v)bul] = WD) = 2=
and

A = )l = ||

Also, ¢g(0) = 0 so that |g(¢)| < || by the classical Schwarz lemma. [

LEMMA 11.2. Schwarz’s lemma on the polydisk Let f €
H> (DY) satisfies ||f]loo < 1 and f(0) =0. Then

|f(wy,...,wN)| < 1%a<}z<v|w’|

Proof: Let

.....

Define g € H*(D) by

g(z) = f(;(wl, CWN)).

Then ||g||oc < 1, and g(0) = 0. Apply Schwarz’s lemma to g to conclude
lg(r)] <. O

LEMMA 11.3. Let f € H*®(D) satisfies || fllc < K and f(0) =
Then f # 0 on %]D).

Proof: 'We may assume that ¢ is non-constant. Consider g(z) =
(0) =1/K and g : D — D. If f(z) = 0, then, by the
Schwarz-Pick lemma applied to g and w =0

il s T Bl e ot Rl e s
Thus f cannot vanish on . O

LEMMA 11.4. Let f € H®(DY) satisfies || f|loo < K and f(0) =
Then f # 0 on %IDN.

Proof Fix w = (wy,...,wy) € DV and define |w|,, =
vlwil. Define g € H*(D) by g(z) = f(Z2), then gl <
K. If f(w) = 0, then g(|w|s) = 0. Thus, by the preceding lemma,
lw|ew > 1/K. O

.....
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11.3. Reproducing kernel Hilbert spaces

Let H be a Hilbert space of functions on a set X such that eval-
uation at each point of X is continuous. (Note: when we speak of a
Hilbert space of functions on X, we assume that any function that is
identically zero on X is zero in the Hilbert space). Then by the Riesz
representation theorem, for each w € X, there must be some function
k., € H such that

f(w) = (f, kw).

One can think of k,, as a function in its own right, k, () say. We call
the function k(z,w) = ky(2) the kernel function for H, and we call k,
the reproducing kernel at w.

PROPOSITION 11.5. Let H be a Hilbert function space on X, and
let {e;}icz be any orthonormal basis for H. Then

k(z,w) = Zei(w)ei(z). (11.6)
i€z
Proor: This is just Parseval’s identity:
k(z,w) = (ky, k)
= Z(kw, e;) wae;, k¢)
ieT
= Z ei(w)e;(z). O
i€z

It follows from (11.6) that k(z,w) = k(w, 2).

PrRoPOSITION 11.7. Let H be a Hilbert space of analytic functions
on a topological space X such that the function k : X — H given by
k(w) = ky is continuous. Let {fn}nen C H be a bounded sequence.
Then, the following are equivalent

(1) (fn,9) = (f,g) for all g in some set S C H, whose span is
dense in H,

(2) fn— [ weakly in H,

(3) fu — f uniformly on compact subsets of X,

(4) fn — f pointwise in X.

Proof: (1) = (2) : By linearity, (fn,9) — (f,g) for all g €
span S. Now choose an arbitrary g € H, fixe > 0 and find g9 € span S
such that ||g — go|| < e. Then

rLll_{goKfn_ﬁgH S nlLIgoKfn_fag_gOH + nh_{{.loKfn_fagOH
< lim o= £l g —goll + 0
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< Mse,

where M = sup,,cy || fn]|- Since € was arbitrary, we conclude that f, —
f weakly.

(2) = (3) : Let K C X be compact, then by continuity of &,
the set K := {k,; w € K} is also compact. Fix ¢ > 0 and find a
finite e-net {ky,, ..., ke, } in K. Find N € N such that for all n > N
(fu = f.kw,) < € holds for j = 1,...,m. Then for any w € K and
n > N:

[fu(w) = fw)] = [{fa = [, kw)]
S ‘<fn_f7sz> +’<fn_f7kw_kwi>
< et o = fI ke = Ko,
< e+2Me
= (2M +1)e,
for a suitable i (such ¢ exists since {ky,,...,kuw,, } is an e-net). Since

¢ > 0 was arbitrary, we conclude that f, — f uniformly in K.

(3) = (4) : Obvious.
(4) = (1) : Follow immediately, since (4) means that (1) holds
with S = {ku }wex O

COROLLARY 11.8. Let {f,}nen be a bounded sequence with H as in
Proposition 11.7. Then there exists a subsequence that satisfies all the
equivalent conditions of Proposition 11.7.

Proof: Since any bounded set in a Hilbert space weakly sequen-
tially compact, there exists a subsequence that converges weakly. By
Proposition 11.7, it satisfies all four conditions. O

11.4. Multiplier Algebras

If H is a Hilbert space of functions on X, we let Mult (H) denote
the multiplier algebra, i.e. the set
Mult (H) = {¢p:¢f € HV feH}.

It follows from the closed graph theorem that if ¢ is in Mult (H), then
the operator M, of multiplication by ¢ is bounded. The adjoint M
has all the kernel functions as eigenvectors.

PROPOSITION 11.9. Let H be a Hilbert function space on X, and
let ¢ be in Mult (H). Then

Miky = ok, YweX. (11.10)
Myl > siplcbl' (11.11)
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If the norm on H is an L*-norm on X, then (11.11) becomes an equal-
1ty.

PROOF: Let f be an arbitrary function in H. Then

(f; Mgkw) = (&f ku)
= o(w)f(w)
= (/, mkw>
This proves (11.10).
As

MGl = sup [[Mgko|l/[[kwll
weX
= sup [p(w)],

weX

we get (11.11).
Finally, if the norm on H is the L?(u)-norm, then the inequality

[ 1osPau < ol [ 157

means || My < |16 O

ProproOSITION 11.12. Let ‘H be a Hilbert function space on X, and
assume Mult (H) separates the points of X. Then Mult (H) equals its
commutant in the bounded linear operators on H.

PROOF: Suppose T is in the commutant of Mult (). Then 7™ has
each kernel function k,, as an eigenvector, since Mult (H) separates the
points of X. Therefore

T*kw = mkwv

for some function ¢. Therefore T' = My, and since 1" is bounded, this
means ¢ is a multipler. O






Bibliography

[AHMR17] Alexandru Aleman, Michael Hartz, John E McCarthy, and Stefan

[AMOO]
[AMO1]
[Ax192]
[Bac73]
[Bay03]
[BCLST]
[Bes32]
[BH31]
[Boa97]

[Boh13a]

[Boh13b)
[Car22]
[Car58|

[CFS82]

Richter, Interpolating sequences in spaces with the complete pick prop-
erty, International Mathematics Research Notices (2017), rnx237.
J. Agler and J.E. MCCarthy, Complete Nevanlinna-Pick kernels, J.
Funct. Anal. 175 (2000), no. 1, 111-124.
, Interpolating sequences on the bidisk, International J. Math. 12
(2001), no. 9, 1103-1114.
S. Axler, Interpolation by multipliers of the Dirichlet space, Quart. J.
Math. Oxford Ser. 2 43 (1992), 409-419.
Gregory F. Bachelis, On the upper and lower majorant properties in
L?(G), Quart. J. Math. Oxford Ser. (2) 24 (1973), 119-128.
Frédéric Bayart, Compact composition operators on a Hilbert space of
Dirichlet series, Illinois J. Math. 47 (2003), no. 3, 725-743.
B. Berndtsson, S.-Y. Chang, and K.-C. Lin, Interpolating sequences in
the polydisk, Trans. Amer. Math. Soc. 302 (1987), 161-169.
A.S. Besicovitch, Almost periodic functions, Cambridge University Press,
London, 1932.
H. F. Bohnenblust and Einar Hille, On the absolute convergence of
Dirichlet series, Ann. of Math. (2) 32 (1931), no. 3, 600-622.
Harold P. Boas, The football player and the infinite series, Notices Amer.
Math. Soc. 44 (1997), no. 11, 1430-1435.
H. Bohr, Uber die Bedeutung der Potenzreihen unendlich vieler Variabeln
in der Theorie der Dirichletschen Reihen Ya,/n®, Nachr. Akad. Wiss.
Gottingen math.-Phys. Kl. (1913), 441-488.

, Uber die gleichmassige Konvergenz Dirichletscher Rethen, J.
Reine Angew. Math. 143 (1913), 203-211.
F. Carlson, Contributions d la théorie des séries de Dirichlet, Note I,
Ark. Mat. 16 (1922), no. 18, 1-19.
L. Carleson, An interpolation problem for bounded analytic functions,
Amer. J. Math. 80 (1958), 921-930.
I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai, FErgodic theory,
Grundlehren der Mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences|, vol. 245, Springer-Verlag, New York,
1982, Translated from the Russian by A. B. Sosinskii.

[DFOC*11] A. Defant, L. Frerick, J. Ortega-Cerda, M. Ounaies, and K. Seip, The

Bohnenblust-Hille inequality for homogeneous polynomials is hypercon-
tractive, Ann. of Math. (2) 174 (2011), no. 1, 485-497.

121



122

[DSO04]

[Dur70]

BIBLIOGRAPHY

Peter Duren and Alexander Schuster, Bergman spaces, Mathematical
Surveys and Monographs, vol. 100, American Mathematical Society,
Providence, RI, 2004.

P. L. Duren, Theory of HP spaces, Academic Press, New York, 1970.

[EFKMR14] Omar El-Fallah, Karim Kellay, Javad Mashreghi, and Thomas Rans-

[Fol99]
[GamO1]
[GHY9]
[Hel69]
[Hel05]
[HKZ00]

[HLS97]

[Kah85]
[K0080]
[McCa04]
[MCcCu92]

[MCCu94|

[Mon94]

ford, A primer on the Dirichlet space, Cambridge Tracts in Mathematics,
vol. 203, Cambridge University Press, Cambridge, 2014.

G.B. Folland, Real analysis: Modern techniques and their applications,
Wiley, New York, 1999.

T.W. Gamelin, Complex analysis, Springer, New York, 2001.

J. Gordon and H. Hedenmalm, The composition operators on the space
of Dirichlet series with square summable coefficients, Michigan Math. J.
46 (1999), 313-329.

H. Helson, Compact groups and Dirichlet series, Ark. Mat. 8 (1969),
139-143.

, Dirichlet series, Regent Press, Oakland, 2005.

Haakan Hedenmalm, Boris Korenblum, and Kehe Zhu, Theory of
Bergman spaces, Graduate Texts in Mathematics, vol. 199, Springer-
Verlag, New York, 2000.

H. Hedenmalm, P. Lindqvist, and K. Seip, A Hilbert space of Dirichlet
series and systems of dilated functions in L*(0,1), Duke Math. J. 86
(1997), 1-37.

J.-P. Kahane, Some random series of functions, Cambridge University
Press, Cambridge, 1985.

P. Koosis, An introduction to H?, London Mathematical Society Lecture
Notes, vol. 40, Cambridge University Press, Cambridge, 1980.

J.E. McCarthy, Hilbert spaces of Dirichlet series and their multipliers,
Trans. Amer. Math. Soc. 356 (2004), no. 3.

S.A. McCullough, Carathéodory interpolation kernels, Integral Equations
and Operator Theory 15 (1992), no. 1, 43-71.

, The local de Branges-Rovnyak construction and complete
Nevanlinna-Pick kernels, Algebraic methods in Operator theory,
Birkhauser, 1994, pp. 15-24.

Hugh L. Montgomery, Ten lectures on the interface between analytic
number theory and harmonic analysis, CBMS Regional Conference Se-
ries in Mathematics, vol. 84, Published for the Conference Board of the
Mathematical Sciences, Washington, DC; by the American Mathemati-
cal Society, Providence, RI, 1994.

D. Marshall and C. Sundberg, Interpolating  sequences
for the multipliers of the Dirichlet space, Preprint; see
http://www.math.washington.edu/~marshall /preprints/preprints.html,
1994.

Adam W. Marcus, Daniel A. Spielman, and Nikhil Srivastava, Interlac-
ing families I1: Mized characteristic polynomials and the Kadison-Singer
problem, Ann. of Math. (2) 182 (2015), no. 1, 327-350. MR 3374963
H. Montgomery and U. Vorhauer, Some unsolved problems in har-
monic analysis as found in analytic number theory, http://www.nato-
us.org/analysis2000/papers/montgomery-problems.pdf.




[Niks5]

[Ols11]

[0S08]

[QQ13]

[Qui93)]

[Qui94]
[Ruds6]
[Sei04]

[Sei09]

[Shas7]
[SS61]
SS03]
SS09]
[Tit37]

[Tit86]

BIBLIOGRAPHY 123

N. K. Nikol’skii, Treatise on the shift operator: Spectral function theory,
Grundlehren der mathematischen Wissenschaften, vol. 273, Springer-
Verlag, Berlin, 1985.

Jan-Fredrik Olsen, Local properties of Hilbert spaces of Dirichlet series,
J. Funct. Anal. 261 (2011), no. 9, 2669-2696.

Jan-Fredrik Olsen and Kristian Seip, Local interpolation in Hilbert spaces
of Dirichlet series, Proc. Amer. Math. Soc. 136 (2008), no. 1, 203-212
(electronic).

Hervé Queffélec and Martine Queffélec, Diophantine approximation
and Dirichlet series, Harish-Chandra Research Institute Lecture Notes,
vol. 2, Hindustan Book Agency, New Delhi, 2013.

P. Quiggin, For which reproducing kernel Hilbert spaces is Pick’s theorem
true?, Integral Equations and Operator Theory 16 (1993), no. 2, 244—
266.

, Generalisations of Pick’s theorem to reproducing kernel Hilbert
spaces, Ph.D. thesis, Lancaster University, 1994.

W. Rudin, Real and complex analysis, McGraw-Hill, New York, 1986.
K. Seip, Interpolation and sampling in spaces of analytic functions,
American Mathematical Society, Providence, RI, 2004, University Lec-
ture Series.

Kristian Seip, Interpolation by Dirichlet series in H°°, Linear and com-
plex analysis, Amer. Math. Soc. Transl. Ser. 2, vol. 226, Amer. Math.
Soc., Providence, RI, 2009, pp. 153-164.

Joel H. Shapiro, The essential norm of a composition operator, Ann. of
Math. (2) 125 (1987), no. 2, 375-404.

H.S. Shapiro and A.L. Shields, On some interpolation problems for an-
alytic functions, Amer. J. Math. 83 (1961), 513-532.

E.M. Stein and R. Shakarchi, Fourier analysis, Princeton University
Press, Princeton, 2003.

Eero Saksman and Kristian Seip, Integral means and boundary limits of
Dirichlet series, Bull. Lond. Math. Soc. 41 (2009), no. 3, 411-422.

E.C. Titchmarsh, Introduction to the theory of Fourier integrals, Claren-
don Press, Oxford, 1937.

, The theory of the Riemann Zeta-function, second edition, Ox-
ford University Press, Oxford, 1986.







Index

Page numbers appear in bold for pages where the term

is defined.

E(e, f), 63

HE (Q1)2), 97

HE (Q12, 97

K, 77

Qr, 72

B, 42

Xy, 87

D, 69

£, 105

H?2, interpolating sequences, 107

H2 , interpolating sequences, 107

HP, 97

Mult (H), 118

Q, 42

O(z), 12

((s): alternating zeta function, 25

B, 55

E, 44

Ng, 72

e-translation number, 63, 64

S 33

Q,,3

H?, 57, 69

<: less than or equal to a constant
times, 27

pu(n), 6

Mo, 66

m(x), 5

P, 2

Py, 2

p, 77

PAs 100

o, : abscissa of absolute
convergence, 25

0. : abscissa of convergence, 25

125

T, 43

T", 45

H2, 67,69

H2 , 66, 69, 75
d(k), 8

d;(k), 8
mte-Abschnitt, 62
2r(n) 42

(@), 87

H>. 101

Op, 38

Oy, 38

uniformly local H? space on {2y 5, 97

Abel’s Summation by parts formula,
4

abscissa of absolute convergence, 25,
27

abscissa of bounded convergence, oy,
38

abscissa of convergence, 25, 26

abscissa of uniform convergence, o,
38

alternating zeta function, 25, 37

Beurling’s question, 56, 74
Birkhoff-Khinchin Theorem, 77
Bohr condition, 23

Carleson measure, 101
Carlson’s theorem, 68, 75, 78
character, 62

cyclic vector, 74

Dirichlet character modulo ¢, 87



126 INDEX

Dirichlet L-function, 88 Schnee’s theorem, 33, 35
dual group, 87, 93 strongly separated, 100
dual system, 105 summatory function, 31

dual system, minimal, 105
three line lemma, 70

ergodic, 77 topologically free, 105
ergodic theorem, 77

Euler product formula, 2, 10, 88
Euler totient function, 9 vertical limit function, 79

von Mangoldt function, 14

uniformly almost periodic, 63

flow, 77
frame, 56 weakly separated, 100
function representable by Dirichlet

series, 32

generalized Dirichlet series, 23, 28,
35

Gleason distance, 100

Gram matrix, 55, 106

infinite polydisk, 62

interpolating sequence, for a Hilbert
function space, 105

interpolation constant, 99

Inverse Fourier Transform, 29

Inverse Mellin Transform, 30

kernel function, 117
Kronecker flow, 77
Kronecker’s theorem, 60

Mobius function, p(n), 6
Mobius inversion formula, 9
Mellin transform, 29
multiplier algebra, 57, 118

Perron’s formula, 31, 32, 35
Pick property, 107

Prime number theorem, 12
prime zeta function, 108
pseudo-hyperbolic metric, 100

quasi-character, 10, 62

Rademacher sequence, 44
relatively dense, 63
reproducing kernel, 117
Riemann hypothesis, 1
Riemann zeta function, 1
Riesz basis, 55



