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Abstract

A version of the Atiyah-Floer conjecture, adapted to admissible SO(3)-bundles, is established.
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1 Introduction

Gauge theoretic methods in low dimensional topology and holomorphic curve methods in symplectic
geometry are responsible for many revolutionary advancements in respective fields. These two approaches
have many formal similarities, despite the fact that low dimensional topology and symplectic geometry
have different origins. The Atiyah–Floer conjecture is a manifestation of these similarities. According to
this conjecture, instanton Floer homology, a 3-manifold invariant constructed in the context of Yang–Mills
gauge theory can be recovered using holomorphic curve methods. The main goal of the present paper is to
prove a version of the Atiyah–Floer conjecture.

Main Results

Suppose Y# is an orientable connected closed 3-manifold and E# is an SO(3)-bundle on Y#. The pair
(Y#, E#) is admissible if the Stiefel-Whitney class w2(E#) lifts to a non-torsion element of H2(Y#;Z).
This condition is equivalent to the existence of an elementR ∈ H2(Y#;Z) such that the pairing ofw2(E#)
and R is non-trivial. Any such R is called a nice homology class for the pair (Y#, E#). Associated
to any such admissible pair (Y#, E#), we have the instanton Floer homology of (Y#, E#), which is a
relatively Z/8Z-graded group [Flo95, BD95]. A nice homology class R induces a degree 4 involution
on the instanton Floer homology of (Y#, E#), and the invariant subspace with respect to this involution
determines a relatively Z/4Z-graded group I∗(Y#, E#).

Any admissible pair with a choice of a nice homology class admits an admissible splitting. An
admissible splitting

(Y,E) ∪(Σ,F ) (Y ′, E′) (1.1)

consists of connected 3-manifolds Y , Y ′ with boundary Σ and SO(3)-bundles E, E′ on Y , Y ′ whose
restrictions to Σ are identified with an SO(3)-bundle F . The restriction of w2(F ) to each connected
component of Σ is required to be non-trivial. This assumption implies that Σ has an even number of
connected components and as an additional assumption we require that Σ has exactly two connected
components Σ0 and Σ1. We also assume that Y and Y ′ are oriented such that the induced orientations
on their boundaries are the orientation on Σ. Thus, after reversing the orientation of Y ′, we may glue
Y and Y ′ to form an oriented closed 3-manifold Y#. The bundles E and E′ can be also glued to from
an SO(3)-bundle E# on Y#. Connected components of Σ determine homologous homology classes
in Y# which are denoted by R. Since w2(E#) has a non-trivial pairing with R, the pair (Y#, E#) is
admissible andR is a nice homology class for this pair. We say (1.1) is an admissible splitting of (Y#, E#)
compatible with R.

Suppose (Y#, E#) is a pair with an admissible splitting as in (1.1), andM(Σ, F ) denotes the moduli
space of flat connections on F modulo determinant one automorphisms of F [AB83]. The manifold
M(Σ, F ) admits a canonical symplectic structure Ω. (See Subsection 2.2 for our conventions.) Flat
connections on E after a small perturbation gives rise to an immersed Lagrangian submanifold L(Y,E),
which is called the 3-manifold Lagrangian associated to (Y,E) [Her94]. (See Subsection 2.3 for more
details.) Similarly, we can associate a 3-manifold Lagrangian L(Y ′, E′) to (Y ′, E′). We say that the
3-manifold Lagrangians L(Y,E) and L(Y ′, E′) are embedded if there are arbitrarily small perturbations
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such that the associated Lagrangians are embedded. A more precise version of this assumption is stated as
Hypothesis 1. For instance, if the fundamental group of one of the connected components of Σ surjects
into the fundamental group of Y (resp. Y ′), then L(Y,E) (resp. L(Y ′, E′)) is embedded. (See Proposition
2.21.)

Theorem 1. Suppose L(Y,E) and L(Y ′, E′) are embedded submanifolds ofM(Σ, F ). Then the pair of
Lagrangians (L(Y,E), L(Y ′, E′)) is monotone with minimal Maslov number 4, and configuration space
of strips associated to these Lagrangians can be coherently oriented.

Let (L,L′) be a pair of embedded Lagrangians with minimal Maslov number N . Building on Floer’s
work [Flo88b], Oh defines a Z/NZ-graded Lagrangian Floer homology group HF(L,L′) in [Oh93],
which is a vector space over Z/2. Coherent orientations for configuration spaces of strips allow us to
work with integer coefficients (see Definition 2.37). Let L(Y,E) and L(Y ′, E′) be embedded. Then
Oh’s Lagrangian Floer homology of these two Lagrangians is a Z/4Z-graded abelian group which is
called symplectic instanton Floer homology of (Y#, E#) and is denoted by SI∗(Y#, E#). The following
theorem is our main result.

Theorem 2. Suppose an admissible splitting for a pair (Y#, E#) is given such that the associated 3-
manifold Lagrangians are embedded. Then there is an isomorphism of relatively Z/4Z-graded abelian
groups N : I∗(Y#, E#)→ SI∗(Y#, E#).

The proof of Theorem 2 modulo some analytical results is given in Section 3. Sections 4, 5 and 6 of the
paper are devoted to verifying the analytical results which are used in Section 3.

Instanton Floer homology group I∗(Y#, E#) is an invariant of the topological type of (Y#, E#).
However, symplectic instanton Floer homology SI∗(Y#, E#), a priori, depends on the choice of an
admissible splitting. As a consequence of Theorem 2, we have the following corollary.

Corollary 1. Symplectic instanton Floer homology group SI∗(Y#, E#) depends only on the topological
type of (Y#, E#). In particular, it is independent of the admissible splitting of (Y#, E#).

Corollary 2. Let φ : Σg → Σg be a diffeomorphism and Yφ be the mapping cylinder [0, 1]×Y/{(x, 1) ∼
(φ(x), 0)}. Let also Eφ be the SO(3)-bundle on Yφ which is induced by the non-trivial SO(3)-bundle on
Σg. The map φ induces a symplectomorphism φ∗ : M(Σg, Fg) → M(Σg, Fg). Then instanton Floer
homology group I∗(Yφ, Eφ) is isomorphic to the Lagrangian Floer homology of the diagonal and the
graph Γφ∗ of φ∗, which are Lagrangians in (M(Σg, Fg)×M(Σg, Fg),−Ω× Ω).

This corollary of Theorem 2 is essentially the same as Dostoglou and Salamon’s celebrated result in
[DS94b]. It is shown in [DS94b] that I∗(Yφ, Eφ) is isomorphic to the fixed point Floer homology of φ∗. It
is a folklore theorem that fixed Floer homology of a symplectomorphism is isomorphic to the Lagrangian
Floer homology of the diagonal and the graph of the symplectomorphism.

Proof. The pair (Yφ, Eφ) has an obvious admissible splitting as the union of (Y,E) and (Y ′, E′) where
Y , Y ′ are diffeomorphic to [0, 1]× Σg and E, E′ are pull-backs of the non-trivial SO(3)-bundle Fg on
Σg. The Lagrangian submanifolds associated to Y , Y ′ are the diagonal ∆ and Γφ∗ .
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In [KM11], Kronheimer and Mrowka use instanton Floer homology to define an invariant of 3-
manifolds which is called framed Floer homology. Let T 3 = S1×T 2 be the 3-dimensional torus andE1 be
the SO(3)-bundle on T 3 which is the pullback of the non-trivial bundleF1 on T 2. The trivial SO(3)-bundle
on a 3-manifold M and E1 induces a bundle E# on Y# = M#T 3. The pair (Y#, E#) is admissible and
the factor T 2 of T 3 determines a nice homology class for this pair. The framed Floer homology I]∗(M) of
M is defined to be the associated instanton Floer homology. Given a Heegaard splitting H ∪Σg H

′ of Y ,
we can obtain an admissible splitting of (Y#, E#). Let Y (resp. Y ′) be the boundary sum of H (resp. H ′)
and [0, 1]× T 2. Then Y and Y ′ are 3-manifolds whose boundary components are Σ = Σg+1 t T 2. The
non-trivial SO(3)-bundle on [0, 1]× T 2 induces SO(3)-bundles E and E′ on Y and Y ′. The restriction
F of E (or equivalently E′) to Σ is given by the non-trivial SO(3)-bundle Fg+1 on Σg+1 and the bundle
F1 on T 2. In particular,M(Σ, F ) = M(Σg+1, Fg+1). The subspaces of elements ofM(Σg+1, Fg+1)
which extend as flat connections to E and E′ determine embedded Lagrangian submanifolds L and L′ of
M(Σg+1, Fg+1). In [WW16, Definition 4.4.1], Wehrheim and Woodward, define a 3-manifold invariant
as the Lagrangian Floer homology of L and L′. We call this invariant symplectic framed Floer homology
of M , and denote it by SI]∗(M).

Theorem 3. The 3-manifold invariants I]∗(M) and SI]∗(M) together with their Chern-Simons filtrations,
are isomorphic to each other.

The Chern-Simons filtrations on I]∗(M) and SI]∗(M) are defined in Section 7.1, where the proof of
Theorem 3 is given. Forgetting this additional structure, Theorem 3 is a special case of Theorem 2.

For a pair of monotone Lagrangians (L,L′) in a symplectic manifold (M,ω), HF(L,L′) is a module
over the quantum cohomology ring QH∗(M). See, for example, [Flo89, Sei01, Alb08, FOOO09a, BC09]
for this structure on Lagrangian Floer homology and related constructions in symplectic geometry. For our
purposes in the present paper, this structure determines an action of QH∗(M(Σ, F )) on SI∗(Y#, E#).
To simplify the discussion we work with the coefficients in Q for the rest of the introduction. An explicit
set of generators for the ring QH∗(M(Σ, F )) (or equivalently H∗(M(Σ, F ))) is given in [AB83]. There
is a universal SO(3)-bundle F over the productM(Σ, F )× Σ, and the slant products

1

4
p1(F)\σ, σ ∈ H∗(Σ) (1.2)

defines an element of H∗(M(Σ, F )). These cohomology classes as σ varies over a generating set
for H∗(Σ) determine multiplicative generating for the cohomology ring ofM(Σ, F ). We write mS

σ :
SI∗(Y#, E#) → SI∗(Y#, E#) for the induced action of (1.2), as an element of QH∗(M(Σ, F )), on
SI∗(Y#, E#).

On the gauge theoretical side, there is an action of H∗(Y#) on I∗(Y#, E#) for any admissible pair
(Y#, E#). For σ ∈ H∗(Y#), we denote the corresponding action by mG

σ : I∗(Y#, E#) → I∗(Y#, E#).
This action plays a crucial role in certain topological applications of instanton Floer homology of
admissible pairs (see [KM10] for some instances of such topological applications), and it is related to
µ-classes and polynomial invariants in Donaldson theory of smooth closed 4-manifolds.

Theorem 4. Suppose σ ∈ H1(Σ)⊕H2(Σ), and the endomorphism mG
σ of I∗(Y#, E#) is defined using

the inclusion of Σ in Y#. Then the isomorphism N of Theorem 2 is compatible with mG
σ and the the

homomorphism mS
σ on the symplectic side. That is to say, N ◦mG

σ = mS
σ ◦N.

5



This theorem is meant to feature an instance of a more general result. In particular, we believe that
this theorem should generalize to the case that one uses arbitrary homology classes in H∗(Σ) and the
homology classes are defined with arbitrary coefficient ring.

The original version of the Atiyah-Floer conjecture was stated in [Ati88]. This version of the Atiyah-
Floer conjecture concerns the invariants of 3-manifolds with the same integral homology as S3 [Flo88a].
One can generalize this conjecture so that it has the conjecture of [Ati88] and Theorem 3 as two special
cases. A strategy to approach the Atiyah-Floer conjecture for admissible bundles, similar to the method
of this paper, was proposed in [Fuk]. The key geometrical tool to prove the results of this paper is the
mixed equation [Lip14, DFL] whereas the proposal of [Fuk] is based on a version of the ASD equation
defined using degenerate metrics. Another major approach to the Atiyah-Floer conjecture makes use of
adiabatic limits. The adiabatic limits method was already used in [DS94b] and it forms a crucial part of the
programs of [Weh05, Dun15]. Other attempts to the Atiyah-Floer conjecture can be found in [Yos, LL95].

Notations. In this paper we shall be concerned with connections on manifolds of dimensions 2, 3 and 4.
To avoid confusion, we denote a typical connection on a 4-manifold by A (possibly with an index), on a
3-manifold by B (possibly with an index) and on a surface by a greek letter.

The Euclidean space R3 with the standard cross product defines a Lie algebra with an action of
SO(3). This Lie algebra with the action of SO(3) is isomorphic to so(3), linear space of skew-adjoint
endomorphisms of R3, and su(2), the linear space of trace free skew-Hermitian endomorphisms of
C2. The Lie algebra structure and the action of SO(3) on so(3) and su(2) are respectively given by the
commutator map and the adjoint action. Throughout this paper, we use this isomorphism to identify an
SO(3) vector bundle V with the bundle so(V ) of skew-adjoint endomorphisms of V . We also define
a bi-linear form tr : R3 ×R3 → R given by −1

2 of the inner product. Using the identification with
su(2), this bi-linear form can be identified with tr : su(2) × su(2) → R which maps a pair of a skew-
Hermitian matrices A and B to tr(AB). The bi-linear form tr induces a bi-liner form on sections of any
SO(3)-vector bundle, which is denoted by the same notation.

2 Floer homology groups

In this section, we recall the definitions of Floer homology groups I∗(Y#, E#) and SI∗(Y#, E#) for an
admissible pair (Y#, E#). The definition of the latter Floer homology group requires some preparation.
First we recall the definition of the symplectic manifold M(Σ, F ). Then we define the 3-manifold
Lagrangian L(Y,E), which is an immersed Lagrangian ofM(Σ, F ). In the case that F is replaced with
the trivial bundle, analogues of the 3-manifold Lagrangian L(Y,E) are the main subject of study in
[Her94]. Our case of interest is less complicated because there is no singular point inM(Σ, F ).

2.1 3-manifolds and SO(3)-bundles

Suppose Σ is a Riemann surface with two connected components. We assume that Y , Y ′ are oriented
connected 3-manifolds such that an identification of collar neighborhoods of their boundary components

6



with [−1, 2) × Σ, (−2, 1] × Σ are fixed, which are respectively orientation preserving and orientation
reversing. Throughout this paper, we use outward-normal-first convention to orient the boundary of an
oriented 3-manifold and the first-factor-first convention to orient the product of two oriented manifolds.
We reverse the orientation of Y ′ and glue it to Y using the rule

(t, x) ∈ [−1, 1]× Σ ⊂ Y ∼ (t, x) ∈ [−1, 1]× Σ ⊂ Y ′

to form a closed oriented 3-manifold Y#. It will be useful to fix a notation for the following subspaces of
Y , Y ′

Y0 := Y \ [−1, 1)× Σ, Y ′0 := Y ′ \ (−1, 1]× Σ (2.1)

which are clearly diffeomorphic to Y , Y ′. Let g, g′ be Riemannian metrics on Y , Y ′ that restrict to the
product metric on the collar neighborhoods of the boundaries of Y and Y ′ corresponding to a fixed metric
on Σ. Gluing these metrics produces a metric g# on Y#, and in the following we use g, g′ or g# when we
need a metric on Y , Y ′ or Y#. We will impose further constraints on the metrics g and g′ in Section 6.

Suppose F is an SO(3)-bundle on Σ with non-trivial restrictions to the connected components of Σ.
Suppose SO(3)-bundles E, E′ on Y , Y ′ are also given such that their restrictions to [−1, 2)× Σ ⊂ Y ,
(−2, 1]×Σ ⊂ Y ′ are identified with [−1, 2)×F , (−2, 1]×F . Then we can glue these two SO(3)-bundles
to form the bundle E# on Y#. In particular, (Y#, E#) is an admissible pair with an admissible splitting
as in (1.1) determined by (Y,E) and (Y ′, E′). This admissible pair with the given splitting shall be fixed
for the rest of the paper.

2.2 The moduli spaceM(Σ, F )

Throughout this section, we need to consider the space of connections on SO(3)-bundles over manifolds
of dimensions 2, 3 and 4. As the first instance, let A(Σ, F ) be the space of connections on the bundle F .
For analytical purposes, it is convenient to allow for Sobolev connections. To that end, we fix an integer
l ≥ 2, and assume that A(Σ, F ) is defined using L2

l−1 connections.1 Let F ×ad SU(2) be the fiber bundle
on Σ associated to the framed bundle of F via the adjoint action of SO(3) on SU(2). Any section of this
fiber bundle is called a determinant one gauge transformation of F . We use this standard terminology for
SO(3) bundles over manifolds of any dimension. The space of L2

l sections of F ×ad SU(2) forms the
Banach Lie group G(F ). Taking pullbacks with respect to elements of G(F ) determines an action of this
group on A(Σ, F ), and the quotient space, the configuration space of connections on Σ, is denoted by
B(Σ, F ). Embedded in this infinite dimensional Banach manifold, there is the moduli spaceM(Σ, F ),
which consists of the elements of B(Σ, F ) that are represented by flat connections. The dimension of
M(Σ, F ) is equal to −3χ(Σ).

Remark 2.2. An alternative gauge group Gex(F ) can be defined by considering the sections of the fiber
bundle F ×ad SO(3) induced by the adjoint action of SO(3) on itself. There is an obvious map from
G(F ) to Gex(F ) induced by the quotient map SU(2) to SO(3). This map fits into an exact sequence:

Z/2⊕ Z/2 ↪→ G(F ) −→ Gex(F ) � H1(Σ;Z/2).

1The same integer l is used throughout the paper for Sobolev spaces associated to manifolds of various dimensions. The
exact choice of the Sobolev parameter l does not play any role in this paper.
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The first map is the inclusion of the elements of G(F ) which are locally equal to ±1, and the last map for
g ∈ Gex(F ) is given as the obstruction of lifting g to G(F ) over the 1-skeleton of Σ.

For a flat connection σ on F , the tangent space of the smooth manifoldM(Σ, F ) at [σ] is given by

H1(Σ;σ) = {c ∈ Ω1(Σ,Λ1 ⊗ F ) | dσc = 0, d∗σc = 0}. (2.3)

We consider the L2 inner product

〈c, c′〉 := −
∫

Σ
tr(c ∧ ∗2c′) (2.4)

on (2.3), where tr is defined by applying the inner product of F to the vector factor of c and c′. In this
paper, we use a similar convention to define inner products of differential forms of any degree with values
in an SO(3)-bundle over a Riemannian manifold. We similarly define a symplectic form Ω onH1(Σ;σ):

Ω(c, c′) := −
∫

Σ
tr(c ∧ c′). (2.5)

The complex structure J∗ : H1(Σ;σ) → H1(Σ;σ), defined as J∗(c) = ∗2c, can be used to relate the
metric and the symplectic form:

〈c, c′〉 = Ω(c, J∗c
′).

The basic topological invariants ofM(Σ, F ) are well understood. This manifold is simply connected
and π2(M(Σ, F )) = π2(M(Σ0, F0))⊕ π2(M(Σ1, F1)) where π2(M(Σi, Fi)) = 0 if the genus of the
connected component Σi of Σ is 1, and π2(M(Σi, Fi)) = Z otherwise [AB83, DS94a]. In fact, for
a surface Σg of genus g ≥ 2, a generator of π2(M(Σg, Fg)) can be constructed in the following way.
There is a connection A on the pullback of Fg to D2 × Σg such that for any point z ∈ D2 the restriction
A|{z}×Σg is flat, the restriction of A to the boundary S1 × Σg is flat and

1

8π2

∫
D2×Σg

tr(FA ∧ FA) =
1

2
.

In particular, for any z ∈ S1, the flat connection A|{z}×Σg represents a fixed element α ofM(Σg, Fg).
Therefore, A induces a map s : (D2, S1)→ (M(Σg, Fg), α) determining a generator of π2(M(Σg, Fg)).
Since the connections A|{z}×Σg for z ∈ S1 are gauge equivalent to a fixed (irreducible) flat connection,
we also obtain a loop in G(Fg)/{±1} from the restriction of A to S1 × Σg which gives a generator of
π1(G(Fg)/{±1}).

2.3 3-manifold Lagrangians

Suppose (Y,E) is as in Subsection 2.1. Fix a smooth connection B0 on E, and define

A(Y,E) := {B0 + b | b ∈ L2
l (Y,Λ

1 ⊗ E)}

The group G(E) of determinant one gauge transformations of E with finite L2
l+1 norm acts smoothly

on A(Y,E) by taking pull back. We denote the quotient space by B(Y,E). Let B ∈ A(Y,E) be an
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irreducible connection, that is to say, the stabilizer of B with respect to the action of G(E) consists of
only ±1. Then B(Y,E) is a Banach smooth manifold at the class of B. The tangent space of B(Y,E) at
this point can be identified with the Banach space

XB := {b ∈ L2
l (Y,Λ

1 ⊗ E) | d∗Bb = 0, ∗3b|Σ = 0}. (2.6)

In particular, for any b in L2
l (Y,Λ

1⊗E), the tangent space ofA(Y,E) at B, there is ζ ∈ L2
l+1(Y,E) such

that b− dBζ belongs to XB . There is a variation of this fact which shall be useful. Let b ∈ L2
l (Y,Λ

1⊗E)
such that b|Σ = 0. Then there is ζ ∈ L2

l+1(Y,E) with ζ|Σ = 0 such that d∗B(b− dBζ) = 0.

Define a G(E)-equivariant map φ : A(Y,E)→ L2
l−1(Y,Λ1 ⊗ E) by

φ(B) = ∗3FB. (2.7)

In general the space L(Y,E) := φ−1(0)/G(E) might not be smooth because φ might have zeros which
are not cut down transversely. To achieve transversality, we perturb φ following a standard scheme used
in various places including [Don87, Flo88a, Tau90, Her94, KM11].

In Section 6.1, we review the definition of a family of functions defined onA(Y,E), which are known
as cylinder functions. Given a cylinder function h : A(Y,E) → R, we may define its formal gradient
∇h : A(Y,E) → L2

l (Y,Λ
1 ⊗ E) with respect to the L2 metric on A(Y,E). This determines a gauge

invariant perturbation of (2.7):
φh(B) = ∗3FB +∇Bh. (2.8)

The function h depends only on the restriction of the connection B to the interior of Y0. In particular,
∇Bh vanishes on a neighborhood of the boundary of Y . Moreover, invariance of h with respect to the
action of G(E) implies that d∗B∇Bh vanishes. This together with Bianchi identity implies that φh(B)
belongs to the kernel of d∗B . We write Lh(Y,E) for the quotient space φ−1

h (0)/G(E). Any element of
Lh(Y,E) restricts to a flat connection on the boundary Riemann surface Σ. In particular, this defines a
map r : Lh(Y,E)→M(Σ, F ).

The linearization of φh at any connection B modulo the action of the gauge group defines a map from
XB to L2

l−1(Y,Λ1 ⊗ E) as follows:

b→ ∗3dBb+ HessBh(b). (2.9)

This map has an infinite dimensional co-kernel and is not Fredholm. To resolve this issue, let ΠB be the
projection to the kernel of d∗B acting on L2

l−1(Y,Λ1 ⊗ E). Since d∗B′φh(B′) = 0 for any B′ ∈ A(Y,E),
the zeros of φh and ΠB ◦ φh, in a neighborhood of B, agree with each other. Therefore, we may consider
linearization of the operator ΠB ◦ φh to study the deformation theory of the space Lh(Y,E).

Proposition 2.10 ([Her94]). Suppose B represents an element of Lh(Y,E). Then

d∗B(∗3dB + HessBh) = 0.

In particular, the linearization of ΠB ◦ φh, denoted by LB : XB → ker(d∗B), is given by (2.9). The
operator LB is Fredholm with index −3

2χ(Σ). The kernel of this operator can be identified with

H1
h(Y ;B) := {b ∈ L2

l (Y,Λ
1 ⊗ E) | ∗3b|Σ = 0, d∗Bb = 0, ∗3dB(b) + HessBh(b) = 0}, (2.11)
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and its cokernel is given by

H1
h(Y,Σ;B) := {b ∈ L2

l (Y,Λ
1 ⊗ E) | b|Σ = 0, d∗Bb = 0, ∗3dB(b) + HessBh(b) = 0}. (2.12)

Proof. Let Ψ be a smooth 0-form on Y with values in E which is supported in the interior of Y , and
b ∈ L2

l (Y,Λ
1 ⊗ E). If Bt is the connection B + tb, then the inner product of ∗3FBt +∇Bth and dBtΨ

vanishes. Taking derivative with respect to t implies that:

〈∗3dBb+ HessBh(b), dBΨ〉L2(Y ) + 〈∗3FB +∇Bh, [b,Ψ]〉L2(Y ) = 0

Now the claim follows from the assumption that ∗3FB +∇Bh vanishes. The remaining claims can be
treated as in [Her94].

As another useful property of cylinder functions, we record the following lemma. It is a consequence
of the symmetric property of hessians.

Lemma 2.13. Suppose B ∈ A(Y,E) and b, b′ ∈ L2
l (Y,Λ

1 ⊗ E). Then we have∫
Y

tr(b ∧ ∗3HessBh(b′)) =

∫
Y

tr(∗3HessBh(b) ∧ b′). (2.14)

To study regularity properties of Lh(Y,E) for a general choice of h, it is useful to consider the family
version of this construction. Let P denote the parameter space of cylinder functions (to be defined in
Section 6.1). Define a gauge invariant map Φ : A(Y,E)× P → L2

l−1(Y,Λ1 ⊗ E) as follows:

Φ(B, ρ) = ∗3FB +∇Bhρ. (2.15)

Then L(Y,E) = Φ−1(0)/G(E) determines the family version of Lh(Y,E). There is an obvious map
π : L(Y,E) → P such that the fibers of this map are the spaces Lh(Y,E). Any element of L(Y,E)
restricts to a flat connection on the boundary Riemann surface Σ. In particular, we have a map r :
L(Y,E)→M(Σ, F ). Obviously the restriction of this map to each subspace Lh(Y,E) is r. The proof
of the following proposition will be given in Section 6.1.

Proposition 2.16 ([Her94]). The map Φ is a submersion, and hence the space L(Y,E) is a smooth
Banach manifold. The projection map π : L(Y,E) → P is a proper Fredholm map of index −3

2χ(Σ).
Moreover, the restriction map r : L(Y,E)→M(Σ, F ) is a submersion.

Proposition 2.16 and Sard-Smale theorem imply that the spaceLh(Y,E) is a smooth compact manifold
of dimension −3

2χ(Σ) for a generic choice of h. Thus, Proposition 2.10 implies that for any such h and
any [B] ∈ Lh(Y,E),H1

h(Y ;B) has dimension −3
2χ(Σ) andH1

h(Y,Σ;B) is trivial. For any such B and
any b ∈ H1

h(Y ;B), the restriction c := b|Σ is dσ closed where σ = B|Σ. Thus, there is ξ such that
c− dσξ belongs toH1(Σ;σ), and the derivative of the restriction map r : Lh(Y,E)→M(Σ, F ) at B is
given by b→ c− dσξ. Thus, if b belongs to the kernel of this map, then there is ζ ∈ L2

l+1(Y,E) such that
b− dBζ restricts to the trivial 1-form on Σ. In particular, by applying the fact mentioned at the beginning
of this subsection, we may assume that b− dBζ ∈ H1

h(Y,Σ;B), which implies that b = dBζ because of
our assumption on h. Since b ∈ Xb, this implies that b = 0. Thus, the restriction map r is an immersion.
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Proposition 2.17. Suppose h is a regular value of the projection map π : L(Y,E) → P . Then the
immersion r : Lh(Y,E) → M(Σ, F ) is Lagrangian. Moreover, given a finite dimensional smooth
manifold N and a smooth map s : N →M(Σ, F ), for a generic h, the map r is transversal to s.

In the following, if h satisfies the assumption of the first part of this proposition, we say Lh(Y,E) is
regular.

Proof. SupposeB represents an element of Lh(Y,E) and b, b′ ∈ H1
h(Y ;B). Suppose also c and c′ denote

the restrictions of these elements to Σ:∫
Σ

tr(c ∧ c′) =

∫
Y

tr(dBb ∧ b′)− tr(b ∧ dBb′)

= −
∫
Y

tr(∗3HessBh(b) ∧ b′)− tr(b ∧ ∗3HessBh(b′))

= 0

where the last identity is a consequence of Lemma 2.13. To verify the second part, notice that r :
L(Y,E)→M(Σ, F ) is transversal to s : N →M(Σ, F ) because the former map is a submersion. In
particular, the following space is a smooth Banach manifold:

L(Y,E)r ×s N := {([A], x) | [A] ∈ L(Y,E), x ∈ N, r([A]) = s(x)}.

The map p induces a map from L(Y,E)r×sN to P which is Fredholm (with index−3
2χ(Σ)+dim(N)−

dim(M(Σ, F ))). If h is a regular value of this map, then r : Lh(Y,E) → M(Σ, F ) is transversal to
s : N →M(Σ, F ). Therefore, the second part is a consequence of the Sard-Smale theorem.

Proposition 2.18. Suppose h, h′ ∈ P are two cylinder functions such that Lh(Y,E) and Lh′(Y,E) are
immersed Lagrangians ofM(Σ, F ). Then Lh(Y,E) and Lh′(Y,E) are Lagrangian cobordant. That
is to say, there is a Lagrangian immersion R : V → R2 ×M(Σ, F ) such that there are subspaces
V−, V+ ⊂ V with the property that

R−1((−∞,−1]×R×M(Σ, F )) = V−, R−1([1,∞)×R×M(Σ, F )) = V+,

V−, V+ can be identified with (−∞,−1]× Lh(Y,E), [1,∞)× Lh′(Y,E), and the restrictions of R to
V± is given by (id, 0, r). Here the symplectic structure on the product space R2 ×M(Σ, F ) is induced
by the standard symplectic structure dx ∧ dy on R2 and the symplectic form Ω onM(Σ, F ).

A closely related result is proved in [Her94]. In the case that the bundles F and E over Σ and
Y are trivial, Herlad shows that Lh(Y,E), which is a singular Lagrangian in the singular symplectic
manifoldM(Σ, F ), has a Legendrian lift to a certain S1-bundle overM(Σ, F ), and there is a Legendrian
cobordism from the Legendrian lift of Lh(Y,E) to the Legendrian lift of Lh′(Y,E) for any two choices
of perturbation functions h and h′. Herlad’s result has a counterpart in the admissible setup of this paper.
However, we content ourselves with Proposition 2.18.
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Proof. For t ∈ R, suppose ht ∈ P is a 1-parameter family of cylinder functions depending smoothly on t
such that ht = h for t ≤ −1 and ht = h′. Let also gt be the function dhτ

dτ |τ=t. Define

V = {(t, [B]) ∈ R× B(Y,E) | ∗3FB +∇Bht = 0}.

As a consequence of Proposition 2.16, this family of cylinder functions can be chosen such that V is a
smooth manifold, and its tangent space at (t, [B]) is given as

T(t,[B])V = {(s, b) | ∗3b|Σ = 0, d∗Bb = 0, ∗3dB(b) + HessBh(b) + s∇Bgt = 0}. (2.19)

Since V is cut down transversely, the vector space

{b ∈ L2
l (Y,Λ

1 ⊗ E) | b|Σ = 0, d∗Bb = 0, ∗3dB(b) + HessBh(b) = 0, 〈∇Bgt, b〉 = 0} (2.20)

is trivial. Consider the map R : V → R2 ×M(Σ, F ) defined as

R(t, [B]) = (t, gt([B]), r([B])).

Analogous to the map r and using the triviality of (2.20), one can see that R is an immersion. Let (s, b)
and (s′, b′) be two vectors in (2.19), and c, c′ denote the restrictions of b, b′ to ∂Y . Then we have∫

Σ
tr(c ∧ c′) =

∫
Y

tr(dBb ∧ b′)− tr(b ∧ dBb′)

= −
∫
Y

tr((∗3HessBh(b) + s ∗3 ∇Bgt) ∧ b′)− tr(b ∧ (∗3HessBh(b′) + s′ ∗3 ∇Bgt))

= s〈∇Bgt, b′〉 − s′〈∇Bgt, b〉.

It is easy to see from this identity that R induces a Lagrangian immersion.

2.4 Floer homology groups

In this subsection, the pairs (Y,E), (Y ′, E′) and the glued up pair (Y#, E#) is given as in Subsection
2.1. The construction of Subsection 2.3 can be used to form two immersed Lagrangians Lh(Y,E) and
Lh′(Y

′, E′) ofM(Σ, F ). The essential assumption that we make throughout the paper is:

Hypothesis 1. For any positive real number ε, there is h such that the associated parameter in P is
smaller than ε, Lh(Y,E) is regular, and r : Lh(Y,E) → M(Σ, F ) defines a submanifold. The pair
(Y ′, E′) satisfies a similar property.

The following proposition provides a special case where the assumptions in Hypothesis 1 are always
satisfied.

Proposition 2.21. If the inclusion map induces a surjection of the fundamental group of a connected
component Σ0 of Σ into π1(Y ), then Lh(Y,E) with h = 0, denoted by L0(Y,E), is regular and
r : L0(Y,E)→M(Σ, F ) defines an embedded submanifold.
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Proof. It is clear that r : L0(Y,E)→M(Σ, F ) is injective. For B ∈ L0(Y,E), it suffices to show that
H1(Y,Σ;B) is trivial. Let b be a 1-form with values in E such that

b|Σ = 0, d∗Bb = 0, dBb = 0.

Let ζ be the section of E defined as

ζ(p) :=

∫
γ
γ∗b for p ∈ Y .

Here γ is a path from a base point p0 ∈ Σ0 to p and to define the integral, we trivialize E along γ using
parallel transport with respect to B. This integral does not depend on the choice of γ, because the integral
of b over any closed path based at p0 vanishes. To see the latter claim, note that any closed path based at
p0 can be homotoped into a closed path in Σ0 and the Stokes theorem and the assumption dBb = 0 show
that the integral does not change throughout the homotopy. Since b|Σ0 = 0, the integral over a path in Σ
clearly vanishes. The definition of ζ implies that b = dBζ. Using the Stokes theorem we have

||b||L2 = −
∫
Y

tr(dBζ ∧ ∗3dBζ)

= −
∫

Σ
tr(ζ ∧ ∗3dBζ) +

∫
Y

tr(ζ ∧ dB ∗3 dBζ). (2.22)

The second term in the last expression vanishes because d∗Bb = 0. Since dBζ|Σ = 0 and the restriction of
B to each boundary component of Σ is irreducible, ζ|Σ = 0, which implies the vanishing of the first term
in (2.22).

Suppose h and h′ are chosen such that Lh(Y,E) and Lh′(Y ′, E′) are embedded Lagrangian submani-
folds ofM(Σ, F ). Proposition 2.17 implies that by a small perturbation of the cylinder function h (or
h′), we may assume that the submanifolds Lh(Y,E) and Lh′(Y ′, E′) are transversal to each other. To
define symplectic instanton Floer homology SI∗(Y#, E#) as the Lagrangian Floer homology of these two
Lagrangians, we need to guarantee that Lh(Y,E) and Lh′(Y ′, E′) satisfy further restrictive assumptions.

Definition 2.23. Suppose L is a Lagrangian submanifold of a symplectic manifold (M,ω). Suppose
µ : π2(X,L)→ Z is the Maslov index function. Integrating the symplectic form ω on discs with boundary
values in L defines another map [ω] : π2(X,L)→ R. The Lagrangian L is monotone if there is a positive
constant c such that

[ω] = cµ. (2.24)

The positive generator of the image µ is called the minimal Maslov number of L.

Definition 2.25. Suppose L and L′ are Lagrangian submanifolds of a symplectic manifold (M,ω).
Suppose Ω(L,L′) denotes the space of all paths from L′ to L. Any α ∈ L ∩ L′ determines a constant
path oα ∈ Ω(L,L′). Any element of π1(Ω(L,L′), oα) determines a continuous map from S1 × [−1, 1]
to M with boundary components S1 × {1}, S1 × {−1} mapped to L and L′. In particular, the Maslov
index and the symplectic form induces maps µ : π1(Ω(L,L′), oα)→ Z and [ω] : π1(Ω(L,L′), oα)→ R.
We say the pair (L,L′) is monotone, if there is a positive constant c such that:

[ω] = cµ. (2.26)

for any choice of α. The positive generator of the image µ is called the minimal Maslov number of (L,L′).
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The following proposition will be proved in Subsection 4.6. The proof of this proposition utilizes the
linear theory of the mixed equation, discussed in the next subsection.

Proposition 2.27. The LagrangiansLh(Y,E) andLh′(Y ′, E′) are orientable and monotone with minimal
Maslov numbers 4. In fact, the pair (Lh(Y,E), Lh′(Y

′, E′)) is monotone.

Remark 2.28. If L and L′ are monotone Lagrangians in a simply connected symplectic manifold (M,ω),
then (L,L′) is also a monotone pair. In particular, the second part of Proposition 2.27 is an immediate
consequence of the first part.

Now we review how Proposition 2.27 allows us to define Lagrangian Floer homology of the monotone
pair (Lh(Y,E), Lh′(Y

′, E′)) [Oh93]. Suppose α, β belong to the finite set CS := Lh(Y,E)∩Lh′(Y ′, E′).
Let u : R× [−1, 1]→M(Σ, F ) be a smooth map such that

u(−s, θ) = α, u(s, θ) = β, ∀(s, θ) ∈ [1,∞)× [−1, 1] (2.29)

and it satisfies the boundary conditions

u|R×{1} ⊂ Lh(Y,E), u|R×{−1} ⊂ Lh′(Y ′, E′). (2.30)

Given another map u′ : R× [−1, 1]→M(Σ, F ) with similar properties, we say u and u′ are homotopic,
if there is a smooth map U : R× [−1, 1]× [−1, 1]→M(Σ, F ) such that

(i) for any t ∈ [−1, 1], U |R×[−1,1]×{t} satisfies (4.74) and (2.30);

(ii) U |R×[−1,1]×{−1} = u and U |R×[0,1]×{1} = u′.

Equivalence classes of this relation can be regarded as homotopy classes of paths from α to β in
Ω((Lh(Y,E), Lh′(Y

′, E′))). The set of all such homotopy classes is denoted by π2(α, β). Maslov class
of any p ∈ π2(α, β), denoted by µ(p), is defined to be the Maslov class of any representative of p. For a
path p, it is helpful to form a space BS(α, β)p consisting of more general representatives of p.

To define BS(α, β)p, let exp denote the exponential map with respect to an arbitrary metric on
M(Σ, F ). A continuous map u : R× [−1, 1]→M(Σ, F ) satisfying (2.30) is an element of BS(α, β)p
if the following conditions hold. The covariant derivatives∇k(du) have finite L2 norms for 0 ≤ k ≤ l−1.
Moreover, there is t0 such that the restriction of u to (−∞,−t0] and [t0,∞) is given by expα v− and
expβ v+ for v− ∈ L2

l ((−∞,−t0]× [−1, 1], TαM(Σ, F )) and v+ ∈ L2
l ([t0,∞)× [−1, 1], TβM(Σ, F )).

In particular, u determines an element of π2(α, β), which we denote by p. We call BS(α, β)p the
configuration space of strips corresponding to the path p.

The set CS can be decomposed as
CS :=

⋃
o

CS,o,

where o runs over the set of the connected components of Ω(Lh(Y,E), Lh′(Y
′, E′)) and CS,o consists

of α ∈ CS such that oα = o. There is a relative Z/4Z-grading degS on each CS,o, which is called Floer
grading. Let α, β ∈ CS,o and p be a path from α to β in Ω(Lh(Y,E), Lh′(Y

′, E′)). Then define

degS(α)− degS(β) ≡ µ(p) mod 4 (2.31)
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Proposition 2.27 implies that the value of µ(p) mod 4 is independent of the choice of p and hence degS is
well-defined. A relative Z/4Z-grading on CS is compatible with the Floer grading if its restriction to
each CS,o agrees with the Floer grading.

Remark 2.32. SinceM(Σ, F ) is simply connected, the connected component of oα is determined by
the connected components of Lh(Y,E) and Lh′(Y ′, E′) that contain α. In particular, if Lh(Y,E) and
Lh′(Y

′, E′) are connected, then Ω(Lh(Y,E), Lh′(Y
′, E′)) is path connected. Consequently, there is a

unique relative Z/4Z-grading on CS compatible with the Floer grading. This, for example, happens for
the Lagrangians involved in the definition of symplectic framed Floer homology.

Fix a 1-parameter family of Ω-compatible almost complex structures J = {Jθ}θ∈[−1,1] onM(Σ, F ),
and consider the Cauchy-Riemann equation

∂u

∂θ
− Jθ

∂u

∂s
= 0 (2.33)

where u : R× [−1, 1]→M(Σ, F ) satisfies the Lagrangian boundary condition of (2.30). Any solution of
(2.33), with ||du||L2 being finite, belongs to BS(α, β)p for some choice of α, β and the homotopy class of
a path p from α to β. The space of all such solutions of (2.33) is denoted by MS(α, β)p. Translation along
the R factor defines an R-action on MS(α, β)p, which is free unless MS(α, β)p contains the constant
map to α. The quotient space by this action is denoted by M̆S(α, β)p.

For any u ∈ BS(α, β)p, let Du denote the linearization of (2.33) . Then Du is an operator acting
on L2

l sections of u∗TM(Σ, F ) with the boundary condition that the restriction of u to R × {1} and
R× {−1} belong to TLh(Y,E) and TLh′(Y ′, E′), and L2

l−1(R× [−1, 1], u∗TM(Σ, F )) is the target
of this operator. For a section ζ of u∗TM(Σ, F ) in the domain of Du, we have

Duζ = ∇θζ − Jθ(u)∇sζ − (∇ζJθ)
du

ds
, (2.34)

where the connection∇ is defined by pulling back the Levi-Civita connection onM(Σ, F ). The index of
this elliptic operator is equal to µ(p). The equation (2.33) is cut down transversely at u if Du is surjective.
In a neighborhood of u, the moduli space MS(α, β)p is a smooth manifold of dimension µ(p), which is
equal to degS(α)− degS(β) mod 4.

Lemma 2.35 ([Oh93]). There is a family of almost complex structures J = {Jθ}θ∈[−1,1] such that the
moduli space MS(α, β)p is cut-down transversely.

The moduli spaces MS(α, β)p are orientable. Using a standard construction, we may define the
determinant line bundle δSp on BS(α, β)p, where the fiber over u is given by

Λmax ker(Du)⊗ (Λmax coker(Du))∗.

If MS(α, β)p is cut down transversely at u, then an orientation of the fiber of δSp determines an orientation
of TuMS(α, β)p. Thus, to orient MS(α, β)p it suffices to fix a trivialization of δSp , which always exists
(see Proposition 2.38). We denote the set of trivializations of this bundle by ΛSp , which is a Z/2Z-torsor.
The set ΛSp can be identified with the trivializations of δSp over the subspace BcS(α, β)p of BS(α, β)p
consisting maps u which satisfy (4.74).
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If p is a path from α0 to α1 and p′ is a path α1 to α2, then there is an obvious strip gluing map
BcS(α0, α1)p × BcS(α1, α2)p′ → BcS(α0, α2)p]p′ which induces the map

Φp,p′ : ΛSp ⊗Z/2Z ΛSp′ → ΛSp]p′ . (2.36)

using additivity of the index of the Fredholm operator Du with respect to gluing strips.

Definition 2.37. A coherent system of orientations for strips associated to the Lagrangians Lh(Y,E)
and Lh′(Y ′, E′) is an association of an element λp ∈ ΛSp to each homotopy class p of a path between two
elements of CS which is compatible with the map Φp,p′ . That is to say, for any two paths p and p′, where
the terminal point of p is equal to the initial point of p′, we have

Φp,p′(λp ⊗ λp′) = λp]p′ .

Two systems of coherent orientations {λp} and {λ′p} are ε-equivalent if there is ε : CS → Z/2 such that
for any path p from α to β

λ′p = (−1)ε(β)−ε(α)λp.

Proposition 2.38. The line bundles δSp are orientable. Moreover, there is a coherent system of orientations
for strips associated to the Lagrangians Lh(Y,E) and Lh′(Y ′, E′).

A proof of this proposition will be given in Subsection 4.6. In fact, we will also give a recipe in the
proof of Proposition 2.38 to fix a coherent system of orientations for strips associated to the Lagrangians
Lh(Y,E) and Lh′(Y ′, E′).

Remark 2.39. Although Proposition 2.38 is sufficient for our purposes here, there is still room to improve
this proposition. For instance, the Lagrangians Lh(Y,E) and Lh′(Y ′, E′) are in fact spin, and the spin
structure can be used to fix orientations for the line bundles δSp following [FOOO09a, FOOO09b]. The
authors expect that there is a preferred choice of spin structures for Lh(Y,E) and Lh′(Y

′, E′) and
the induced orientations by these spin structures agree with the coherent system of orientations {λp}
constructed in Subsection 4.6. Another issue related to orientations of the determinant bundles which is
not completely addressed here is compatibility of the coherent system of orientations {λp} with gluing
spheres. For an arbitrary smooth map s : S2 → M(Σ, F ), we may similarly define the linearized
Cauchy-Riemann operator Ds as a map

L2
l (S

2, s∗TM(Σ, F ))→ L2
l−1(S2,Λ0,1 ⊗ s∗TM(Σ, F )).

Since S2 is a closed Riemann surface, the operator Ds is complex linear up to compact terms and hence
its determinant line has a canonical orientation. Gluing s to elements of BcS(α, β)p determines a map
BcS(α, β)p → BcS(α, β)p′ where p′ := p]s is the induced path from α to β. This gluing map gives

Ψp,s : ΛSp → ΛSp′ ,

which depends only on the homotopy class of s. Recall that π2(M(Σ, F )) = Zi where i is the number of
the connected components of Σ which have genus greater than 1. We can guarantee that the system of
orientations {λp} given by Proposition 2.38 is compatible with the map Ψp,s in the case that i = 1. For
i = 2, we can only obtain a system of orientations {λp} compatible with Ψp,s when s belongs to one of
the summands of π2(M(Σ, F )). See Remark 4.76 for more details.

16



Let CS((Y,E), (Y ′, E′)) be the abelian group freely generated by the elements of CS . Fix a family
of almost complex structures as in Lemma 2.35 and orient the smooth manifolds MS(α, β)p using the
orientation given by Proposition 2.38. The space MS(α, β)p is a fiber bundle over M̆S(α, β)p with fiber
R, and the total space and the fiber of this bundle are oriented. We orient M̆S(α, β)p such that the
orientation of MS(α, β)p is obtained from those of R and M̆S(α, β)p using the fiber-first convention. Let
dS : CS((Y,E), (Y ′, E′))→ CS((Y,E), (Y ′, E′)) be the linear map whose value at α ∈ CS is given by

dS(α) :=
∑
p:α→β

#M̆S(α, β)p · β,

where the above sum is taken over all paths p such that M̆S(α, β)p is zero dimensional, and #M̆S(α, β)p
denotes the signed count of the elements of M̆S(α, β)p. In particular, dS decreases the Z/4Z-grading by 1.
This map is a differential, i.e., d2

S = 0, and the homology of the chain complex (CS((Y,E), (Y ′, E′)), dS)
is independent of the choice of the family of almost complex structures J . In fact, our main theorem
shows that this homology group depends only on (Y#, E#), and the symplectic instanton Floer homology
SI∗(Y#, E#) of the pair (Y#, E#) is defined to be this relatively Z/4Z-graded homology group.

Proposition 2.40. The chain homotopy type of the chain complex (CS((Y,E), (Y ′, E′)), dS) is an invari-
ant of the pair (Y#, E#). In particular, it does not depend on the family of almost complex strictures J ,
the cylinder functions h and h′, and the coherent system of orientations provided by Proposition 2.38..

Proof. This is a consequence of Proposition 2.57 below and Theorem 3.29, proved in the next section.

Remark 2.41. It is desirable to give a direct proof for the above proposition. The invariance with respect
to the choice of almost complex structures is standard. Proposition 2.18 asserts that changing cylinder
functions h and h′ gives rise to cobordant Lagrangians. Thus, one would expect that the results of [BC13]
imply that changing h and h′ give chain homotopy equivalent chain complexes (CS((Y,E), (Y ′, E′)), dS).
However, it is not clear that the Lagrangian cobordism V provided by Proposition 2.18 is embedded. If so,
then it is reasonable to expect that the analogue of Proposition 2.27 holds, and V is monotone. We hope
to come back to this issue in a sequel where we pursue generalization of the results of this paper to the
case of immersed Lagrangians.

Remark 2.42. Suppose the Lagrangians Lh(Y,E) and Lh′(Y
′, E′) are simply connected, and {λp}

and {λ′p} are two systems of coherent orientations, which are compatible with the maps Ψp,s. (For
example, the Lagrangians involved in the definition of symplectic framed Floer homology together with
the systems of orientations of [WW16] and Proposition 2.38 have this property.) Then there is a map
κ : CS × CS → Z/2Z such that for any path p from α to β we have

λ′p = (−1)κ(α,β)λp.

This follows from the fact that any two paths from α to β are related to each other by gluing an element of
π2(M(Σ, F )). Since {λp} and {λ′p} are both systems of coherent orientations, we have

κ(α1, α3) = κ(α1, α2) + κ(α2, α3).

Therefore, there exists ε : CS → Z/2Z such that

κ(α, β) = ε(β)− ε(α).
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That is to say, {λp} and {λ′p} are ε-equivalent. Thus, Lagrangian Floer homology groups of Lh(Y,E)
and Lh′(Y ′, E′) with respect to {λp} and {λ′p} are isomorphic to each other. In particular, our definition
of symplectic framed Floer homology agree with [WW16].

Next, we turn into the gauge theoretical component of our main theorem. For the pair (Y#, E#), the
class w2(E#) ∈ H2(Y#,Z/2Z) has a non-trivial pairing with each connected component of the copy of
Σ in Y#. In particular, E# is admissible in the sense of [BD95]. We review the definition of a version of
instanton Floer homology for the admissible pair (Y#, E#) which is more suitable for our purposes.

Suppose A(Y#, E#) is the space of all L2
l connections on E#. This is an affine space modeled on

L2
l (Y#,Λ

1 ⊗E#). Let G(E#) be the space of global sections of the fiber bundle E# ×ad SU(2) of class
L2
l+1. As in the case of 3-manifolds with boundary, the gauge group G(E#) acts on A(Y#, E#), and

we denote the quotient space by B(Y#, E#). Analogous to Remark 2.2, we may form the gauge group
Gex(E#) using sections of E# ×ad SO(3). There is an obvious homomorphism G(E#) → Gex(E#),
whose cokernel can be identified with H1(Y,Z/2Z). The group Gex(E#) acts on A(Y#, E#), extending
the action of G(E#). In particular, there is an action of H1(Y,Z/2Z) on B(Y#, E#). We shall be
interested in the action of lΣ ∈ H1(Y,Z/2Z) given as the Poincaré dual of any of the connected
components of Σ. We write ι for the involution determined by lΣ.

Lemma 2.43. An element of B(Y#, E#) is fixed by the action of ι if it is represented by an O(2)-
connection such that its orientation bundle is determined by the cohomology class lΣ. In particular, ι does
not have any fixed point which restricts to a flat connection on one of the connected components of Σ.

Proof. Suppose Ẽ# denotes a U(2)-bundle such that c1(Ẽ#) is a lift of w2(E#). Then the vector bundle
associated to Ẽ# by the adjoint map U(2)→ SO(3) is isomorphic to E#. Moreover, the determinant map
U(2) → U(1) induces a complex line bundle det(Ẽ#), and we fix a connection b0 on this line bundle.
The configuration space of connections on Ẽ# with the induced connection on det(Ẽ#) being b0 can be
identified with B(Y#, E#). Using this identification, the involution ι on B(Y#, E#) is given by taking
the tensor product with a real line bundle determined by lΣ. For a U(2) connection B̃ representing an
element of B(Y#, E#) and a loop γ based at a point x ∈ Y#, if holγ(B̃) denotes the holonomy of B̃
along γ, then the holonomy of ι(B̃) is (−1)lΣ(γ)holγ(B̃). Thus B̃ represents a fixed point of ι, if and
only if there is g ∈ SU(2) such that for any loop γ based at x we have

(−1)lΣ(γ)holγ(B̃) = gholγ(B̃)g−1.

By picking a loop γ0 with lΣ(γ0) = 1, we conclude that tr(g) = 0. Now, if γ represents an element in
ker(lΣ), then holγ(B̃) commutes with g, and otherwise holγ0(B̃)holγ(B̃) commutes with g. It is easy to
see from this that the SO(3) connection induced by B̃ is an O(2) connection with orientation bundle lΣ.
In particular, the restriction of any such connection to a connected component of Σ is an S1 connection
on F , and hence this restriction cannot be flat.

The cylinder functions h and h′ may be used to define a perturbation of the flat equation on A(E#):

φh,h′(B) = ∗3FB +∇Bh+∇Bh′. (2.44)
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This map is equivariant with respect to the automorphisms of E#. Any solution of φh,h′(B) = 0 restricts
to a flat connection on a neighborhood of Σ. In particular, such connections are irreducible and ι acts
freely on them by Lemma 2.43. We write C̃G and CG respectively for the subspaces of B(Y#, E#) and
B(Y#, E#)/ιwhich are represented by the solutions of (2.44). IfB# ∈ A(Y#, E#) represents an element
of C̃G, then the restrictions of B# to Y and Y ′ determine an element of CS = Lh(Y,E) ∩ Lh′(Y ′, E′).
Since the restrictions of lΣ to Y and Y ′ are trivial, this element of CS depends only on the equivalence
class of A# in CG. Moreover, if the pair of [B] ∈ Lh(Y,E) and [B′] ∈ Lh′(Y ′, E′) represents an element
of CS , then gluing these connections gives rise to two equivalence classes of connections in C̃G which
are related to each other by ι. Thus, any element of CS determines a well-defined element of CG. We
summarize this discussion in the following lemma.

Lemma 2.45. The space CG is compact and can be identified with CS .

As the first step to study (2.44), we may consider the linearization of (2.44) as in the case of 3-
manifolds with boundary. For any connection α representing an element of CG, we may define Xα as in
(2.6) where the condition ∗3a|Σ = 0 is dropped. There is also a Fredholm operator LB : XB → XB as in
Proposition 2.10 with index 0. An element of B(Y#, E#) represented by B is regular if LB is a surjective
operator. This is equivalent to say that the kernel of LB given as follows

H1
h,h′(Y#;B) := {b ∈ L2

l (Y#,Λ
1⊗E#) | d∗Bb = 0, ∗3dB(b)+HessBh(b)+HessBh

′(b) = 0} (2.46)

is trivial. The following lemma is a consequence of Mayer-Viertoris principle for the spaceH1
h,h′(Y#, B).

Lemma 2.47. An element of CG is regular if the corresponding element of CS is given by a transversal
intersection of Lh(Y,E) and Lh′(Y ′, E′).

Proof. Let B# represent an element of CG, and B, B′ denote its restrictions to Y and Y ′. Since the
connection B# is flat on the overlapping region [−1, 1]× Σ of Y and Y ′, we may assume that B# is the
pull-back of a flat connection σ on the bundle F . Suppose b# ∈ H1

h,h′(Y#;B#) whose restrictions to Y
and Y ′ are denoted by b and b′. There are ζ ∈ L2

l+1(Y,E) and ζ ′ ∈ L2
l+1(Y ′, E′) such that

b− dBζ ∈ H1
h(Y ;B), b′ − dB′ζ ′ ∈ H1

h′(Y
′;B′).

The restrictions of b−dBζ and b′−dB′ζ ′ to ∂Y and ∂Y ′ represent the same element ofH1(Σ;σ) because
they are equal to the cohomology classes represented by b#|{t}×Σ for any t ∈ [−1, 1]. Transversality of
the intersection of Lagrangians Lh(Y,E) and Lh′(Y ′, E′) implies that b−dBζ = 0 and b′−dB′ζ ′ = 0. In
particular, on the overlap region [−1, 1]×Σ, we have dB#

(ζ−ζ ′) = 0. Since B# restricted to the overlap
region is irreducible, ζ = ζ ′, and hence ζ and ζ ′ determine a 0-form ζ# on Y# such that b# = dB#

ζ#.
This identity and the condition d∗B#

b# = 0 imply that ζ# = 0. Thus, b# vanishes.

Fix α, β ∈ CG, and letA0 be a smooth connection on the bundleE#×R over the cylinder 4-manifold
R × Y#, such that the restriction of A0 to (−∞,−1] × Y# (resp. [1,∞) × Y#) is the pull-back of a
representative B of α (resp. B′ of β). We say two such connections A0 and A1 represent the same path, if
there is a smooth section g of (R×E#)×ad SU(2) over R× Y# such that A1 − g∗A0 or A1 − ι(g∗A0)
is compactly supported. This defines an equivalence relation, and any equivalence class of this relation is
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called a path along R× Y# from α to β. For a fixed pair α and β, a set of representatives for all paths
from α to β can be given as follows. Suppose A0 is a connection as above which restricts to the pullbacks
of the representative B for α and the representative B′ for β. Suppose also A1 is a connection on R× Y#

which restricts to the pullbacks of B′ and ι(B′) on the ends (−∞,−1]× Y# and [1,∞)× Y#. Then any
path from α to β is represented by gluing an SU(2) connection on S4 with c2 = k ∈ Z to A0 and then
possibly gluing the resulting connection to A1.

Given a path p from α to β, fix a representativeA0 for p, and letAG(α, β)p be the space of connections
of the form A0 + a where a ∈ L2

l (R×Y,Λ1⊗E#). The configuration space BG(α, β)p is defined as the
quotient of AG(α, β)p with respect to the action of the sections g of (R× E#)×ad SU(2) over R× Y#

such that∇A0g is in L2
l . For A ∈ AG(α, α+)p, define the perturbed ASD equation

F+
A + (∗3∇Ath)+ + (∗3∇A′th

′)+ = 0 (2.48)

where F+
A denotes the self-dual part of the curvature of A, defined with respect to the product metric on

R× Y#. For each t ∈ R, At (resp. A′t) denotes the restriction of A to {t} × Y (resp. {t} × Y ′). Thus
∇Ath (resp. ∇A′th

′) can be regarded as a 1-form on {t}× Y (resp. {t}× Y ′) with values in E (resp. E′),
and ∗3∇Ath (resp. ∗3∇A′th

′) is the Hodge dual of ∇Ath (resp. ∇A′th
′) with respect to the metric on Y

(resp. Y ′). This equation is gauge invariant and determines a subspace of BG(α, β)p which is denoted by
MG(α, β)p. Translation along the first factor of R× Y# determines an action of R on MG(α, β)p and
the quotient space with respect to this action is denoted by M̆G(α, β)p.

For a connection A ∈ AG(α, β)p, define the ASD operator

DA : L2
l (R× Y,Λ1 ⊗ E#)→ L2

l−1(R× Y, (Λ0 ⊗ Λ+)⊗ E#)

as follows:
DA(a) := (d∗Aa, d

+
Aa+ (∗3HessAth(at))

+ + (∗3HessA′th
′(a′t))

+). (2.49)

The first component of DA takes into account the gauge fixing condition and the second component is
given by the linearization of (2.48). This operator DA is the perturbation of the standard ASD operator by
a compact term induced by h and h′. Since α and β are regular, DA is a Fredholm operator. The index
of this operator depends only on the path p and otherwise is independent of A. Moreover, switching p
with another path from α to β changes the index by a multiple of 4. In fact, gluing a connection on S4

with c2 = k to the path p changes the index by 8k, and gluing p to a path from a representative B′ of β to
ι(B′), changes the index by an integer of the form 8k + 4. In particular, we may use the index of the path
p to define a relative Z/4Z-grading degG on CG:

degG(α)− degG(β) ≡ index(DA) mod 4. (2.50)

There is another useful number associated to a path p from α to β. For any connectionA ∈ AG(α, β)p,
define the topological energy of A as follows:

E(A) :=
1

8π2

∫
R×Y

tr
(

(FA + ∗3∇Ath+ ∗3∇A′th
′) ∧ (FA + ∗3∇Ath+ ∗3∇A′th

′)
)

(2.51)

It is straightforward to check that

E(A) =
1

4π2

(
h(α) + h′(α)

)
− 1

4π2

(
h(β) + h′(β)

)
+

1

8π2

∫
R×Y

tr((FA) ∧ (FA)). (2.52)
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The last term in the above sum, which is the more standard definition for the topological energy of A,
depends only on the path. This implies that E(A) also depends only on p. For a connection A that
represents an element of MG(α, β)p, E(A) is non-negative and is zero if and only if α = β, p is the
constant path and A is the pullback of a representative of β. Another straightforward observation about
topological energy is that 2E(A) ∈ Z for any connection A ∈ AG(α, α)p. This is a consequence of (2.52)
and the fact that the Chern-Weil integral in (2.52) satisfies a similar property.

The following proposition gives a relationship between E(A) and the index of D(A).

Proposition 2.53. To each α ∈ CG, we can associate a real number ε(α) such that for any A ∈
AG(α, β)p, we have

index(DA) := 8E(A) + ε(β)− ε(α).

Proof. The standard index formula for the ASD operator on a manifold with cylindrical end [Tau93,
MMR94] asserts that

index(DA) =
ρβ − ρα

2
+

1

π2

∫
R×Y

tr(FA ∧ FA),

where for α ∈ CG, ρα is the ρ-invariant associated to the connection α. This identity and (2.52) give the
desired result.

Following proposition can be regarded as a linear version of our main theorem. It is also a variation of
the main result of [Tau90] for the admissible setting. Proof of this result will be given in Subsection 4.6.

Proposition 2.54. The relative Z/4-grading degG on CS ∼= CG is compatible with the Floer grading
degS . In particular, in the case of framed Floer homology, the two gradings degG and degS agree with
each other.

As in the symplectic case, orientations of determinant lines of DA for connections A representing
elements of BG(α, β)p determine a real line bundle δGp on BG(α, β)p. This line bundle is oriented
[Flo88a, Don02] and the set of the two orientations of this line bundle is denoted by ΛGp . For paths p from
α0 ∈ CG to α1 ∈ CG and p′ from α1 to α2 ∈ CG along R× Y , we may again define an isomorphism

Φp,p′ : ΛGp ⊗Z/2Z ΛGp′ → ΛGp]p′ . (2.55)

For a path p from α to β and the path p′ obtained by gluing a connection on S4 with , kc2 = k to p, there
is an isomorphism obtained from gluing the standard orientations of the ASD complexes for S4:

Ψp,k : ΛGp → ΛGp′ .

We can fix a system of orientations for the line bundles δGp , which is compatible with the maps Φp,p′ and
Ψp,k [Don02, Section 5.4]. To achieve this goal, fix α0 ∈ CG with a representative connection B0 on
E#. We also fix a path p0 from α0 to α0 represented by a connection A0 whose restrictions to the ends
(−∞,−1] × Y# and [1,∞) × Y# are pullback of B0 and ι(B0). Fix an element λp0 ∈ ΛGp0

. For any
α ∈ CG, we pick an arbitrary path p from α to α0, and pick an element λp ∈ ΛGp . Then we extend this
choice of orientations of the line bundle δGp to all paths from α to α0 using the maps Φp,p0 and Ψp,k and
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the orientation element λp0 . Finally for α, β ∈ CG and a path p from α to β, we pick an arbitrary path p+

from β to α0, and pick λp ∈ ΛGp such that

Φp,p+(λp ⊗ λp+) = λp− ,

where p− is the path obtained by gluing p to p+.

A connection A representing an element of MG(α, β)p is regular if DA is surjective. The moduli
space MG(α, β)p in a neighborhood of a regular connection [A] is a smooth manifold of dimension
index(DA), and a trivialization of δGp fixes an orientation of this manifold. The following lemma, which
will be proved in Subsection 6.1, asserts that we can ensure regularity of the elements of moduli spaces
which are essential for the definition of instanton Floer homology.

Lemma 2.56. There are Riemannian metrics g, g′ on Y , Y ′ and small enough perturbations of the
cylinder functions h and h′ such that the sets CS and CG do not change and all solutions of (2.48) with
index at most seven are regular.

From now on, we assume that h and h′ are chosen such that the spaces Lh(Y,E), Lh′(Y ′, E′) are
smooth embedded Lagrangians which intersect transversely and the claim of Lemma 2.56 holds. We also
drop h and h′ from our notations for the 3-manifolds Lagrangians.

Let CG(Y#, E#) be the abelian group freely generated by the elements of CG. Fix orientations of
the determinant line bundles δGp as above, and use them to orient the moduli spaces M̆G(α, β)p. Let
d : CG(Y#, E#)→ CG(Y#, E#) be the map defined as

d(α) :=
∑
p:α→β

#M̆G(α, β)p · β.

where the sum is over all paths p from α to another element β ∈ CG such that the associated ASD
operator has index 1. Thus, the operator d decreases the relative grading by 1. Moreover, d2 = 0 and the
instanton Floer group I∗(Y#, E#) is defined to be the homology of the relatively Z/4-graded complex
(CG(Y#, E#), d).

Proposition 2.57. The chain homotopy type of the chain complex (CG(Y#, E#), d) is independent of the
choice of the Riemannian metrics on Y , Y ′, the cylinder functions h and h′ and the choices of orientation
elements λp ∈ ΛGp . In particular, I∗(Y#, E#) is a topological invariant of (Y#, E#).

The proof is standard and we refer the reader to [Flo88a, Don02] for more details. We only remark on
the dependence of I∗(Y#, E#) on the involution ι, which is determined by the Z/2 cohomology class
dual to the connected component Σ0 of Σ. We may define a variant of I∗(Y#, E#), where we do not pass
to the quotient by the action of ι. The resulting invariant is a Z/8Z-graded chain complex, which is a
topological invariant of (Y#, E#) and does not depend on the Z/2 cohomology class of Σ0. Moreover, ι
induces an involution of degree 4 on this complex and the quotient space is isomorphic to I∗(Y#, E#).
Thus, the isomorphism type of I∗(Y#, E#) does not depend on ι.
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3 Proof of the Main Theorem

In this section, we prove our main result, Theorem 2. Our key tool in the proof is the mixed equation,
which is defined using a combination of the Cauchy-Riemann equation and the ASD equation. In the
prequel to this paper [DFL] and following [Lip14], we defined mixed equation for any quintuple. We
recall the notion of quintuples in Subsection 3.1, and introduce special quintuples, which are the specific
type of quintuples used in our proof. In the next subsection, we use the moduli spaces of solutions to the
mixed equation associated to special quintuples, and construct the desired isomorphism for Theorem 2.

3.1 Special quintuples

A quintuple q = (X,V, S,M(Σ, F ),L) consists of a Riemannian 4-manifold X , an SO(3)-bundle V
over X , a Riemann surface (S, j), the symplectic manifoldM(Σ, F ) and a collection of Lagrangians
L = {L1, L2, . . . , Lk} inM(Σ, F ). There is a (possibly non-compact) oriented 1-manifold γ such that
the boundary of the 4-manifold X is identified with γ × Σ where Σ is the disconnected Riemann surface
that we fixed in the previous section. Moreover, the restriction of V to ∂X is identified with the pullback
of the SO(3)-bundle F on Σ to γ × Σ. The boundary components of the Riemann surface S are given as

∂S = −γ t η1 t η2 t · · · t ηk. (3.1)

In particular, we regard Li as a Lagrangian attached to the boundary component ηi. In [DFL], we
considered quintuples in the more general case thatM(Σ, F ) is replaced with an arbitrary symplectic
manifold (M,ω). In that case, L includes some additional information in the form a certain type of
Lagrangian correspondence from A(Σ, F ) to M .

The mixed equation associated to the quintuple q is defined for a pair of a connection A on V and a
map u : S →M(Σ, F ): {

F+
A = 0,

∂J∗u = 0,
(3.2)

where ∂J∗u = 1/2(du+J∗ ◦du◦j). The restriction ofA to {x}×Σ ⊂ γ×Σ, for each x ∈ γ, is required
to be a flat connection representing u(x). Moreover, u(x) ∈ Li for x ∈ ηi. These two conditions are
respectively called the matching and the Lagrangian boundary conditions. The Cauchy-Riemann-equation
in (3.2) is defined using the standard complex structure J∗ onM(Σ, F ). Eventually, we shall be interested
in the case that the ASD equation in (3.2) is perturbed and the Cauchy-Riemann equation is defined by a
domain dependent family of almost complex structures.

To define special quintuples, let U be the domain in the complex plane which is sketched in Figure 1.
This non-compact space has four boundary components, denoted by η+, η−, η′+, η′−, and contains the
following subspaces of C:

[−2, 2]× [2,∞), [−2, 2]× (−∞,−2], [3,∞)× [−1, 1], (−∞,−3]× [−1, 1].

This space is decomposed as the union of the regions U+ and U− which share the imaginary line in
C, denoted by U∂ , as their common boundary components. We identify a regular neighborhood of the
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U− U+

η+

η′+

η−

η′−

U∂

Figure 1: The space U , a subspace of the complex plane C. The chosen regular neighborhoods of η− and
η′− are determined by the red curves.
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U− × Σ U+

η+

η′+

η− × Σ

η′− × Σ

R× Y0

R× Y ′0

U∂

Figure 2: The Riemannian 4-manifold X and U+

boundary components η−, η′− with R × (1
2 , 1], R × [−1,−1

2) and fix a Riemannian metric g− on U−
which is equal to product metrics on these regular neighborhoods, and is equal to the standard metric of
the complex plane on the subsets

[−2, 0]× [2,∞), [−2, 0]× (−∞,−2], (−∞,−3]× [−1, 1], [−1, 0]× [−2, 2].

Let X be the oriented smooth 4-manifold given by gluing the following 4-manifolds along their
common boundaries

R× Y0 ∪ U− × Σ ∪R×−Y ′0 ,

where Y0 ⊂ Y , Y ′0 ⊂ Y ′ are given in (2.1). The subspaces [−2, 0] × [2,∞), [−2, 0] × (−∞,−2] and
(−∞,−3]× [−1, 1] of U− determine subspaces Z, Z ′ and Z# ofX which are, respectively, diffeomorphic
to [2,∞) × Y , (−∞,−2] × Y ′ and (−∞,−3] × Y#. The projection maps from Z, Z ′ and Z# to Y ,
Y ′ and Y# are respectively denoted by π, π′ and π#. The fixed Riemannian metrics on Σ, Y and Y ′ in
Subsection 2.1 and the metric g− on U− give rise to a Riemannian metric on X , which we denote by gX .
Moreover, the SO(3) bundles E, E′ and F determine an SO(3)-bundle on X , which we denote by V .

Remark 3.3. The 4-manifold X contains two subspaces which are naturally parametrized as R× Y0 and
[2,∞) × Y and their intersection is [2,∞) × Y0. Similarly, there are two subspaces diffeomorphic to
R × −Y ′0 and (−∞,−2] × Y ′, whose intersection is the subspace (−∞,−2] × Y ′0 of (−∞,−2] × Y ′
which is identified with the subspace [2,∞)×−Y ′0 of R×−Y ′0 using the orientation preserving map
(t, y) → (−t, y) with (t, y) ∈ (−∞,−2] × Y ′0 . To avoid confusion in the rest of the paper, we write
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{t} × −Y ′0 for the subspace of R×−Y ′0 with t ∈ R, and {t} × Y ′ for the subspace of (−∞,−2]× Y ′
with t ∈ (−∞,−2]. In particular, {−t} × −Y ′0 is a subspace of {t} × Y ′ for any t ∈ (−∞,−2].

Let S be the surface given by the domain U+. Using the notation in (3.1), the boundary components
U∂ , η+ and η′+ of S respectively play the roles of γ, η1 and η2. We associate the 3-manifold Lagrangians
L(Y,E), L(Y ′, E′) to the boundary components η+, η′+ of U+. We write L for these two Lagrangians
together. The quintuple qs := (X,V, S,M,L) is called the special quintuple associated to (Y,E) and
(Y ′, E′). The subspaces (−∞,−3]× Y# and [3,∞)× [−1, 1] are respectively called the gauge theoretic
and symplectic ends of X and S. Moreover, the subspaces [2,∞) × Y ⊂ X and [0, 2] × [2,∞) ⊂ S
together are called the mixed end associated to (Y,E). The mixed end associated to (Y ′, E′) is defined in
an analogous way.

We shall need a slight modification of the mixed equation in (3.2) associated to the special quintuple
qs. First, we fix a family of compatible almost complex structures {J(s,θ)}(s,θ)∈U+

on the symplectic
manifoldM(Σ, F ) such that J(s,θ) is equal to the standard complex structure J∗ for s ≤ 1 and is equal to
Jθ, the complex structure given by Lemma 2.35 for s ≥ 1. Moreover, Js,θ is constant in the θ direction if
|θ| > 2. For a connectionA on V and a map u : U+ →M(Σ, F ), which satisfy matching and Lagrangian
boundary conditions, we define the mixed equation as{

F+
A + (∗3∇Ath)+ + (∗3∇A′th

′)+ = 0
∂u
∂s + J(s,θ)

∂u
∂θ = 0

(3.4)

Here the self-dual part of the 2-forms in the first equation are defined with respect to the Riemannian
metric gX . For each t ∈ R, At (resp. A′t) denotes the restriction of A to {t} × Y0 (resp. {t} × −Y ′0), and
the perturbation terms (∗3∇Ath)+ and (∗3∇Ath)+ are defined as in (2.48) and are respectively supported
in the interior of R× Y0 and R× Y ′0 . The Cauchy-Riemann equation in (3.4) is defined with respect to
the family of complex structures {J(s,θ)}(s,θ)∈U+

.

3.2 Moduli spaces associated to special quintuples and the isomorphism N

Working with the space of all solutions of (3.4) is unmanageable due to non-compactness of X and S, and
we need to impose some decay conditions on the ends to obtain a well-behaved moduli space. Suppose
(A, u) is a pair of a connection on V and a map U+ →M(Σ, F ). The analytical energy of the pair (A, u)
is defined as

E(A, u) :=

∫
X
|FA + ∗3∇Ath+ ∗3∇A′th

′|2dvolX +

∫
U+

|du|2J(s,θ)
dsdθ. (3.5)

where |du|2J(s,θ)
= Ω(∂u∂s , J(s,θ)

∂u
∂s ) + Ω(∂u∂θ , J(s,θ)

∂u
∂θ ).

Proposition 3.6. There is a positive real number δ0 such that the following holds. Suppose (A, u) is a
pair of an L2

2,loc connection on V and a continuous map U+ →M(Σ, F ) such that du belongs to the
Sobolev space L2

1,loc. Suppose (A, u) is a solution of the mixed equation in (3.4), satisfies the matching
and Lagrangian boundary conditions, and E(A, u) is finite. Then u is smooth and there is a section g of
V ×ad SU(2) such that Ã := g∗A is also smooth. Moreover, the following properties for any positive
integer l hold.

26



(i) There is a representative α for an element of CG such that the difference a := Ã− π∗#(α), defined
on the end (−∞,−3]× Y#, is in L2

l .

(ii) There is an element β of CS such that lims→∞ u(s, θ) = β and du is in L2
l−1.

(iii) On the mixed cylinder associated to (Y,E) (resp. (Y ′, E′)), there is an element q ∈ L(Y,E) (resp.
q′ ∈ L(Y ′, E′)) with a representative connection B on E (resp. B′ on E′) such that Ã − π∗(B)
(resp. Ã− (π′)∗(B′)) is in L2

l,δ0
, limθ→∞ u = q (resp. limθ→−∞ u = q′) and du is in L2

l−1,δ0
.

The weighted Sobolev norms in Theorem 3.6 are defined as follow. Let τ : [2,∞)× Y → R≥0 be
given by projection to the second factor. Then the L2

l,δ norm of a function f on [2,∞)× Y is the L2 norm
of eτ · f . Similarly, the L2

l,δ norm on (−∞,−2]× Y ′ is defined using τ ′ : (−∞,−2]× Y ′ → R≥0 given
by the magnitude of projection to the second factor. These definitions extend to sections of bundles in the
obvious way. The L2

l−1,δ norm of du over the ends [0, 2]× [2,∞) and [0, 2]× (−∞,−2] are also defined
in a similar fashion. The proof of the above theorem will be given in Section 5 based on results of [DFL].

Theorem 3.6 can be used as a guide to define a configuration space where the mixed equation for the
special quintuple is defined. Fix α ∈ CG and β ∈ CS . We assume that a connection on E# representing α
is fixed, and with a slight abuse of notation, we denote this connection by α. Let A(α, β) be the space of
all pairs (A, u) which are in L2

l,loc, satisfy the matching and Lagrangian conditions, satisfy (i) and (ii) of
Theorem 3.6 for the given α and β. Moreover, property (iii) of Theorem 3.6 is satisfied for some choice
of q, q′ and their representatives B, B′ (which might vary from one element of A(α, β) to another one)
with δ0 being replaced with a positive constant δ < δ0, which will be fixed later. In particular, any element
of A(α, β) has finite analytical energy.

Suppose G(V ) is the space of all sections g of V ×ad SU(2) such that for an element (A0, u0) ∈
A(α, β), the 1-form (∇A0g)g−1 is in L2

l,loc and its restriction to the end (−∞,−3] × Y# is in L2
l .

Moreover, there are g ∈ G(E) and g′ ∈ G(E′) such that the 1-forms (∇A0g)g−1 − (∇A0g)g−1 and
(∇A0g)g−1 − (∇A0g

′)g′−1 on [2,∞) × Y and (−∞,−2] × Y ′ are in L2
l,δ. Here we regard g and g′ as

gauge transformations over [2,∞)× Y and (−∞,−2]× Y ′ by pulling them back using the projection
maps π and π′. There is an obvious map f : G(V )→ G(E)× G(E′). The group G(V ) acts on A(α, β)
and the quotient space is denoted by B(α, β). We may use the Sobolev norms to topologize the space
B(α, β) in the obvious way. In particular, if [Ai, ui] ∈ B(α, β) is convergent to [A0, u0] ∈ B(α, β), then
the points qi ∈ L(Y,E) and q′i ∈ L(Y ′, E′) associated to [Ai, ui] are convergent to q0 ∈ L(Y,E) and
q′0 ∈ L(Y ′, E′) associated to [A0, u0].

Remark 3.7. Note that the space B(α, β) is essentially independent of the choice of a representative for α
because any element of G(E#) and the involution ι can be extended into V .

The spaces A(α, β) and B(α, β) are smooth infinite dimensional spaces. To state this claim in a more
precise way, we need to introduce some Banach spaces.

Definition 3.8. Let τ : X → R be a smooth function on X whose restrictions to (−∞,−3] × Y#,
[2,∞)×Y and (−∞,−2]×Y ′ are respectively equal to 0, projection to the first factor and the magnitude
of the projection to the first factor. For a vector bundle E on X , the weighted Sobolev space L2

k,δ(X,E)

is defined as the space of sections s of E such that eτs is in the Sobolev space L2
k(X,E). For a vector
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bundle E over U+, the weighted sobolev space L2
k,δ(U+, E) is defined in a similar way. Thus, roughly

speaking, an element of L2
k,δ(U+, E) is in L2

k and is required to have exponential decay along the ends
[0, 2]× [2,∞) and [0, 2]× (−∞,−2].

Definition 3.9. Let (A, u) ∈ A(α, β) be a mixed pair which is asymptotic to (B, q) and (B′, q′) on the
mixed ends associated to (Y,E) and (Y ′, E′). Define Ek(A,u) as the space of all

(ζ, ν) ∈ L2
k,loc(X,Λ

1 ⊗ V )× L2
k,loc(U+, u

∗TM(Σ, F ))

such that

(i) ζ|(−∞,−3]×Y#
and ν|[3,∞)×[−1,1] have finite L2

k norms.

(ii) There are b ∈ H1
h(Y ;B) and b′ ∈ H1

h′(Y
′;B′) such that

ζ − π∗(b)|[2,∞)×Y and ζ − π∗(b′)|(−∞,−2]×Y ′

have finite L2
k,δ norms. Let s and s′ be tangent vectors toM(Σ, F ) at the points q and q′ given by

restriction of b and b′ to the boundary. Then

ν − π∗(s)|[0,2]×[2,∞) and ν − π∗(s′)|[0,2]×(−∞,−2]

also have finite L2
k,δ norms.

(iii) ∗ζ|U∂×Σ = 0, dAθζθ = 0 and [ζθ] = ν(0, θ) where Aθ and ζθ are restrictions of A and ζ to
{(0, θ)} × Σ ⊂ X , and [ζθ] is the element ofH1(Σ;Aθ) represented by ζθ.

(iv) ν|η+ ∈ u∗TL(Y,E), ν|η′+ ∈ u
∗TL(Y ′, E′).

The proof of the following proposition is discussed in Subsection 4.1.

Proposition 3.10. The space A(α, β) is a Banach manifold and G(V ) is a Banach Lie group which acts
smoothly on A(α, β), and the stabilizer of any element of A(α, β) is ±1. The quotient space B(α, β)
is also a Banach manifold. Let (A, u) ∈ A(α, β) be a mixed pair which is asymptotic to (B, q) and
(B′, q′) on the mixed ends associated to (Y,E) and (Y ′, E′). Then the tangent space to the point [A, u]
of B(α, β) can be identified with the kernel of the surjective operator

d∗A : El(A,u) → L2
l−1,δ(X,V ).

For any element [A, u] of the configuration space B(α, β), define the topological energy of [A, u] as

E(A, u) :=
1

8π2

∫
X

tr
(

(FA + ∗3∇Ath+ ∗3∇A′th
′) ∧ (FA + ∗3∇Ath+ ∗3∇A′th

′)
)

+
1

4π2

∫
U+

u∗Ω.

Note that if [A, u] satisfy the mixed equation in (3.4), then E(A, u) = 8π2E(A, u). Thus, the topological
energy is non-negative for the solutions of (3.4). As it is justified by the following lemma, topological
energy can be regarded as a soft variation of analytical energy.
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Lemma 3.11. The topological energy E(A, u) depends only on the connected component of B(α, β) that
contains (A, u).

Proof. It suffices to show that for a 1-parameter family (A(s), u(s)) of elements of A(α, β), depending
smoothly on s, E(A(s), u(s)) is constant with respect to s. Since this is equivalent to vanishing of
dE(A(s),u(s))

ds , the claim follows if the expression∫
X

tr
(

(FA + ∗3∇Ath+ ∗3∇A′th
′) ∧ (dAζ + ∗3HessAth(ζt)+ ∗3HessA′th

′(ζ ′t)
)

+

+

∫
U+

dινu
∗Ω (3.12)

vanishes for any (A, u) ∈ A(α, β) and (ζ, ν) ∈ El(A,u). Here ζt and ζ ′t are respectively restrictions of ζ
to {t} × Y0 and {t} × −Y ′0 , and dινu∗Ω is the exterior derivative of the 1-form

Ω(ν,
∂u

∂s
)ds+ Ω(ν,

∂u

∂θ
)dθ.

Without loss of generality, in the following we may assume that the restrictions of A to R × Y0 and
R× Y ′0 are in temporal gauge.

We start by analyzing the first integral of (3.12) over the sub-manifold R × Y0 of X . Note that h′

vanishes on this space. Therefore, the integrand over R× Y0 can be simplified to

tr

(
FA ∧ dAζ + dt ∧ dAt

dt
∧ ∗3HessAth(ζt) + ∗3∇Ath ∧ dt ∧

dζt
dt

)
.

By applying Stokes theorem, Bianchi identity and Lemma 2.13, the integral of the above expression over
R× Y0 is equal to∫

R×Y0

d tr(FA ∧ ζ) +

∫
R
dt

(∫
Y0

tr(∗3HessAth(
dAt
dt

) ∧ ζt + ∗3∇Ath ∧
dζt
dt

)

)
=

=

∫
R×∂Y0

tr(FA ∧ ζ) + lim
t→∞

∫
Y0

tr(FAt ∧ ζt) +

∫
R
dt
d

dt

(∫
Y0

tr(∗3∇Ath ∧ ζt)
)

=

∫
R×∂Y0

tr(FA ∧ ζ) + lim
t→∞

∫
Y0

tr((FAt + ∗3∇Ath) ∧ ζt).

Note that we did not include the integrals of tr(FAt ∧ ζt) and tr(∗3∇Ath∧ ζt) over Y0 as t→ −∞ in the
second and the third identities because of the decay of ζt on the gauge theoretical end. As t→∞, At and
ζt are convergent to B and an element ofH1

h(Y ;B). In particular, the integral of tr((FAt +∗3∇Ath)∧ ζt)
over Y0 as t → ∞ is trivial. Consequently, the contribution of R × Y0 to (3.12) equals the integral of
tr(FA ∧ ζ) over R× ∂Y0. A similar claim holds about R×−Y ′0 .

The first integrand of (3.12) over U− × Σ simplifies to tr(FA ∧ dAζ). Thus, by Stokes theorem and
Bianchi identity this integral is equal to: ∫

∂(U−×Σ)
tr(FA ∧ ζ).
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Assuming that the restriction of A to U∂ × Σ has the from Aθ + φds + ψdθ, we can summarize our
simplifications as∫
X

tr
(

(FA + ∗3∇Ath+ ∗3∇A′th
′)∧(dAζ + ∗3HessAth(ζt) + ∗3HessA′th

′(ζ ′t)
)

=

∫
U∂×Σ

tr(FA ∧ ζ)

=

∫ ∞
−∞

dθ

(∫
Σ

tr(∂θAθ ∧ ζθ)− tr(dAθψ ∧ ζθ)
)

=

∫ ∞
−∞

dθ

∫
Σ

tr(∂θAθ ∧ ζθ) (3.13)

The second identity is a consequence of the Stokes theorem and the assumption dAθζθ = 0. Another
application of the Stokes theorem also shows that the second integral in (3.12) can be simplified to

−
∫
U∂

ινu
∗Ω = −

∫ ∞
−∞

dθ

∫
Σ

tr(
∂u

∂θ
∧ ν(0, θ)). (3.14)

Using the matching conditions for (A, u) and (ζ, ν), the expressions (3.13) and (3.14) cancel out each
other and (3.12) vanishes.

In fact, Lemma 3.11 can be strengthened as follows. The proof of the this lemma will be given in
Subsection 4.5.

Lemma 3.15. If [A, u], [A′, u′] ∈ B(α, β), then 2(E(A, u) − E(A′, u′)) is an integer. Moreover, if
E(A, u) = E(A′, u′), then [A, u] and [A′, u′] belong to the same connected component of B(α, β).

Let M(α, β) be the subspace of B(α, β) given by the solutions of (3.4). The local behavior of this
moduli space around a solution (A, u) is governed by the linearization of the mixed equation. Define a
linear operator

LA,u : El(A,u) → L2
l−1,δ(X,Λ

+ ⊗ V )⊕ L2
l−1,δ(U+, u

∗TM(Σ, F )),

as
L(A,u)(ζ, ν) := (d+

Aζ + (∗3HessAth(ζt))
+ + (∗3HessA′th

′(ζ ′t))
+,Du(ν)), (3.16)

where ζt (resp. ζ ′t) is the restriction of ζ to {t} × Y0 (resp. {t} × −Y ′0), and analogous to (2.34), Du is
the linearization of the Cauchy-Riemann operator

Du(ν) := ∇θν − Js,θ(u)∇sν − (∇νJs,θ)
du

ds
,

with ∇ being the Levi-Civita connection again. Using Proposition 3.10, the linearization of the mixed
equation is given by the restriction of L(A,u) to the kernel of the operator d∗A. It is more convenient to
combine these operators and define the mixed operator

D(A,u) : El(A,u) → L2
l−1,δ(X,V )⊕ L2

l−1,δ(X,Λ
+ ⊗ V )⊕ L2

l−1,δ(U+, u
∗TM(Σ, F ))

as D(A,u) := (d∗A, L(A,u)). Since the operator d∗A is surjective, the kernels and co-kernels of the lineariza-
tion of the mixed equation and D(A,u) can be identified with each other.
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Definition 3.17. An element [A, u] ∈ B(α, β) is regular if D(A,u) is surjective.

The proof of the following proposition will be given in Subsection 4.2:

Proposition 3.18. After possibly decreasing the constant δ0 of Theorem 3.6, the following claim holds for
any δ < δ0. Suppose A(α, β) is defined using δ and [A, u] is a smooth element of A(α, β) that satisfies
property (iii) of Theorem 3.6. Then the operator D(A,u) is Fredholm. If (A, u) represents a regular point
of the mixed moduli space M(α, β), then M(α, β) is a smooth manifold of dimension index(D(A,u)) in a
neighborhood of [A, u].

For the rest of this section, we assume that the constant δ used in the definition of A(α, β) is given by
Proposition 3.18.

To each α ∈ CS ∼= CG, we can associate an element of the moduli space M(α, α) as we explain now.
Fix a representative connection for α which is also denoted by α. By definition there are connections B
and B′ on (Y,E) and (Y ′, E′) which satisfy the equations φh(B) = 0 and φh′(B′) = 0 of Subsection
2.3, and the restrictions of B and B′ to collar neighborhoods of the boundaries of Y and Y ′ are given
by the pullbacks of α. Then the pullbacks of B to R× Y0, B′ to R× Y ′0 and α to Σ× U− give rise to
a connection Aα on X . We also define uα : U+ →M(Σ, F ) to be the constant map given by α. The
pair (Aα, uα), which is called the constant pair, clearly satisfies the mixed equation in (3.4) and hence it
represents an element of the moduli space M(α, α). Notice that the topological energy of any constant
pair is zero. In fact, constant pairs are characterized as solutions of (3.4) with vanishing topological energy
(or equivalently analytical energy). The proof of the following proposition will be given in Subsection 4.3.

Proposition 3.19. The index of the mixed operator D(Aα,uα) is 0. Moreover, the kernel and the cokernel
of the operator D(Aα,uα) are trivial.

The following proposition generalizes the index computation of Proposition 3.19 to the case of
arbitrary mixed pairs.

Proposition 3.20. The index of the mixed operator associated to a mixed pair (A, u) ∈ A(α, β) satisfies

index(D(A,u)) = 8E(A, u) + ε(β)− ε(α), (3.21)

where the constants ε(α) and ε(β) are given by Proposition 2.53.

The proof of the above proposition will be given in Subsection 4.5. Notice that the first part of
Proposition 3.19 is a special case of this proposition. However, the proof of Proposition 3.20 relies on
Proposition 3.19 as an essential input. The other input is the mixed shifting operator, which is introduced
in Subsection 4.4.

For any integer d, let M(α, β)d denote the subspace of M(α, β) consisting of index d solutions.
Suppose (A, u) represents an element of M(α, β)0. Since the topological energy of (A, u) is non-
negative, the index formula implies that ε(α) ≥ ε(β), and the equality holds if and only if α = β. The
latter claim holds because any element of M(α, β) with vanishing topological energy is a constant pair.
In summary, M(α, β)0 is non-empty only if ε(α) > ε(β) or α = β. In the latter case, there is exactly
one element in M(α, α)0 which is regular.
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We have shown that the constant solutions of the mixed solution are regular. However, not all elements
of M(α, β) are regular. In Section 6.2, we introduce perturbations of mixed equation by deforming the
family of almost complex structures {J(s,θ)}(s,θ)∈U+

and adding a term to the ASD equation:{
F+
A + (∗3∇Ath)+ + (∗3∇A′th

′)+ + η(A) = 0
∂u
∂s + J(s,θ)

∂u
∂θ = 0

(3.22)

Here the term η(A) is invariant with respect to the action of G(V ). Thus, the solutions of the above
equations determine a subspace of B(α, β), denoted by Mη(α, β).

Proposition 3.23. There are secondary perturbations of the mixed equation satisfying the following
properties.

(i) There is a compact subset K− ⊂ U− away from the matching line U∂ such that η(A) depends on
A|K− and is supported inK−. There is a compact subsetK+ ⊂ U+ away from the matching lineU∂
such that the deformation of J(s,θ) is trivial on the complement of K+. In particular, the deformed
almost complex structure agrees with the standard complex structure J∗ in a neighborhood of the
matching line.

(ii) The moduli spaces with expected dimension at most 3 are regular.

(iii) Any element of Mη(α, β) has non-negative topological energy. The moduli space Mη(α, β)0 is
non-empty only if ε(α) > ε(β) or α = β. Moreover, Mη(α, α)0 consists of only one element for
each α ∈ CS .

This proposition is proved in Section 6.2 after introducing an appropriate family of perturbation terms
η. For any solution (A, u) of (3.22) we have

E(A, u) = 8π2E(A, u) + 2||η(A)||2L2(X). (3.24)

Proposition 3.25. Let η be given by Proposition 3.23. Then the moduli spaces Mη(α, β)d with d ≤ 3
are orientable d-dimensional manifolds.

Proposition 3.26. The perturbation η in Proposition 3.23 can be chosen such that the following holds.

(i) The moduli spaces of the form Mη(α, β)0 are compact.

(ii) The moduli spaces of the form Mη(α, β)1 can be compactified into compact 1-manifolds by adding
points in correspondence to the 0-dimensional spaces

Mη(α, γ)0 × M̆S(γ, β)p, M̆G(α, γ)p ×Mη(γ, β)0, (3.27)

where γ ∈ CG ∼= CS , and in both cases p denotes a path of index 1.

Moreover, the orientations of the moduli spaces Mη(α, β)d with d ≤ 1 provided by Proposition 3.25
can be chosen such that the induced orientation on the boundary components of the compactified moduli
space Mη(α, β)1 (using outward-normal-first convention) agree with the product orientation on the first
term in (3.27) and disagrees with the induced orientation on the second term in (3.27).
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The essential step in the orientability of mixed moduli spaces is discussed in Subsection 4.7. The
proof of the compactness claims in Proposition 3.26 uses results of [DFL], and is given in Subsection 5.4.
The rest of the above two propositions is verified in Section 6.2.

We define a homomorphism N : CG(Y#, E#)→ CS((Y,E), (Y ′, E′)) using 0-dimensional moduli
spaces Mη(α, β)0. First we pick the perturbation η such that the claims of Propositions 3.23 and 3.26
hold. Then define

N(α) :=
∑
β∈CS

#Mη(α, β)0 · β, (3.28)

where #Mη(α, β)0 denotes the signed count of the points in the 0-dimensional moduli space Mη(α, β)0.
Our main theorem is a consequence of the following result.

Theorem 3.29. The map N is an isomorphism and a chain map.

Proof. By Proposition 3.23, Mη(α, β)0 is non-empty only if ε(α) > ε(β) or α = β. In the latter case,
Mη(α, β)0 consists of only one element. Thus N is an isomorphism. The chain map property of N
follows from a standard argument using the second part of Proposition 3.26.

4 Linear analysis

In this section, we verify several claims in Sections 2 and 3 related to the linear analysis of the mixed
equation. During this section (Y,E) and (Y ′, E′) are fixed as in Subsection 2.1, and we fix Lagrangian
3-manifolds associated to these pairs that have transversal intersection and the claim of Lemma 2.56 holds.
We continue to drop h and h′ from our notations for the 3-manifolds Lagrangians, and denote them by
L(Y,E) and L(Y ′, E′).

4.1 The configuration space of mixed pairs

In Subsection 2.2, we introduced the space of connections A(Σ, F ), which is an affine space modeled on
the Banach space B := L2

l−1(Σ,Λ1 ⊗ F ). For any positive constant ε, we write B<ε for the subspace
of elements of B with L2 norm less than ε. We write Afl(Σ, F ) for the subspace of A(Σ, F ) given by
flat connections. If we want to be specific about the Sobolev exponent in the definition of A(Σ, F ) and
Afl(Σ, F ), we denote them by Al−1(Σ, F ) and Al−1

fl (Σ, F ). The space of L2
l gauge transformations of

F are also denoted by Gl(F ). The following lemma provides an exponential map for the tangent vectors
of A(Σ, F ), which is invariant with respect to G(F ) and induces an exponential map on Afl(Σ, F ).

Lemma 4.1. There are a positive constant ε and a smooth map E : A(Σ, F )×B<ε → A(Σ, F ) satisfying
the following properties.

(i) E is G(F )-equivariant where we use the diagonal action on A(Σ, F )×B<ε.

(ii) E(σ, 0) = σ.
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(iii) For any σ ∈ A(Σ, F ), the differential D(σ,0)E
∣∣
{0}×B : B→ B is identity. The map E determines

a diffeomorphism from {σ} ×B<ε to a neighborhood of σ.

(iv) For any α ∈ Afl(Σ, F ) and c ∈ B<ε with dαc = 0, the connection E(σ, c) is flat. Moreover,
if c ∈ H1(Σ;α) and c′ := c + dαζ with ζ ∈ L2

l (Σ, F ), then E(α, c′) := g∗E(α, c) where g is
obtained from exponentiating ζ.

We may restrict a map E provided by Lemma 4.1 to the configuration of flat connections Afl(Σ, F ),
and then use gauge equivariance of E to obtain a map from TεM(Σ, F ) toM(Σ, F ), where TεM(Σ, F )
denotes tangent vectors toM(Σ, F ) with length at most ε. In fact, it is useful to fix one such map before
constructing E. To do this, let e : TM(Σ, F ) →M(Σ, F ) be the exponential map with respect to the
chosen metric onM(Σ, F ).

Lemma 4.2. There is a constant κ such that the following holds. Suppose Uκ denotes the subspace of L2
1

connections σ on F with ||Fσ||L2 < κ. Then there is a smooth G(F )-equivariant map

P : Uκ → A1
fl(Σ, F )× L2

2(Σ, F )

such that if P (σ) = (α, ζ), then σ = α + ∗dαζ. Moreover, if σ is in L2
k for k ≥ 1, then α ∈ L2

k and
ζ ∈ L2

k+1.

Proof. Consider the G(Σ, F )-equivariant map

Ψ : A1
fl(Σ, F )× L2

2(Σ, F )→ A1(Σ, F )

given by Ψ(α, ζ) = α + ∗dαζ. Inverse function theorem and Uhlenbeck compactness theorem imply
that there are κ > 0 and a G2(F )-invariant neighborhood V of A1

fl(Σ, F ) × {0} such that Ψ induces a
diffeomorphism from V to Uκ. Then we define P : Uκ → A1

fl(Σ, F ) × L2
2(Σ, F ) to be the inverse of

this map. Now suppose σ ∈ Uκ is an L2
k connection with k ≥ 2 and P (σ) = (α, ζ). There is an L2

2

automorphism g of F such that α′ = g∗α is a smooth flat connection. Moreover, Fg∗σ = gFσg
−1 is in

L2
1, and if ζ ′ := g∗(ζ), then

dα′ ∗ dα′ζ ′ = − ∗ dα′ζ ′ ∧ ∗dα′ζ ′ + Fg∗σ.

By applying elliptic regularity for the Laplacian operator dα′ ∗ dα′ twice, we may conclude that ζ ′ is in
L2

3 and hence g∗σ is in L2
2. This implies that g is in fact an L2

3 gauge transformation of F , α is an L2
2

flat connection and ζ is in L2
3. Iterations of the above argument shows that g is in fact an L2

k+1 gauge
transformation, α is an L2

k flat connection and ζ is in L2
k+1.

Proof of Lemma 4.1. First we define E(α, c) in the case that α belongs to Afl(Σ, F ). The 1-form c can
be uniquely decomposed as

c = c0 + dαζ + ∗dαζ ′

with c0 ∈ H1(Σ;α), ζ, ζ ′ ∈ L2
l (Σ, F ). The 1-form c0 determines an element of T[α]M(Σ, F ) and

γ(t) := e([α], tc) ∈M(Σ, F )

defines a path from [α] to e([α], c). Let γ̃ : [0, 1]→ Afl(Σ, F ) be the unique path satisfying
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(i) γ̃(t) is a flat connection representing γ(t);

(ii) d∗γ̃(t)

(
d
dt γ̃(t)

)
= 0.

Let also g be the gauge transformation in G(F ) given by exponentiating ζ. Then we define

E(α, c) = g∗γ̃(1) + ∗dαζ ′.

Thus, we obtain a map E(α, c), for flat α, that satisfies properties (i)-(iv). Compactness ofM(Σ, F ) and
the inverse function theorem can be used to find ε such that for any α ∈ Afl(Σ, F ) and t ∈ [0, 1] the map

c→ α+ c+ t(E(α, c)− α− c)

sends B<ε to a neighborhood of α ∈ A(Σ, F ) by a diffeomorphism.

Next, we extend E(σ, c) to the case that σ is an arbitrary element of A(Σ, F ). Suppose τ : [0, 1]→
[0, 1] is a smooth function, which is equal to 1 in a neighborhood of 0 and evaluates to 0 in a neighborhood
of 1. Let Uκ be given by Lemma 4.2. Suppose σ ∈ Uκ and P (σ) = (α, ζ). For any c ∈ B<ε define

E(σ, c) = σ + c+ τ(κ−1||F (σ)||L2)(E(α, c)− α− c). (4.3)

and extend (4.3) to the case that σ ∈ A(Σ, F ) \ Uκ as E(σ, c) = σ + c.

Next, we need deformations of e, which are well-behaved with respect to L(Y,E) and L(Y ′, E′).

Lemma 4.4. For any −1 ≤ s ≤ 1, there is a smooth map es : TM(Σ, F ) → M(Σ, F ), depending
smoothly on s, such that the following properties hold.

(i) e0 = e.

(ii) es maps the zero section of TM(Σ, F ) toM(Σ, F ) by the identity map

(iii) The derivative of es at any point x in the zero section and along the fiber TxM(Σ, F ) is given by
the identity map.

(iv) e1 maps the subspace TL(Y,E) of TM(Σ, F ) to L(Y,E) and e−1 maps the subspace TL(Y ′, E′)
of TM(Σ, F ) to L(Y ′, E′).

By applying the argument of Lemma 4.1 to the family of maps es provided by the above lemma, we
may construct a family of maps Es : A(Σ, F )×B<ε → A(Σ, F ), which satisfies the properties (i)-(iv)
of Lemma 4.1. Moreover, if α is a flat connection on F representing an element of L(Y,E) and c is a
dα-closed 1-form representing a tangent vector to L(Y,E), then E1(σ, c) also represents an element in
L(Y,E). The map E−1 has a similar property with respect to L(Y ′, E′).

Proof. Fix a metric onM(Σ, F ) such that L(Y,E) is totally geodesic with respect to this metric. Then
the exponential map with respect to this metric gives e1. A homotopy from this metric and the standard
Riemannian metric onM(Σ, F ) can be used in a similar way to define the maps et for t ∈ [0, 1]. The
maps et for t ∈ [−1, 0] can be constructed in an analogous way.
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Our next goal is to give a chart for a neighborhood of a mixed pair (A, u) ∈ A(α, β). Before giving
a description of such a chart, we need to fix another additional piece of data. The mixed pair (A, u) is
convergent to pairs (B, q) and (B′, q′) as θ → ∞ and θ → −∞, where q ∈ L(Y,E), q′ ∈ L(Y ′, E′),
and B, B′ are respectively connections on E, E′ representing q, q′. The restrictions of B, B′ to Σ is
denoted by α, α′. Let b ∈ H1

h(Y ;B) and c denote the restriction of b to Σ. Then αb := E1(α, c) is a flat
connection on F which represents an element of L(Y,E) ⊂M(Σ, F ). After possibly decreasing ε, we
fix a connection Bb, for |b| < ε, such that

(i) Bb depends smoothly on b;

(ii) B0 = B;

(iii) Bb represents an element of L(Y,E), and its restriction to the boundary is equal to αb.

Similarly, we fix a smooth family of connections {B′b′} for b′ ∈ H1
h(Y ′;B′) with |b′| < ε.

Suppose Bl
(A,u) is the space of all ζ ∈ L2

l,loc(X,Λ
1 ⊗ V ), ν ∈ L2

l,loc(U+, u
∗TM(Σ, F )), which

satisfy the following properties.

(i) ζ|(−∞,−3]×Y#
and ν|[3,∞)×[−1,1] have finite L2

l norms.

(ii) There are b ∈ H1
h(Y ;B) and b′ ∈ H1

h′(Y
′;B′) such that

ζ − π∗(b)|Y×[2,∞) and ζ − π∗(b′)|Y ′×(−∞,−2])

have finite L2
l,δ norms where δ is a small positive constant, which will be fixed in the next subsection.

Let s and s′ be tangent vectors toM(Σ, F ) at the points q and q′ given by restrictions of b and b′ to
the boundary. Then

ν − π∗(s)|[0,2]×[2,∞) and ν − π∗(s′)|[0,2]×(−∞,−2]

also have finite L2
l,δ norms.

(iii) dAθζθ = 0 and [ζθ] = ν(0, θ) where Aθ and ζθ are restrictions of A and ζ to {(0, θ)} × Σ ⊂ X ,
and [ζθ] is the element ofH1(Σ;Aθ) represented by ζθ.

(iv) ν|η+ ∈ u∗TL(Y,E), ν|η′+ ∈ u
∗TL(Y ′, E′).

Then Bl
(A,u) is a Banach space where the norm is defined as

|(ζ, ν)|Bl
(A,u)

:=||ζ||L2
l (X

◦) + ||ν||L2
l (U
◦
+) + ||ζ − π∗(b)||L2

l,δ(Y×[2,∞)) + ||ζ − π∗(b′)||L2
l,δ(Y

′×(−∞,−2])+

+ ||ν − π∗(s)||L2
l,δ([0,2]×[2,∞)) + ||ν − π∗(s′)||L2

l,δ([0,2]×(−∞,−2]) + |s|+ |s′| (4.5)

with

X◦ := X \ Y × [2,∞) \ Y ′ × (−∞,−2], U◦+ := U+ \ [0, 2]× [2,∞) \ [0, 2]× (−∞,−2].

In the following, we fix a constant κ0 such that if |(ζ, ν)|Bl
(A,u)

< κ0, then for any (s, θ) ∈ U−, the

restriction of ζ to {(s, θ)} × Σ belongs to B<ε and for any (s, θ) ∈ U−, ν(s, θ) ∈ TεM(Σ, F ).
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A neighborhood of (A, u) in A(α, β) can be parametrized by the product of a small ball centered
at the origin in Bl

(A,u) and the group G(E) × G(E′), as it is explained in the following. First we fix a
smooth function τ : U+ → R which in a neighborhood of η+ is equal to 1, in a neighborhood of η′+ is
equal to −1, on [0, 2]× [2,∞) is equal to 1, and on [0, 2]× (−∞,−2] is equal to −1. Moreover, τ(s, θ)
on [0, 2]× [2,∞) and [0, 2]× (−∞,−2] depends only on s and on [3,∞)× [−1, 1] depends only on θ.
We also fix a smooth cutoff function ρ : [−2, 0]→ [0, 1] which is equal to 0 in a neighborhood of −2 and
is equal to 1 in a neighborhood of 0. For (ζ, ν) in Bl

(A,u) with norm less than κ0 define

Âζ = A+ ζ + ρ(s)(Eτ(0,θ)(As,θ, ζs,θ)− ζs,θ), uν(s, θ) = eτ(s,θ)(ν(s, θ)).

where As,θ, ζs,θ are the restrictions of A, ζ to {(s, θ)} × Σ. With a slight abuse of notation, ρ in the
definition of Âζ denotes the induced function X → [0, 1] which vanishes outside of [−2, 0]×R×Σ and
equals ρ(s) for (s, θ, x) ∈ [−2, 0]×R× Σ. Then Âζ is respectively asymptotic to the connections

B̂b := B + b+ ρ(s)(E1(B(s), b(s))− b(s)), B̂′b′ := B′ + b′ + ρ(s)(E−1(B′(s), b′(s))− b′(s)),

as θ →∞ and −∞. Here B(s) and b(s) are the restrictions of B and b to {s} × Σ ⊂ Y , and B′(s) and
b′(s) are defined similarly. The map ρ is interpreted as a function on Y and Y ′ by composing the function
ρ : X → [0, 1] with the inclusion of Y and Y ′ as Y × {2} and Y ′ × {−2} in X .

The connections B̂b and B̂′b′ do not necessarily represent elements of L(Y,E) and L(Y ′, E′). We fix
this issue by modifying A0

ζ as

Aζ := Âζ + ϕ+ · (Bb − B̂b) + ϕ− · (B′b′ − B̂′b′).

Here ϕ+ : X → R (resp. ϕ− : X → R) is a fixed cutoff function which is equal to 1 on Y × [3,∞)
(resp. Y ′ × (−∞,−3]) and 0 on the complement of Y × (2,∞) (resp. Y ′ × (−∞,−2)). Given
(g, g′) ∈ G(E)× G(E′), we define

Aζ,g,g′ := Aζ − ϕ+ · (∇Bbg)g−1 − ϕ− · (∇B′
b′
g′)g′−1.

The connection Aζ,g,g′ is asymptotic to g∗Bb and g′∗B′b′ as θ → ∞ and θ → −∞. We define a map P
from the product of the ball of radius κ0 centered at the origin in Bl

(A,u) and G(E)× G(E′) to A(α, β)

by mapping (ζ, ν, g, g′) to P (ζ, ν, g, g′) := (Aζ,g,g′ , uν). The map P gives a chart for a neighborhood
of (A, u) in A(α, β). By a slight abuse of notation, P (ζ, ν) in what follows denotes P (ζ, ν, 1, 1). It is a
straightforward (but daunting) task to check that the transition maps associated to these charts for different
(A, u) in A(α, β) are smooth.

The above discussion can be modified using Coulomb gauge fixing condition to define a chart for the
configuration space B(α, β), which is obtained from A(α, β) by taking the quotient with respect to the
action of the gauge group G(V ). The following proposition is a consequence of Coulomb gauge fixing for
the action of G(V ) on A(α, β).

Proposition 4.6. For any (A, u) ∈ A(α, β), there is a constant κ0 such that the following holds. Let Uκ0

denote the space of (ζ, ν) ∈ Bl
(A,u) such that |(ζ, ν)|Bl

(A,u)
< κ0 and

∗ ζ|U∂×Σ = 0, d∗Aζ = 0. (4.7)
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Then the map
(g, (ζ, ν)) ∈ G(V )× Uκ0 → g∗P (ζ, ν)

gives a diffeomorphism onto a neighborhood of (A, u) in A(α, β).

This proposition together with a standard argument can be used to show that B(α, β) is a Banach
manifold modeled on the closed subspace of Bl

(A,u) consisting of the elements which satisfy (4.7). Recall
that El(A,u) is the subspace of Bl

(A,u) given by elements which satisfy the first identity in (4.7), and we
equip this space with the Banach space structure using the norm in (4.5). Thus, the above proposition
implies that a neighborhood of [A, u] in B(α, β) can be parametrized by the kernel of d∗A acting on El(A,u).
To complete the proof of Proposition 3.10, we need to show that the operator d∗A is surjective. To see
this note that if ξ is in the L2-orthogonal of the image of d∗A, then ξ is in the kernel of dA. Since A is
irreducible, ξ has to be zero, which verifies the claim.

4.2 Fredholm property of the mixed operator

In this subsection, we study the Fredholm properties of the mixed operator D(A,u). As it is mentioned in
Section 3, the domain of D(A,u) is El(A,u) (equipped with the norm in (4.5)) and its target is given by

L2
l−1,δ(X, (Λ

+ ⊕ Λ0)⊗ V )⊕ L2
l−1,δ(U+, u

∗TM(Σ, F )). (4.8)

For our purposes, it is useful to consider another operator D∗(A,u). The following definition is the
counterpart of Definition 3.9, and it provides a function space which serves as the domain of D∗(A,u).

Definition 4.9. Let (A, u) ∈ A(α, β) be a mixed pair which is asymptotic to (B, q) and (B′, q′) on the
mixed ends associated to (Y,E) and (Y ′, E′). For any positive integer k, define Kk

(A,u) as the space of all

(µ, ξ, z) ∈ L2
k,loc(X, (Λ

+ ⊕ Λ0)⊗ V )⊕ L2
k,loc(U+, u

∗TM(Σ, F ))

such that

(i) (µ, ξ)|(−∞,−3]×Y#
and z|[3,∞)×[−1,1] have finite L2

k norms.

(ii) The restrictions of (µ, ξ) to [2,∞)×Y and (−∞,−2]×Y ′ and the restrictions of z to [0, 2]×[2,∞)
and [0, 2]× (−∞,−2] have finite L2

k,δ norms.

(iii) The restriction of µ to U∂ ×Σ has the form 1
2dθ ∧ c, where c is a section of Λ1Σ⊗ F over U∂ ×Σ.

Moreover, if cθ denotes the restriction of c to {(0, θ)} × Σ ⊂ X , then dAθcθ = 0 and z(0, θ) is
equal to the element of Tu(0,θ)M(Σ, F ) represented by cθ.

(iv) The (0, 1)-form zdθ + Js,θzds maps Tη+ to u∗TL(Y,E) and Tη′+ to u∗TL(Y ′, E′).

The norm on Kk
(A,u) is given by the weighted Sobolev norm L2

k,δ.
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For (µ, ξ, z) ∈ K l
(A,u), define

D∗(A,u)(µ, ξ, z) := (D∗A(µ, ξ),D∗u(z)), (4.10)

where D∗A and D∗u are formal adjoints of the ASD operator and the Cauchy-Riemann operator. Thus, these
are the unique operators satisfying∫

X
〈ζ,D∗A(µ, ξ)〉 =

∫
X
〈DA(ζ), (µ, ξ)〉,

∫
U+

〈ν,D∗u(z)〉 =

∫
U+

〈Du(ν), z〉, (4.11)

for any ξ, ζ, µ, which are respectively smooth sections of V , Λ1 ⊗ V , Λ+ ⊗ V compactly supported in
the interior of X , and any ν, z, which are smooth sections of u∗TM(Σ, F ) compactly supported in the
interior of U+. To be more specific, the L2 pairing for the second term in (4.11) is defined using the metric∫

U+

〈ν, ν ′〉 :=

∫
U+

Ω(ν, Js,θν
′)ds ∧ dθ,

where ν and ν ′ are sections of u∗TM(Σ, F ). We have

D∗A(µ, ζ) = dAξ + d∗Aµ+ HessAth(∗3µt) + HessA′th
′(∗3µ′t),

with µt, µ′t being the restrictions of µ to {t} × Y0, {t} × −Y ′0 . Using this notation, we may write the
self-dual 2-form µ on R×Y0 and R×−Y ′0 as µt−∗3µt∧dt and µ′t−∗3µ′t∧dt. The target of the operator
D∗(A,u) is L2

l−1,δ(X,Λ
1⊗V )⊕L2

l−1,δ(U+, u
∗TM(Σ, F )) where our convention for the weighted Sobolev

space L2
l−1,δ is fixed in Definition 3.8. Proposition 3.18 is a consequence of the following theorem.

Theorem 4.12. There is δ0 such that the following holds. For δ < δ0, supposeA(α, β) is defined using
δ and [A, u] is a smooth element of A(α, β) that satisfies property (iii) of Theorem 3.6 for δ0. Then the
operators D(A,u) and D∗(A,u) are Fredholm. Furthermore, the cokernel (resp. the kernel) of D∗(A,u) can be
identified with the kernel (resp. the cokernel) of D(A,u). In particular, index(D(A,u)) = − index(D∗(A,u)).

In order to fix the constant δ0 in Theorem 4.12, we need to look more closely at the mixed operator on
the mixed ends. This will be addressed in Subsection 4.2.1, where we also review some of the results of
[DFL] relevant to the Fredholm property of mixed operators. We will come back to the proof of Theorem
4.12 in Subsection 4.2.2.

4.2.1 Mixed cylinders and mixed operators

Suppose (Y,E) is as in the previous sections and I is a Riemannian connected 1-dimensional manifold.
Thus, I is either an open interval in R or S1 with a fixed length. The cylinder quintuple associated to I is
given as

cI := (I × Y,E × I, [0, 2]× I,M(Σ, F ), L(Y,E)).

We fix the product metric on I × Y and a family of almost complex structures {Js}s∈[0,2] onM(Σ, F )
such that Js = J∗ for s < 1. This family induces a family of almost complex structures parametrized by
[0, 2]× I , which is constant with respect to the second component. For instance, the restriction of a mixed
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pair for the special quintuple to the mixed end associated to Y determines a mixed pair for the cylinder
quintuples c(2,∞).

As in the case of special quintuples, we may associate a mixed operator D(A,u) to any mixed pair
(A, u) on the cylinder quintuple cI . The domain Ek(A,u)(I) of this operator consists of

ζ ∈ L2
k,loc(I × Y,Λ1 ⊗ E), ν ∈ L2

k,loc([0, 2]× I, u∗TM(Σ, F )), (4.13)

such that ∗ζ|Σ×I = 0, and for any θ ∈ I , we have

ν(2, θ) ∈ Tu(2,θ)L(Y,E), dAζ|Σ×{(0,θ)} = 0, [ζ|Σ×{(0,θ)}] = ν(0, θ) (4.14)

In the case that I is an infinite interval, we demand that an element (ζ, ν) ∈ Ek(A,u)(I) has a finite weighted
Sobolev norm with respect to the weight eδτ . Here δ is a real number, and τ : I × Y t [0, 2]× I → R, is
the projection map to I . For any (ζ, ν) ∈ Ek(A,u)(I), we have

D(A,u)(ζ, ν) = (d∗Aζ, d
+
Aζ + (∗3HessAθh(ζθ))

+,Duν).

where the Cauchy-Riemann operator Du is defined as in (2.34). The target of D(A,u) is the space

L2
k−1,δ(I × Y, (Λ0 ⊕ Λ+)⊗ E)⊕ L2

k−1,δ([0, 2]× I, u∗TM(Σ, F )). (4.15)

where the wighted Sobolev space is defined again using the weight eδτ . Of course, if I is a finite interval
the weight does not play any role and we may replace the weighted Sobolev space L2

k−1,δ with L2
k−1.

There is a useful reparametrization of the target of D(A,u) in the case of cylinder quintuples. Any
section ζ of (Λ0 ⊕ Λ+) ⊗ E over I × Y has the form (ϕ, 1

2(dθ ∧ b + ∗3b)) where b is a section of
Λ1(Y )⊗ E over I × Y . In particular, we may associate b− ϕdθ, a section of Λ1 ⊗ E, to ζ. This allows
us to identify the target of D(A,u) in (4.15) with

L2
k−1,δ(I × Y,Λ1 ⊗ E)⊕ L2

k−1,δ([0, 2]× I, u∗TM(Σ, F )). (4.16)

We will use this reparametrization of the target of D(A,u) in the rest of this subsection.

Theorem 4.17. Suppose I = (a, b), J = (c, d) are finite intervals with a < c < d < b. Suppose (A, u)
is a smooth mixed pair associated to the cylinder quintuple cI .

(i) Suppose k ≥ 1 is an integer, (ζ, ν) ∈ E1
(A,u)(I) and D(A,u)(ζ, ν) is in L2

k−1. Then (ζ, ν) ∈
Ek(A,u)(J). There is also a constant C, independent of (ζ, ν), such that

||(ζ, ν)||L2
k(J) ≤ C

(
||D(A,u)(ζ, ν)||L2

k−1(I) + ||(ζ, ν)||L2(I)

)
. (4.18)

(ii) Suppose ζ ∈ L2(I × Y,Λ1 ⊗ E) and ν ∈ L2([0, 2]× I, u∗TM(Σ, F )) satisfy

|〈(ζ, ν),D(A,u)(ζ
′, ν ′)〉| ≤ κ||(ζ ′, ν ′)||L2

for any smooth element (ζ ′, ν ′) of E1
(A,u)(I) with compact support and for a fixed constant κ. Then

(ζ, ν) ∈ E1
(A,u)(J).
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Proof. This theorem in the absence of the perturbation term (∗3HessAθh(ζθ))
+ is proved in [DFL,

Theorem 5]. This special case and the property of cylinder functions mentioned in part (iii) of Proposition
6.1 allows us to conclude the general case.

Remark 4.19. The mixed operators associated to special quintuples satisfy a uniform version of Theorem
4.17. To be more precise, suppose (Ai, ui) is a sequence of smooth mixed pairs associated to the cylinder
quintuple cI that are C∞-convergent to (A, u). Then there is a constant C such that for any i and any
(ζ, ν) ∈ Ek(Ai,ui)(I), we have

||(ζ, ν)||L2
k(J) ≤ C

(
||D(Ai,ui)(ζ, ν)||L2

k−1(I) + ||(ζ, ν)||L2(I)

)
.

As in Theorem 4.17, this is again a consequence of the results of [DFL] and Proposition 6.1. (See
[DFL, Remarks 5.73 and 5.76].)

The required result from [DFL] in the proof of Theorem 4.17 uses a description of the mixed operator
in terms of a dimensionally reduced mixed operator. First we review this description in a simpler case.
Any q ∈ L(Y,E) determines a mixed pair associated to the cylinder quintuple cI . Suppose Bq is a
connection on E that represents q, and its restriction to the boundary is αq. Let Aq be the pullback of Bq
to I × Y and uq : [0, 2] × I →M(Σ, F ) be the constant map to q. The pair (Aq, uq) defines a mixed
pair for the cylinder quintuple cI , which can be regarded as the counterpart of constant pairs for special
quintuples. In fact, the restriction of a constant pair to the mixed end associated to Y determines an
element of the form (Aq, uq) for the interval I = (2,∞). For any

(ϕ, b, ν) ∈ Ω0(Y,E)⊕ Ω1(Y,E)⊕ Ω0([0, 1], TqM(Σ, F )), (4.20)

define
Dq(ϕ, b, ν) = (d∗Bqb,− ∗3 dBqb+ HessBqh(b) + dBqϕ, Js

dν

ds
),

which is again an element of Ω0(Y,E)⊕ Ω1(Y,E)⊕ Ω0([0, 1], TqM(Σ, F )). Then we have

D(Aq ,uq) =
d

dθ
−Dq.

Here we again use the identification of a 1-form on I × Y with a map from I to the space of sections of
Λ0 ⊕ Λ1 on Y .

Proposition 4.21. There is a positive constant δ0 such that if 0 < δ < δ0 or −δ0 < δ < 0 , then the
operator

D(Aq ,uq) : E1
(Aq ,uq)

(R)→ L2
δ(R× Y,Λ1 ⊗ E)⊕ L2

δ([0, 2]×R, u∗TM(Σ, F )).

is an isomorphism. Moreover, there is C such that for any (ζ, ν) ∈ E1
(Aq ,uq)

(R), we have

C−1||(ζ, ν)||L2
1,δ
≤ ||D(Aq ,uq)(ζ, ν)||L2

δ
≤ C||(ζ, ν)||L2

1,δ
.
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Proof. SupposeHq is the completion of the space of (ϕ, b, ν) as in (4.20) with respect to the L2 norm

〈(ϕ0, b0, ν0), (ϕ1, b1, ν1)〉L2 :=

∫
Y

tr (ϕ0 ∧ ∗ϕ1 + b0 ∧ ∗b1) +

∫ 1

0
Ω(ν0(s), Jsν1(s))ds. (4.22)

LetWq denote the L2
1 completion of the space of all triples (ϕ, b, ν) as in (4.20) such that

∗ b|Σ = 0, dαqb|Σ = 0, [b|Σ] = ν(0), ν(1) ∈ TqL(Y,E). (4.23)

Given a 1-parameter family {(ϕθ, bθ)}θ∈R, we may define a 1-form on R× Y as bθ − ϕθdθ. Using this
identification, we have

E1
(Aq ,uq)

(R) = L2
1,δ(R,Hq) ∩ L2

δ(R,Wq),

and
L2
δ(R× Y,Λ1 ⊗ E)⊕ L2

δ([0, 2]×R, TqM(Σ, F )) = L2
δ(R,Hq).

It is shown in [DFL] that Dq : Hq → Hq is an (unbounded) self-adjoint Fredholm operator with domain
Wq and a discrete spectrum that has a finite intersection with any finite interval. The kernel of Dq can
be identified with TqL(Y,E). Moreover, the operator D(Aq ,uq) is invertible if and only if δ is not in the
spectrum of Dq (see [DFL, Proposition 5.79]). Thus, it suffices to show that

δ0 := inf
Bq
{δq | δq is the smallest magnitude of a non-zero eigenvalue of Dq} > 0 (4.24)

Although Dq is defined in terms of Bq, it essentially depends only on q, the gauge equivalence class of
Bq up to conjugation. In fact, the Hilbert spacesHq andWq define Hilbert space bundles H and W on
L(Y,E). (It is clear that H is locally trivial, and local trivializations of W is given by [DFL, Proposition
5.27].) Then {Dq}q define a smooth family of Fredholm operators from the fibers of W to the fibers of
H. The claim in (4.24) follows because the dimension of the kernels of these operators is independent of
q and L(Y,E) is compact.

Corollary 4.25. Suppose δ0 is as in Proposition 4.21 and 0 < δ < δ0. Suppose

ζ ∈ L2
1,loc(R× Y,Λ1 ⊗ E), ν ∈ L2

1,loc([0, 2]×R, TqM(Σ, F )), (4.26)

such that ∗ζ|Σ×R = 0, and the identities in (4.14) hold for any θ ∈ R and the mixed pair (Aq, uq).
Suppose also (ζ, ν) ∈ L2

−δ and (ζ ′, ν ′) := D(Aq ,uq)(ζ, ν) ∈ L2
δ , where L2

−δ is the weighted Sobolev norm
defined using the negative exponent −δ. Then there is (ζ1, ν1), which is the pullback of an element of the
kernel of Dq, such that (ζ − ζ1, ν − ν1) has finite L2

1,δ norm.

Proof. Proposition 4.21 implies that there is (ζ0, ν0) ∈ E1
(Aq ,uq)

(R) such that D(Aq ,uq)(ζ0, ν0) = (ζ ′, ν ′).

In particular, (ζ1, η1) := (ζ− ζ0, ν− ν0) belongs to the kernel of D(Aq ,uq). Moreover, e−|θ|δ(ζ1, η1) has a
finite L2 norm. There is a complete eigenspace decomposition {fi}i associated to the operator Dq which
provides an orthonormal basis forH. Using this eigenspace decomposition, we have

(ζ1, ν1) =
∑
i

cie
λiθfi (4.27)

where λi is the eigenvalue of fi and ci ∈ R. Our assumption on e−|θ|δ(ζ1, η1) implies that ci = 0 unless
λi = 0. This gives the claim.
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In fact, we shall need a generalization of Corollary 4.25 where (Aq, uq) is replaced with a more
general mixed pair (A, u).

Corollary 4.28. Suppose δ0 is as in Proposition 4.21 and 0 < δ < δ0. For q ∈ L(Y,E), suppose (A, u)
is a smooth mixed pair for the cylinder quintuple c(0,∞) such that A − Aq ∈ L2

l,δ, u converges to q as
θ →∞ and du is in L2

l−1,δ. Suppose

ζ ∈ L2
1,loc((0,∞)× Y,Λ1 ⊗ E), ν ∈ L2

1,loc([0, 2]× (0,∞), u∗TM(Σ, F )), (4.29)

such that ∗ζ|Σ×(0,∞) = 0, and the identities in (4.14) hold for the mixed pair (A, u) and any θ ∈ (0,∞).
Suppose also (ζ, ν) ∈ L2

1,−δ and (ζ ′, ν ′) := D(A,u)(ζ, ν) ∈ L2
δ . Then there is (ζ1, ν1), which is the

pullback of an element of the kernel of Dq, such that (ζ − ζ1, ν − ν1) ∈ E1
(A,u)((0,∞)).

Proof. Suppose (Bθ, uθ) denotes the restriction of A, u to {θ} × Y and [0, 2]× {θ}. Analogous toHq
andWq in the proof of Proposition 4.21, we may use (Bθ, uθ) to define the completionsHθ and andWθ

of
Ω0(Y,E)⊕ Ω1(Y,E)⊕ Ω0([0, 1], u∗θTM(Σ, F )).

We may use local trivializations of the Hermitian bundles (TM(Σ, F ),Ω, Js) in a neighborhood of q, to
identityHθ andHq in the obvious way. This allows us to drop θ from our notation forHθ, and denote it
byH.

To prove the claim, it suffices to show that there is (ζ1, ν1) as above such that for some T0 > 0 the
restriction of (ζ − ζ1, ν − ν1) to (T0,∞) × Y and [0, 2] × (T0,∞) is in L2

1,δ. In particular, by taking
T0 large enough, we may assume that (Bθ, uθ) is in a neighborhood of (Bq, uq) such that we can apply
[DFL, Proposition 5.27] and show that there are isomorphisms

Qθ : H → H

such that Qθ mapsWq toWθ. Moreover, Qθ maps the subspace of L2
k elements of Hθ isomorphically

onto the subspace of L2
k elements ofHq, and satisfies

C−1
k ||(ϕ, b, ν)||L2

k
≤ ||Qθ(ϕ, b, ν)||L2

k
≤ C||(ϕ, b, ν)||L2

k
(4.30)

for a constant Ck independent of θ and for any (ϕ, b, ν). In fact, the operator norm of Qθ− Id with respect
to the L2

k norm is bounded by Cke−δθ. The map θ → Qθ as a map from (T0,∞) to the space B(H) of
bounded operators of H is smooth and its derivatives satisfy the analogue of (4.30). In particular, the
operators Qθ can be put together to define

Q : L2
k,loc((T0,∞)× Y,Λ1 ⊗ E)⊕ L2

k,loc([0, 2]× (T0,∞), TqM(Σ, F ))→
→ L2

k,loc((T0,∞)× Y,Λ1 ⊗ E)⊕ L2
k,loc([0, 2]× (T0,∞), u∗TM(Σ, F )) (4.31)

for any k [DFL, Lemma 5.67].

The operator Q maps the domain and the target of D(Aq ,uq) respectively to the the domain and the
target of D(A,u), and we have

Q−1 ◦ D(A,u) ◦Q =
d

dθ
−Dq − Sθ, (4.32)
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where Sθ :Wq → Hq is a bounded linear operator whose norm is bounded by Ce−δθ.

Using (4.32), we may write

D(Aq ,uq)(Q
−1(ζ, ν)) = Q−1(ζ ′, ν ′) + SQ−1(ζ, ν).

where S is defined using the operators Sθ. By assumption the first term on the left hand side has a finite
L2
δ norm and the second term has a finite L2 norm. Using a cutoff function ρ : (T0,∞) → R which

vanishes for θ < T0 + 1
2 and is equal to 1 for θ > T0 + 1, we may extend Q(ζ, ν) to

(ζ̃, ν̃) ∈ L2
1,loc(R× Y,Λ1 ⊗ E)⊕ L2

1,loc([0, 2]×R, TqM(Σ, F )),

such that D(Aq ,uq)(ζ̃, ν̃) has a finite L2
−δ/2 norm. (In fact, L2

−δ/2 can be replaced with L2.) By applying

the argument in the proof of Corollary 4.25, we may conclude that (ζ̃, ν̃) has finite L2
1,−δ/2 norm.

Thus, the same claim holds for (ζ, ν). By iterating the same argument, we can show that now that
D(Aq ,uq)(Q

−1(ζ, ν)) has a finite L2
δ/2 norm. Using Corollary 4.25 again we may conclude that there is

(ζ1, ν1), which is the pullback of an element of the kernel of Dq, such that Q−1(ζ, ν)− (ζ1, ν1) has finite
L2
δ/2 norm. Iterating this argument once more, we conclude that Q−1(ζ, ν)− (ζ1, ν1) has finite L2

δ norm.
Our assumption on Q implies that (ζ, ν)− (ζ1, ν1) also has finite L2

δ norm.

Remark 4.33. The analogues of the results of this subsection hold for the adjoint of the mixed operator. In
fact, the adjoint of the mixed operator for cylinder quintuples have a similar form as the mixed operator
(see [DFL, Section 5] for more details), and the results of this section would immediately imply the
corresponding results for the adjoint of the mixed operator.

4.2.2 Proof of Theorem 4.12

In this subsection, we prove Theorem 4.12 on Fredholmness of mixed operators associated to the special
quintuple where δ0 is given by Proposition 4.21. Suppose (A, u) is a smooth mixed operator that satisfies
the assumption of Theorem 4.12. Let also XT denote the compact subspace ofX given as the complement
of the subspaces (T,∞)×Y , (−∞,−T )×Y ′ and (−∞,−T )×Y# inX . Similarly, letUT be the compact
subspace of U+ given as the complement of [0, 2]× (T,∞), [0, 2]× (−∞,−T ) and (T,∞)× [−1, 1].

Lemma 4.34. For (A, u) as above and any k ≥ 1, there are constants C and T0 such that the following
holds. Suppose (ζ, ν) ∈ E1

(A,u) and D(A,u)(ζ, ν) ∈ L2
k−1,δ. Then (ζ, ν) ∈ Ek(A,u), and we have

||(ζ, ν)||Ek
(A,u)

≤ C(||D(A,u)(ζ, ν)||L2
k−1,δ

+ ||ζ||L2(XT0
) + ||ν||L2(UT0

) + |s|+ |s′|). (4.35)

A similar result holds for D∗(A,u).

Proof. Theorem 4.17 and standard regularity results about the linearized ASD and CR equations imply
that (ζ, ν) ∈ L2

k,loc. Moreover, for any T0 > 1, there is C such that

||ζ||L2
k(XT0+1) + ||ν||L2

k(UT0+1) ≤ C(||D(A,u)(ζ, ν)||L2
k−1,δ

+ ||ζ||L2(XT0+2) + ||ν||L2(UT0+2)). (4.36)
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Next, we obtain control over the decay of (ζ, ν) on the mixed end associated to Y . Suppose (A, u) is
asymptotic to (Bq, q) on this mixed end for q ∈ L(Y,E). We use a similar construction as in the proof of
Corollary 4.28. Suppose (Bθ, uθ),H andWθ are as in there, and for any θ ∈ (T0,∞), let the isomorphism
Qθ : H → H be given by [DFL, Proposition 5.27]. Suppose Q is obtained from Qθ analogous to (4.31).
Let (ζ̂, ν̂) be the result of applying Q−1 to the restriction of (ζ, ν) to (T0,∞)× Y and [0, 2]× (T0,∞).
We have

D(Aq ,uq)(ζ̂, ν̂) = Q−1D(A,u)(ζ, ν) + SQ−1(ζ, ν),

where D(Aq ,uq) is the mixed operator associated to the pullback of (Bq, q) on the cylinder quintuple, and
S is given by a family of operators Sθ defined as in (4.32). In particular, for a given positive constant ε,
we may assume that T0 is chosen such that

||D(Aq ,uq)(ζ̂, ν̂)||L2
k−1,δ(T0,∞) ≤ C0||D(A,u)(ζ, ν)||L2

k−1,δ(T0,∞) + ε||(ζ, ν)||Ek
(A,u)

(T0,∞), (4.37)

where C is a constant independent of (ζ, ν). Here ||D(A,u)(ζ, ν)||L2
k−1,δ(T0,∞) denotes the L2

k,δ norm of
the restriction of D(A,u)(ζ, ν) to (T0,∞)× Y .

Suppose (ζ, ν) is asymptotic to (b, s) on the mixed end associated to Y . Theorem 4.17 for the pair
(Aq, uq) implies that there is a constant C such that for any T , we have

||(ζ̂ − π∗b, ν̂ − π∗s)||L2
k(T−1,T+1) ≤

C(||D(Aq ,uq)(ζ̂, ν̂)||L2
k−1(T−2,T+2) + ||(ζ̂ − π∗b, ν̂ − π∗s)||L2(T−2,T+2)).

A weighted sum of these inequalities imply that

||(ζ̂ − π∗b, ν̂ − π∗s)||L2
k,δ(T0+1,∞) ≤ C(||D(Aq ,uq)(ζ̂, ν̂)||L2

k−1,δ(T0,∞) + ||(ζ̂ − π∗b, ν̂ − π∗s)||L2
δ(T0,∞)).

The last term in the above inequality can be controlled by D(Aq ,uq)(ζ̂, ν̂). In fact, by multiplying
(ζ̂−π∗b, ν̂−π∗s) by a cutoff function g : (T0,∞)→ R satisfying g(θ) = 1 for θ ≥ T0 +1 and g(θ) = 0
for θ ≤ T0 + 1/2, we may regard it as an element of Ek(Aq ,uq)(R). In particular, applying Proposition
4.21 implies that

||(ζ̂ − π∗b, ν̂ − π∗s)||L2
k,δ(T0+1,∞) ≤

C(||D(Aq ,uq)(ζ̂, ν̂)||L2
k−1,δ(T0,∞) + ||(ζ̂ − π∗b, ν̂ − π∗s)||L2(T0,T0+1) + |s|).

Our assumption on the exponential decay of (A, u) over the mixed end and the properties of the map
Q imply that

||(ζ − π∗b, ν − π∗s)||L2
k,δ(T0+1,∞) ≤ C(||(ζ̂ − π∗b, ν̂ − π∗s)||L2

k,δ(T0+1,∞) + |s|).

In particular, from the previous two inequalities and (4.37), we conclude that

||(ζ, ν)||Ek
(A,u)

(T0+1,∞) ≤ C(||D(Aq ,uq)(ζ̂, ν̂)||L2
k−1,δ(T0,∞) + ||(ζ̂ − π∗b, ν̂ − π∗s)||L2(T0,T0+1) + |s|)

≤ C(C0||D(A,u)(ζ, ν)||L2
k−1,δ

+ ε||(ζ, ν)||Ek
(A,u)

(T0,∞) + ||ζ||L2(XT0+1) + ||ν||L2(UT0+1) + |s|).
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By picking ε small enough, we may rearrange the terms and use (4.36) to remove ε||(ζ, ν)||Ek
(A,u)

(T0,∞)

from the above inequality. In summary, we have

||(ζ, ν)||Ek
(A,u)

(T0+1,∞) ≤ C(||D(A,u)(ζ, ν)||L2
k−1,δ

+ ||ζ||L2(XT0+2) + ||ν||L2(UT0+2) + |s|). (4.38)

We obtain a similar inequality for the mixed end associated to Y ′.

Non-degeneracy of α ∈ CG, β ∈ CS and standard results about solutions of the ASD and the CR
equations on cylinders imply that

||ζ||L2
k(−∞,−T0−1)×Y#

+ ||ν||L2
k(T0+1,∞)×[−1,1] ≤

C(||D(A,u)(ζ, ν)||L2
k−1,δ

+ ||ζ||L2(XT0+2) + ||ν||L2(UT0+2) + |s|).

In fact, this inequality can be verified following a similar strategy analogous to (4.38). Combining this
inequality, (4.38) and its counterpart for Y ′ gives us the desired result after replacing T0 with T0 + 2.
The proof of the analogous result for the adjoint operator D∗(A,u) where we replace Theorem 4.17 and
Proposition 4.21 with the corresponding result for the adjoint operator (see Remark 4.33).

As a consequence of Lemma 4.34, the operators D(A,u) and D∗(A,u) have finite dimensional kernels
and closed images. Moreover, in order to show that the cokernel of D(A,u) is finite dimensional, it suffices
to show that for k = 1, the cokernel of D(A,u) can be identified with the kernel of D∗(A,u). An element of
the cokernel of D(A,u) in this case is given by (µ, ξ, z) such that for any (ζ, ν) ∈ E1

(A,u), we have

〈(µ, ξ, z),D(A,u)(ζ, ν)〉L2 := 2

∫
X
〈(µ, ξ),DA(ζ)〉+

∫
U+

〈z,Du(ν)〉 = 0. (4.39)

Moreover, ξ, µ and z belong to L2
loc, the restrictions of ξ and µ to (−∞,−3]×Y# and z to [3,∞)×[−1, 1]

are in L2, the restrictions of ξ, µ and z to the mixed ends are in L2
−δ. In particular, an element of this

space is allowed to have an exponential growth by a controlled quantity over the mixed ends. We included
a factor 2 in our convention for the L2 pairing so that after integration by parts the boundary terms behave
in the desired form.

Theorem 4.17 and standard results on Fredholm theory of the adjoints of linearized ASD and CR
operators imply that (µ, ξ, z) is in fact in L2

1,loc and properties (i) (for k = 1), (iii) and (iv) of Definition
4.9 hold for (µ, ξ, z). The proof of property (i) of Definition 4.9 for (µ, ξ, z) uses the fact that α and β are
non-degenerate elements of CG and CS . Now applying (4.39) to ζ and ν which are compactly supported
in the interior of X and U+ implies that D∗(A,u)(µ, ξ, z) = 0. In particular, the inequality in (4.18) in
Theorem 4.17 can be used to show that the restrictions of ξ, µ and z to the mixed ends are in fact in L2

1,−δ.
So, we can apply Corollary 4.28 to the restrictions of (µ, ξ, z) to the mixed ends and conclude that the
following holds. There are b ∈ H1

h(Y ;B) and b′ ∈ H1
h′(Y

′;B′) such that

µ− 1

2
(dθ ∧ π∗(b) + ∗3π∗(b))|Y×[2,∞) and µ− 1

2
(dθ ∧ π∗(b′) + ∗3π∗(b′))|Y ′×(−∞,−2])

have finite L2
1,δ norms. Let s and s′ be tangent vectors to M(Σ, F ) at the points q and q′ given by

restriction of b and b′ to the boundary. Then

z − π∗(s)|[0,2]×[2,∞) and z − π∗(s′)|[0,2]×(−∞,−2])
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also have finite L2
1,δ norms. The Stokes’ thoerem together with D∗(A,u)(µ, ξ, z) = 0 shows that for an

arbitrary element (ζ, ν) of E1
(A,u) which is asymptotic to (b, s) on the mixed end associated to Y and is

asymptotic to (b′, s′) on the mixed end associated to Y ′, we have

〈(µ, ξ, z),D(A,u)(ζ, ν)〉L2 = 〈(b, s), (b, s)〉L2 − 〈(b′, s′), (b′, s′)〉L2 .

In particular, (4.39) implies that (b, s) = 0 and (b′, s′) = 0. Thus, property (ii) of Definition 4.9 holds
for (µ, ξ, z), and hence (µ, ξ, z) ∈ K1

(A,u). In summery, cokernel of D(A,u) can be identified with the
kernel of D∗(A,u). In particular, it is finite dimensional. This completes the proof of the claim that D(A,u) is
Fredholm. Similarly, one can show that the cokernel of D∗(A,u) can be identified with the kernel of D(A,u)

and D∗(A,u) is Fredholm.

4.3 Proof of Proposition 3.19

The goal of this subsection is to show that the mixed operator D(Aα,uα) associated to a constant solution
(Aα, uα) is an isomorphism. We start with the following general result about the elements of E1

(Aα,uα).

Lemma 4.40. For any (ζ, ν) ∈ E1
(Aα,uα), the expression∫
X

tr(dh,h
′

Aα
ζ ∧ dh,h

′

Aα
ζ) +

∫
U+

Ω(dν, dν) (4.41)

vanishes, where
dh,h

′

Aα
ζ := dAαζ + ∗3HessBαh(ζt) + ∗3HessB′αh

′(ζ ′t). (4.42)

with Bα (resp. B′α) being the the restrictions of Aα to {t} × Y0 ⊂ X (resp. {t} × −Y ′0 ⊂ X), which is
independent of t. The term dν in (4.41) denotes the exterior derivative of ν : U+ → TαM(Σ, F ).

In (4.42), ∗3HessBαh(ζt) and ∗3HessB′αh
′(ζ ′t) are defined as in (3.16), and in what follows, they are

respectively denoted by H(ζt) and H(ζ ′t).

Proof. Stokes theorem and the decay constraints on ν, given as part of the definition of E1
(Aα,uα), imply

that ∫
U+

Ω(dν, dν) =

∫
U∂

Ω(ν, dν) +

∫
η+tη′+

Ω(ν, dν)

=

∫ ∞
−∞

dθ

∫
Σ

tr(ν(0, θ) ∧ ∂θν(0, θ)) (4.43)

The second identity is due to the Lagrangian boundary condition satisfied by ν. We shall show that the
contribution from the first integral in (4.41) cancels out the integral in (4.43).

We decompose the domain of the first integral in (4.41) into R × Y0, R × −Y ′0 and U− × Σ, and
study the contributions from each of them separately. The restriction of ζ to {t} × Y0 has the form

ζ = ζt + φtdt (4.44)
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where φt is a 0-form with values in E. Therefore, we have

dh,h
′

Aα
ζ = dBαζt + ∗3HessBαh(ζt) + dt ∧

(
dζt
dt
− dBαφt

)
(4.45)

where dBαζt and dBαφt denote the three dimensional exterior derivatives of ζt and φt with respect to Bα.
Identity (4.45) implies that

tr(dh,h
′

Aα
ζ ∧ dh,h

′

Aα
ζ) = 2dt ∧ tr

(
(
dζt
dt
− dBαφt) ∧ (dBαζt +H(ζt))

)
. (4.46)

Using Stokes theorem and Lemma 2.13, we have

2

∫
Y0

tr

(
dζt
dt
∧ (dBαζt +H(ζt))

)
=

d

dt

∫
Y0

tr(ζt ∧ (dBαζt +H(ζt)))−
∫
∂Y0

tr(ζt ∧
d

dt
ζt). (4.47)

Stokes theorem, vanishing of H(ζt) on ∂Y and Proposition 2.10 give

2

∫
Y0

tr(dBαφt ∧ (dBαζt +H(ζt))) = 2

∫
∂Y0

tr(φt ∧ dBαζt)

=

∫
∂Y0

tr(φt ∧ dBαζt) +

∫
∂Y0

tr(ζt ∧ dBαφt). (4.48)

We can use (4.46), (4.47) and (4.48) and the exponential convergence of ζ to an element ofH1
h(Y ;B)

to conclude that ∫
R×Y0

tr(dh,h
′

Aα
ζ ∧ dh,h

′

Aα
ζ) =

∫
∂(R×Y0)

tr(ζ ∧ dAαζ). (4.49)

A similar argument shows that∫
R×−Y ′0

tr(dh,h
′

Aα
ζ ∧ dh,h

′

Aα
ζ) =

∫
∂(R×−Y ′0)

tr(ζ ∧ dAαζ). (4.50)

Since Aα is flat on U− × Σ, Stokes theorem implies that∫
U−×Σ

tr(dh,h
′

Aα
ζ ∧ dh,h

′

Aα
ζ) =

∫
∂(U−×Σ)

tr(ζ ∧ dAαζ) (4.51)

By adding up the above three equations, we have the following simple form for the first term in (4.41):∫
X

tr(dh,h
′

Aα
ζ ∧ dh,h

′

Aα
ζ) =

∫
U∂×Σ

tr(ζ ∧ dAαζ)

= −
∫ ∞
−∞

dθ

∫
Σ

tr(a(θ) ∧ ∂θa(θ)) (4.52)

To clarify the notation in the second line, note that the restriction of ζ to U∂ × Σ has the form ζ =
a(θ) + ψ(θ)dθ where a(θ) and ψ(θ) are respectively 1- and 0-forms on Σ with values in F . The second
identity is a consequence of the assumption that for each θ the 2-dimensional exterior derivative dαa(θ)
vanishes. Since a(θ)− v(0, θ) is dα-exact, identities (4.43) and (4.52) imply that (4.41) vanishes.
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Now we assume that (ζ, ν) belongs to the kernel of the mixed operator D(Aα,uα):

d∗Aαζ = 0, d+
Aα
ζ + (∗3HessBαh(ζt))

+ + (∗3HessB′αh
′(ζ ′t))

+ = 0, ∂θν − Js,θ∂sν = 0.

Thus we have
tr(dh,h

′

Aα
ζ ∧ dh,h

′

Aα
ζ) = |dh,h

′

Aα
(ζ)|2dvolX ,

and
Ω(dν, dν)(s, θ) = 2|∂sν(s, θ)|2ds ∧ dθ.

We conclude from these identities and the vanishing of (4.41) that

dh,h
′

Aα
ζ = 0, dν = 0. (4.53)

In particular, ν is constant, which implies that ν = 0 due to its decay on the symplectic end. In particular,
ζ has exponential decay on the mixed ends associated to Y and Y ′.

Proposition 4.54. For ζ as above, there is an L2
1,δ section η of the bundle V over X such that ζ = dAαη.

Proof. We construct η on the subspaces R× Y0, R×−Y ′0 and U− ×Σ separately. For (τ, y) ∈ R× Y0,
let

η1(τ, y) :=

∫ τ

−∞
φt(y)dt,

where φt is given in (4.44). Vanishing of dh,h
′

Aα
ζ implies that dζt

dt = dBαφt. This observation and the
decay of ζ on the end that t→ −∞ imply that dAαη1 is equal to ζ over the subspace R× Y0. Similarly,
we define η2 on R × −Y ′0 . On the subspace U− × Σ, we have dAαζ = 0. The element of H1(Σ;α)
represented by the 1-form ζ(s, θ) for (s, θ) ∈ U− is independent of the choice of (s, θ). In particular, this
cohomology class is trivial because of the decay assumption on ζ as s→ −∞. Thus for any (s, θ), there
is a unique η3(s, θ) such that dαη3(s, θ) = ζ(s, θ). It is also straightforward to see dAαη3 = ζ because
dAαη3 − ζ is dAα-closed and its restriction to {(s, θ)} × Σ for any (s, θ) vanishes. Since the restriction
of Aα to the overlaps of R× Y and U− × Σ (resp. R× Y and U− × Σ) is still irreducible, the sections
η1 (resp. η2) and η3 agree on the overlap regions. In particular, we obtain a section η of V over X such
that ζ = dAαη. It is straightforward to check that η is in L2

1,loc. For any θ ∈ [2,∞), if ηθ is the restriction
of η to {θ} × Y , then dBαηθ equals the restriction of ζ to {θ} × Y . Since Bα is irreducible, we may
conclude that η on the mixed end associated to Y belongs to L2

1,δ because ζ satisfies a similar exponential
decay. Similar argument shows the decay of ζ on the mixed end associated to Y ′ and the gauge theoretical
end.

The identity ζ = dAαη, Stokes theorem and the boundary condition ∗ζ|U∂×Σ = 0 implies that∫
X
〈ζ, ζ〉 =

∫
X
〈d∗AαdAαη, η〉.

Since d∗Aαζ = 0, we conclude that ζ = 0. Thus, the kernel of D(Aα,uα) is trivial.
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Next, we show that the cokernel of the operator D(Aα,uα) is trivial. Let (µ, ξ, z) ∈ K l
(Aα,uα) belongs

to the kernel of D∗(Aα,uα). This implies that z is a map from U+ toH1(Σ;α). These terms satisfy

dAαξ + d∗Aαµ+ HessBαh(∗3µt) + HessB′αh
′(∗3µ′t) = 0, ∂θ(Js,θz)− ∂sz = 0. (4.55)

Moreover, (µ, ξ, z) satisfy the conditions spelled out in Definition 4.9.

First we show that dAαξ vanishes, which immediately implies that ξ = 0, because Aα is an irreducible
connection. In fact, we have the following identities for the L2 norm of dAαξ:∫

X
〈dAαξ, dAαξ〉 =

∫
X

tr
(
dAαξ ∧ ∗d∗Aαµ

)
+

∫ ∞
−∞

∫
Y0

tr(dAαξt ∧ ∗3HessAth(∗3µt))dt

+

∫ ∞
−∞

∫
−Y ′0

tr
(
dAαξt ∧ ∗3HessA′th

′(∗3µ′t)
)
dt

=

∫
X

tr(dAαξ ∧ dAαµ)−
∫ ∞
−∞

∫
Y0

tr(ξt · dAα(∗3HessAth(∗3µt)))dt

−
∫ ∞
−∞

∫
−Y ′0

tr
(
ξt · dAα(∗3HessA′th

′(∗3µ′t))
)
dt

=

∫
U∂×Σ

tr(ξ · dAαµ)−
∫
X

tr(ξ · [FAα , µ]) +

∫ ∞
−∞

∫
Y0

tr(ξt · [FAα , ∗3µt])dt

+

∫ ∞
−∞

∫
−Y ′0

tr
(
ξt · [FAα , ∗3µ′t]

)
dt.

We use Stokes theorem in the last two identities, and Proposition 2.10 is used in the third identity. The
assumption on the restriction of µ to U∂ × Σ and the assumption that (Aα, uα) is a constant solution to
the mxied equation imply that the last expression is zero. Thus ξ vanishes.

We introduced dh,h
′

Aα
in (4.42), as a deformation of the exterior derivative operator dα acting on sections

of Λ1 ⊗ V , and now we define a similar operator for sections of Λ2 ⊗ V . For a section κ of Λ2 ⊗ V over
X , let

dh,h
′

Aα
κ := dAακ− ∗3HessBαh((ι∂tκ)t) ∧ dt− ∗3HessB′αh

′((ι∂tκ)′t) ∧ dt, (4.56)

where (ι∂tκ)t is obtained by contracting κ|R×Y0 with respect to ∂t and then restricting it to {t} × Y0.
The 1-form (ι∂tκ)′t is defined similarly by replacing Y0 with −Y ′0 . A straightforward calculation using
Proposition 2.10 shows that dh,h

′

Aα
dh,h

′

Aα
ζ = 0 for a section of Λ1⊗V . As a consequence of the first identity

in (4.55) and the vanishing of ξ, dh,h
′

Aα
µ vanishes.

Lemma 4.57. There is (ζ, ν) ∈ El(Aα,uα) such that:

2µ = dh,h
′

Aα
ζ, zdθ + Js,θzds = dν. (4.58)

This lemma allows us to conclude the triviality of the kernel of D∗(Aα,uα) as in the case of the kernel of
D(Aα,uα) in the following way. On one hand, the expression in (4.41) vanishes for the pair (ζ, ν) produced

by the lemma because (ζ, ν) ∈ El(Aα,uα). On the other hand, dh,h
′

Aα
ζ is self-dual and dν at (s, θ) is a
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(0, 1)-form with respect to Js,θ, and a similar argument as in the previous case shows that the expression
in (4.41) is non-positive and it is equal to zero if and only if ζ and ν vanish. This shows that (µ, ξ, z) is
trivial.

Proof. The pair of µ and η := zdθ + Js,θzds satisfies:

(i) µ ∈ L2
l,δ(X,Λ

2 ⊗ V ) and η ∈ L2
k,δ(U+,Λ

1 ⊗ TαM(Σ, F ));

(ii) dh,h
′

Aα
µ = 0 and dη = 0;

(iii) At any point (0, θ) ∈ U∂ , we have 2ι∂θµ(0, θ) is dα-closed and represents the same cohomology
class as ι∂θη(0, θ).

We prove a more general result showing that for any µ and η as above there is (ζ, ν) ∈ El(Aα,uα) such that
(4.58) holds.

The transversality of the Largrangians L(Y,E) and L(Y ′, E′) implies that there are c ∈ TαL(Y,E)
and c′ ∈ TαL(Y ′, E′) such that ∫ ∞

−∞
ι∂θη(0, θ)dθ = c− c′. (4.59)

Note that our assumption on z implies that the integral on the left exists. Then c and c′ determine
b ∈ H1

h(Y ;Bα) and b′ ∈ H1
h′(Y

′;B′α). We define a section ζ0 of Λ1 ⊗ V which is supported in
(2,∞)× Y , and over this subspace of X it is given by

ζ0(θ, y) = 2f(θ)

(
1

2
π∗(b)−

∫ ∞
θ

(ι∂θµ(y, τ))dτ

)
,

where f : R→ R is a smooth function that is equal to 1 on (3,∞) and vanishes on (−∞, 5/2). Similarly
define

ν0(s, θ) = f(θ)

(
c−

∫ ∞
θ

ι∂θη(s, τ)dτ

)
.

Then (ζ0, ν0) ∈ El(Aα,uα). Moreover, the identities in (4.55) and the decay assumptions on µ and z imply

that over the space Y × (3,∞) we have 2µ = dh,h
′

Aα
ζ0 and η = dν0. Let f ′ : R → R be another bump

function that equals 1 on (−∞,−3) and vanishes over (−5/2,∞). Define

ζ ′0(θ, y) = 2f ′(θ)

(
1

2
π∗(b′) +

∫ θ

−∞
(ι∂θµ(y, τ))dτ

)
, ν ′0(s, θ) = f ′(θ)

(
c′ +

∫ θ

−∞
ι∂θη(s, τ)dτ

)
.

We again have (ζ ′0, ν
′
0) ∈ El(Aα,uα). Moreover, the pair

µ0 := µ− dh,h
′

Aα
(ζ0 + ζ ′0), η0 := η − d(ν0 + ν ′0),

satisfies properties (i)-(iii) stated above, µ0 vanishes on (3,∞)× Y and (−∞,−3)× Y ′, and η0 vanishes
on [0, 2]× (3,∞) and [0, 2]× (−∞,−3). Moreover, there is a section λ of F over Σ× [−2, 0] such that
for any x ∈ Σ, s ∈ [−2, 0] and s′ ∈ [0, 2], we have∫ ∞

−∞
ι∂θµ0|{(s,θ)}×Σdθ = dαλ(x, s),

∫ ∞
−∞

ι∂θη0(s′, θ)dθ = 0. (4.60)
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The second identity in (4.60) for s′ = 0 follows readily from (4.59). We obtain the identity for all values
of s′ using the assumption that η0 is closed. The first identity in (4.60) for s = 0 follows from the second
one and property (iii) of (µ0, η0). This can be extended to all values of s using dh,h

′

Aα
µ = 0 and the Stokes’

theorem.

Next, we modify µ0 and η0 such that in addition to the properties mentioned in the previous paragraph,
they vanish in a neighborhood of the matching line U∂ . Fix a bump function f∂ : R→ R that is equal to
1 on the interval [−1, 1] and vanishes outside the interval [−2, 2]. Let also h : R → R be a compactly
supported bump function with support in [−2, 2] whose integral over R equals 1. Define

ζ∂(x, s, θ) := 2f∂(s)

∫ θ

−∞
−h(τ)dαλ(x, s) + ι∂θµ0(x, s, τ)dτ, ν∂(s, θ) := f∂(s)

∫ θ

−∞
ι∂θη0(s, τ)dτ

where (x, s, θ) ∈ Σ × [−2, 0] × [−3, 3] and (s, θ) ∈ [0, 2] × [−3, 3]. Extend ζ∂ in the trivial way to
the rest of X , and extend ν∂ in the trivial way to the rest of U+. Then we can see (ζ∂ , ν∂) belongs to
El(Aα,uα) using the identities in (4.60). From the definition, it is clear that the support of ζ∂ is contained
in Σ× [−2, 0]× [−3, 3] and the support of ν∂ is contained in [0, 2]× [−3, 3]. If we define

µ1 := µ0 − dh,h
′

Aα
(ζ∂), η1 := η0 − dν∂ ,

then (µ1, η1) satisfies (i)-(iii), µ1 vanishes on (3,∞) × Y , (−∞,−3) × × and the neighborhood Σ ×
[−1, 0] × U∂ of the matching line, and η1 vanishes on [0, 2] × (3,∞), [0, 2] × (−∞,−3) and the
neighborhood [0, 1]× U∂ of the matching line.

The support of µ1 is contained in an open subspaceK− ofX which is diffeomorphic to (−∞, 3)×Y#

(see Figure 3). We may assume that the diffeomorphism from K− to (−∞, 3) × Y# is given by the
identity map on (−∞,−3) × Y#, (−∞, 3) × Y0 and (−∞, 3) × −Y ′0 . We use this diffeomorphism to
identify K− with (−∞, 3)× Y# and for any (t, y#) ∈ (−∞, 3)× Y#, we define

ζ ′#(t, y#) := 2

∫ t

−∞
(ι∂θµ1(τ, y#))dτ

Then dh,h
′

Aα
ζ ′# = µ1. In particular, the restriction of ζ ′# to {3}×Y# is in the kernel of dBα +∗3HessBαh+

∗3HessB′αh
′. Non-degeneracy of α ∈ CG implies that there is a section φ ofE# such that ζ ′#(3, ·) = dBαφ.

Let f# : (−∞, 3)→ R be a function which equals 0 on (−∞, 2) and equals 1 in a neighborhood of 3,
and modify ζ ′# as ζ# = ζ ′# − dAα(f#φ). Then ζ# vanishes in a neighborhood of {3} × Y# and we may

extend it to X trivially. Now (ζ#, 0) ∈ El(Aα,uα) and dh,h
′

Aα
ζ# = µ1. Similarly, we may find ν# such that

(0, ν#) ∈ El(Aα,uα) and dν# = η1. Consequently, the pair

ζ := ζ0 + ζ ′0 + ζ∂ + ζ#, ν := ν0 + ν ′0 + ν∂ + ν#,

gives the desired claim.

4.4 Mixed shifting

We start this subsection by introducing a special type of mixed pairs.
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K− K+

Figure 3: The support of µ1 is contained in the set K− and the support of η1 is contained in K+

Definition 4.61. An element (A, u) ∈ A(α, β) is symplectically constant if (A, u), restricted to the
complement of (−∞,−3]× Y#, is equal to a constant pair (Aβ, uβ) associated to β. In particular, the
map u is a constant map to β.

Lemma 4.62. For any (A, u) ∈ A(α, β), there is a path from (A, u) to a symplectically constant pair in
A(α, β).

To verify the lemma, it is helpful to give a different parametrization of the 4-manifold X and the 2-
dimensional domainU+. Identify R×[−1, 1] in the standard way with the subspace of C given by numbers
whose imaginary parts are in [−1, 1]. There is a diffeomorphism Φ+ : U+ → ([0,∞)× [−1, 1]) \ {±i}
which satisfy the following conditions (see Figure 4).

(i) The restriction of Φ+ to the subspace [3,∞)× [−1, 1] of U+ is given by the identity map.

(ii) On the subspace [0, 2]× [2,∞) of U+, we have

Φ+(s, θ) = i + e−θ+πi
s−2

4 .

(iii) For any (s, θ) ∈ U+, Φ+(s,−θ) is equal to the complex conjugate of Φ+(s, θ). In particular, on
the subspace [0, 2]× (−∞,−2] of U+, we have:

Φ+(s, θ) = −i + eθ+πi
2−s

4 .
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(i)(i)

(ii)(ii)

(iii)(iii)

(i)(i)

(ii)(ii)

(iii)(iii)

Figure 4: The old and the new parametrizations of U+ and X: The diffeomorphisms Φ+ and Φ− map the
spaces on the left to the spaces on the right while mapping each colored region with a label to a region
with the same color and label.

There is also a diffeomorphism Φ− : X → ((−∞, 0]× Y#) \ ({0} × Y0 ∪ {0} × −Y ′0) such that the
following hold.

(i) The restriction of Φ− to the subspace U− × Σ of X is given by

Φ−(s, θ, x) = (−Φ+,s(−s, θ),Φ+,θ(−s, θ), x),

where Φ+(s, θ) = (Φ+,s(s, θ),Φ+,θ(s, θ)) ∈ [0,∞)× [−1, 1].

(ii) On the subspace R× Y0 of X , we have

Φ−(τ, y) = (f(τ), y),

where f : R→ (−∞, 0) is an increasing smooth function which is determined by the restriction of
Φ− to the subspace η− × Σ and satisfies

f(τ) =

{
τ τ ≤ −3,
−e−τ τ ≥ 2.

(iii) On the subspace R×−Y ′0 of X , we have

Φ−(τ, y′) = (f(τ), y′).
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Before delving into the technical aspects of the proof of Lemma 4.62, we discuss the main idea of
the construction of a path from a mixed pair (A, u) ∈ A(α, β) to a symplectically constant pair. Using
the above reparametrization, we may regard u as a map from [0,∞)× [−1, 1] toM(Σ, F ) and A as a
connection on (−∞, 0]× Y#. (Strictly speaking, we have to remove ±i from the domain of u and the
subspace {0} × Y0 ∪ {0} ×−Y ′0 from (−∞, 0]× Y#.) Let Au be a connection on [0,∞)× Y# such that
for any (s, θ) ∈ [0,∞)× [−1, 1], the restriction of Au to {(s, θ)}×Σ ⊂ {s}× Y# represents u(s, θ), its
restriction to {0}×Y# agrees with the restriction of A to {0}×Y# and for any s ∈ [0,∞), the restriction
of Au to {s} × Y0 ⊂ {s} × Y# (resp. {s} × −Y ′0 ⊂ {s} × Y#) represents u(s, 1) ∈ L(Y,E) (resp.
u(s,−1) ∈ L(Y ′, E′)). Then we may shift the mixed pair to the gauge theory side and define the pair
(Aτ , uτ ) for any τ ∈ [0,∞)

Aτ (s, y) :=

{
A(s+ τ, y) s ≤ −τ
Au(s+ τ, y) s > −τ , uτ (s, y) := u(s+ τ, y). (4.63)

As τ tends to infinity, the pair (Aτ , uτ ) converges to a symplectically constant pair.

The above argument needs to be modified to guarantee that the mixed pairs (Aτ , uτ ) belong to the
function space used in the definition of A(α, β). Before applying the above shifting construction, we pick
a path from (A, u) to a smooth mixed pair (A′, u′) which satisfies the following additional assumptions.
(In the following, we use the old parametrization of the spaces X and U+.)

(i) The restriction of u′ to the subspace [3,∞)× [−1, 1] of U+ is the constant map to β.

(ii) On a tubular neighborhood of η+ (resp. η′+) identified with η+ × (1
2 , 1] (resp. η′+ × [−1,−1

2)) the
map u is equal to the pullback of a smooth map from η+ to L(Y,E) (resp. η′+ to L(Y ′, E′)).

(iii) The restriction to [0, 2]× [2,∞) (resp. [0, 2]× (−∞,−2]) of u is the constant map to an element
q ∈ L(Y,E) (resp. q′ ∈ L(Y ′, E′)).

(iv) There is a smooth function w : [−2, 2] → M(Σ, F ) such that for (s, θ) ∈ [0, 1] × [−2, 2],
u(s, θ) = w(θ).

(v) The restriction of A to the subspaces [2,∞) × Y (resp. (−∞,−2] × Y ′) is the pull-back of a
connection B (resp. B′) on E (resp. E′) which is a representative for q (resp. q′).

(vi) The restriction ofA to [−1, 0]×[−2, 2]×Σ is the pullback of a smooth connectionB# on[−2, 2]×Σ
with a vanishing dθ component. In particular, B#|{θ}×Σ is flat and is a representative for w(θ).

Next, we wish to lift u′ to a connection A′u on [0,∞) × Y#. In the following, we use the new
reparametrization of X and U+. In particular, A′ can be identified as a connection on ((−∞, 0]× Y#) \
({0} × Y0 ∪ {0} × −Y ′0), which can be extended smoothly to a connection on (−∞, 0]× Y#. For any
(r, t) ∈ [0,∞)× [−1, 1], let α(r, t) be the unique connection on F which satisfies

(i) α(r, t) is a flat connection representing u(r, t);

(ii) α(0, t) = A′|Σ×{(0,t)} for any t;
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(iii) d∗α(r,t)∂rα(r, t) = 0.

For any r ∈ [0,∞), we fix smooth connections B(r) and B′(r) on Y and Y ′ such that

(i) B(r) (resp. B′(r)) represents an element of L(Y,E) (resp. L(Y ′, E′)) whose restriction to the
tubular neighborhood of the boundary of Y (resp. Y ′) is determined by α(r, 1) (resp. α(r,−1));

(ii) the restriction of B(0) to Y0 (resp. B′(0) to Y ′0) is equal to the restriction of A′ to {0} × Y0 (resp.
{0} × −Y ′0).

The flat connections α(r, t) determine a smooth connection on Σ× [0,∞)× [−1, 1] with vanishing dr and
dt components, and the connections B(r), B′(r) determine connections on [0,∞)× Y0, [0,∞)×−Y ′0
with vanishing dr components. Gluing these connections determines the desired connection A′u on
[0,∞) × Y#. Now it is easy to see that the above shifting operation in (4.63) applied to A′ and A′u
provides a smooth path in A(α, β) from (A′, u′) to a symplectically constant pair. In fact, the same
argument addresses the family version of Lemma 4.62.

Lemma 4.64. For a compact space T , suppose f : T → B(α, β) is a smooth map. Then there is a smooth
map F : T × [0, 1]→ B(α, β) such that for any x ∈ T , F (x, 0) = f(x) and F (x, 1) is a symplectically
constant pair. Moreover, if f(x) is already symplectically constant pair, then F (x, t) is a symplecically
constant pair for any t.

4.5 Proof of Proposition 3.20

Suppose A ∈ AG(α, β) is a connection on the cylindrical manifold R× Y and (A′, u) ∈ A(β, γ) is a
mixed pair. We assume that AG(α, β) and A(β, γ) are defined using the same representative for β. For
any T ∈ [3,∞), we can glue A and (A′, u) to define an element (AT , u) ∈ A(α, γ). The connection AT
is defined as follows.

(i) On the cylinder (−∞,−2T ]× Y#, AT is equal to τ∗4T (A), the translation of the restriction A over
(−∞, 2T ]× Y# by 4T .

(ii) On the complement of (−∞,−T ]× Y#, AT is equal to A′.

(iii) On the cylinder (−2T, T ) × Y#, AT is equal to ρ( s+2T
T ) · τ∗4T (A) + (1 − ρ( s+2T

T )) · A′ where
ρ : [0, 3]→ [0, 1] is a fixed smooth function with ρ(t) = 1 if t ≤ 1 and ρ(t) = 0 if t ≥ 2.

By putting the connections A and A′|(−∞,−3]×Y#
in the temporal gauge, the above gluing construction

descends to gluing an element of BG(α, β) and B(α, β).

Proposition 4.65. The topological energy of (AT , u) and the index of D(AT ,u) are given by

E(AT , u) = E(A) + E(A′, u), (4.66)

and
index(D(AT ,u)) = index(DA) + index(D(A′,u)). (4.67)
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Proof. Lemma 3.11 implies that E(AT ) is independent of T . Thus the identity in (4.66) can be obtained
by taking the limit T → ∞. The additivity formula in (4.67) is the counterpart of the additivity of the
index of the ASD operator with respect to gluing [Don02, Section 3.3] and a similar argument can be used
to prove (4.67).

Proof of Proposition 3.20. Since the index of the mixed operator and topological energy of mixed pairs
are locally constant, Lemma 4.62 implies that it suffices to prove Proposition 3.20 for symplectically
constant pairs. A symplectically constant pair (A, u) ∈ A(α, β) can be obtained by gluing a constant pair
(Aβ, uβ) and a connection A ∈ AG(α, β). Now Propositions 2.53, 3.19 and 4.65 give the index formula
for mixed operators.

Proof of Lemma 3.15. Suppose [A, u], [A′, u′] ∈ B(α, β). Using Lemma 4.62 we may assume that [A, u]
and [A′, u′] are symplectically constant pairs without changing their topological energies. Thus, after
picking appropriate representatives for the connections A and A′, we may assume that they agree on
the complement of (−∞,−3] × Y#. In particular, these two connections induce connections AG and
A′G on R× Y# which represent elements of BG(α, β). Characterization of the components of BG(α, β)
implies that 2(E(AG)−E(A′G)) is an integer, and hence a similar result holds for 2(E(A, u)−E(A′, u′)).
Moreover, if E(AG) = E(A′G), then AG and A′G can be connected to each other by a path of connections
which is fixed on [−3,∞)× Y#. This induces a path between the mixed pairs [A, u] and [A′, u′].

The following is a consequence of Proposition 3.20 and Lemma 3.15.

Corollary 4.68. For any smooth (A, u) ∈ A(α, α), the index D(A,u) is a multiple of 4.

There is a variant of Proposition 4.65 where a mixed pair (A, u) ∈ A(α, β) is glued to a map
u′ : R× [−1, 1]→M(Σ, F ) representing a path from β ∈ CS to γ ∈ CS . After arranging an appropriate
chart for a neighborhood of β inM(Σ, F ) and the Lagrangians L(Y,E) and L(Y ′, E′), we may follow a
similar process as in the previous case to define (A, uT ) ∈ A(α, γ) for T large enough. The proof of the
following proposition is similar to Proposition 4.65.

Proposition 4.69. The topological energy of (A, uT ) and the index of the mixed operator D(A,uT ) is
given by

E(A, uT ) = E(A, u) +
1

4π2

∫
R×Y

(u′)∗Ω (4.70)

and
index(D(A,uT )) = index(D(A,u)) + index(Du′). (4.71)

4.6 Proof of Propositions 2.27 and 2.54

Proof of Proposition 2.27. Suppose α ∈ CS and u : R × [−1, 1] →M(Σ, F ) is a smooth map that is
the constant map to α on the complement of the compact region [−1, 1]× [−1, 1]. This map determines
an element γu of π1(Ω(L,L′), oα) in an obvious way and we have

[Ω](γu) =

∫
R×[−1,1]

u∗Ω, µ(γu) = index(Du). (4.72)
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We may glue uα to the constant map (Aα, uα) to define a mixed pair (Aα, u
′) ∈ A(α, α) which satisfies

the following properties by Propositions 3.19, 4.69 and the identities in (4.72)

E(Aα, u
′) =

1

4π2
[Ω](γu), index(D(Aα,u′)) = µ(γu). (4.73)

As a consequence of Proposition 3.20 we can conclude that

µ(γu) =
2

π2
[Ω](γu).

This implies that (L(Y,E), L(Y ′, E′)) is a monotone pair. The second identity in (4.73) and Corollary
4.68 imply that the minimal Masolv number of the pair is divisible by 4.

The minimal Masolv number of the pair (L(Y,E), L(Y ′, E′)) is in fact equal to 4. This follows from
the well-known fact that c2(M(Σ, F )) is twice the generator of H2(M(Σ, F ),Z) [Ram73, AB83]. (This
fact can be also derived from the arguments used in this section.) SinceM(Σ, F ) is simply connected,
there is an element of π2(M(Σ, F )) whose pairing with c2(M(Σ, F )) is any given even integer. Thus
we may change the Maslov number of u : R× [−1, 1]→M(Σ, F ) as above by any multiple of 4 after
gluing to a sphere inM(Σ, F ).

Assuming that CS is non-empty, monotonicity of the pair (L(Y,E), L(Y ′, E′)) implies that each of
L(Y,E) and L(Y ′, E′) is an oriented monotone Lagrangian with minimal Maslov number 4. To avoid
the assumption on CS , we may assume (Y ′, E′) = (Y,E) and use two different perturbation terms h, h′

for L(Y,E) such that the corresponding Lagrangians intersect non-trivially and transversely. In any case,
replacing L(Y ′, E′) with L(Y,E) turns out to be unnecessary because I∗(Y#, E#) is always non-trivial
[KM04, KM10]. Next, let l be a loop in L(Y,E). Let v : D2 → M(Σ, F ) with v|∂D2 = l. Since
the Maslov index of the disc v is an even integer, TL(Y,E) is orientable. Thus L(Y,E) and similarly
L(Y ′, E′) are orientable.

Proof of Proposition 2.54. Suppose α, β ∈ CS,o where o denotes a connected component of the path
space Ω(L(Y,E), L(Y ′, E′)), and u : R × [−1, 1] → M(Σ, F ) is a smooth map representing a path
from α to β. Thus u satisfies

u(−s, θ) = α, u(s, θ) = β, ∀(s, θ) ∈ [1,∞)× [−1, 1] (4.74)

and
u|R×{1} ⊂ L(Y,E), u|R×{−1} ⊂ L(Y ′, E′). (4.75)

Gluing the constant pair (Aα, uα) to u produces a constant pair (Aα, uT ) which can be connected to
a symplectically constant pair (A, uβ) by Lemma 4.62. The latter mixed pair is obtained by gluing a
connection A′ ∈ AG(α, β) to the constant pair (Aβ, uβ). A similar argument as above using Propositions
3.19, 4.65 and 4.69 shows

index(Du) = index(DA′).

The above identity implies that the relative grading of α and β with respect to degS and degG agree with
each other. This completes the proof of Proposition 2.54.
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4.7 Orientability of the mixed determinant lines

The smooth elements of B(α, β) parametrize a family of Fredholm operators given by the mixed operators.
Associated to this family of Fredholm operators, we can associate a determinant line bundle δM over the
subspace of B(α, β) given by smooth elements, where the fiber of δM over [A, u] can be identified with

Λmax ker(D(A,u))⊗ (Λmax coker(D(A,u)))
∗.

We shall show in the next section that the elements of M(α, β) are smooth. In particular, δM induces a line
bundle on M(α, β) whose restriction to the open subspace Mreg(α, β) of regular elements of M(α, β)
can be naturally identified with the orientation bundle of the manifold Mreg(α, β). Therefore, we are
interested in trivializing δM to orient the moduli spaces of solutions to the mixed equation. Moreover, we
use orientability of δM to verify the claim in Proposition 2.38.

To prove triviality of δM , it suffices to show that its restriction to any loop γ : S1 → B(α, β) is
orientable. Using Lemma 4.64, we may assume that γ parametrizes an S1-family of symplectically
constant pairs. In particular, there is a connection Aβ representing β and a loop γG : S1 → BG(α, β)p
such that γ is obtained by gluing γβ to [Aβ, uβ] in the same way as in Subsection 4.5. The family version
of (4.67) in Proposition 4.65, which can be proved again using essentially the same arguments as in
[Don02, Section 3.3], implies that the restriction of δM to the family given by the loop γ can be identified
with the the tensor product δGp |γG ⊗ δM |[Aβ ,uβ ]. In particular, orientability of δGp implies that δM is
orientable.

The above argument can be also used to fix an orientation of δM . First we fix an orientation of the
lines bundles δGp over the configuration spaces BG(α, β)p. For any connected component of B(α, β), we
fix a symplectically constant pair [A, u] which exists according to Lemma 4.62. Thus, (A, u) is obtained
from gluing a connection AG ∈ AG(α, β)p over R × Y# to a constant pair (Aβ, uβ). The fiber of δM

over [A, u] is isomorphic to δGp |[AG] ⊗ δM |[Aβ ,uβ ], and the isomorphism is canonical up to multiplication
by a positive constant. Since the kernel and the cokernel of the mixed operator associated to the mixed
solution are trivial, δM |[Aβ ,uβ ] can be naturally identified with R. Therefore, the fixed orientation of δGp
determines an orientation of δM |[A,u]. This orientation is independent of the choice of [A, u]. If [A′, u′] is
another element in the same connected component of B(α, β), then there is a path γ : [0, 1]→ B(α, β)
from [A, u] to [A′, u′]. Using Lemma 4.64, we may assume that γ is in fact a path in the subspace of
symplectically constant pairs. Therefore, orientations of δM induced by [A, u] and [A′, u′] agree with
each other.

We use a similar trick to show that the line bundles δSp over the configuration spaces of strips
BS(α, β)p are trivial, and then fix a trivialization of these line bundles. Let γS : S1 → BS(α, β)p be a
loop. By changing this loop using a homotopy, we may assume that γS is represented by a smooth map
U : R× [−1, 1]×S1 →M(Σ, F ) such that for s ≥ 1, we have U(−s, θ, t) = α and U(s, θ, t) = β. We
may glue this loop to the constant mixed pair (Aα, uα) as in Subsection 4.5 to define γT : S1 → A(α, β)
for T large enough. The family version of Proposition 4.69 implies that δM |γT is isomorphic to the tensor
product δM |[Aα,uα] ⊗ δSp |γ . In particular, δSp |γ is trivial, which verifies our claim.

We may fix an orientation of δSp in the same was as in the case of δM . Given a strip u : R× [−1, 1]→
M(Σ, F ) satisfying (4.74) and (4.75), we may glue the constant mixed pair (Aα, uα) to u to define
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another mixed pair (Aα, u
′). Since δM |[Aα,u′] and δM |[Aα,uα] ⊗ δSp |u are isomorphic and δM |[Aα,u′]

and δM |[Aα,uα] have fixed orientations, we obtain an orientation of δSp |u. This induces a well-defined
orientation of δSp . These orientations are compatible with the strip gluing maps in (2.36) because the
fixed orientations on δGp are compatible with the cylinder gluing maps in (2.55). In summary, we obtain a
coherent system of orientations for the line bundles δSp .

Remark 4.76. We use gluing theory of various indices to define orientations of the line bundles δM and
δSp in terms of the orientations of the line bundles δGp . Recall that we had a degree of freedom to orient δGp .
To define this orientation, we fixed an orientation of δGp0

where p0 is a path from a fixed α0 ∈ CG to itself,
whose index has the form 8k + 4. One such path p0 can be fixed as follows. Let s : S2 → M(Σ, F )
represent an element of π2(M(Σ, F )) which is associated to one of the connected components of Σ
and is introduced at the end of Subsection 2.2. Gluing s to the constant strip mapped to α0 determines
u : R× [−1, 1]→M(Σ, F ) with index(Du) = 4. Applying the mixed shifting operation of Subsection
4.4 gives a connection on R× Y#, which represents the desired path p0. The sphere gluing map Ψp,s in
Remark 2.39 allows us to define an orientation of the index of Du. Then using the construction of this
subsection in the reverse order, we may fix an orientation of δGp0

. Using this orientation of δGp0
, one may

easily see that the induced coherent system of orientations of the line bundles δSp is compatible with Ψp,s

when s is the above element of π2(M(Σ, F )).

5 Non-linear analysis

In this section we shall prove Proposition 3.6 and part of Proposition 3.26. Our primary tools are the
compactness and regularity theorems of [DFL] together with some standard results about the solutions of
ASD and pseudo-holomorphic curve equations. As in the previous section, (Y,E) and (Y ′, E′) are fixed
as in Subsection 2.1, and we fix Lagrangian 3-manifolds associated to these pairs that have transversal
intersection and the claim of Lemma 2.56 holds. We continue to drop h and h′ from our notations for the
3-manifolds Lagrangians, and denote them by L(Y,E) and L(Y ′, E′).

5.1 Review of the results of [DFL] on regularity and compactness

The following compactness theorem from [DFL, Theorem 3] can be regarded as a common generalization
of Uhlenbeck and Gromov compactness theorems to moduli spaces of solutions to the mixed equation.

Theorem 5.1. Suppose q = (X,V, S,M(Σ, F ),L) is a quintuple as in Subsection 3.1. There is a
constant ~ such that the following holds. Suppose {(Ai, ui)} is a sequence of solution of the mixed
equation (3.2) associated to q such that

E(Ai, ui) ≤ κ

for a fixed constant κ. Then there are

(i) a subsequence {(Aπi , uπi )} of {(Ai, ui)},

(ii) a solution of the mixed equation (A0, u0) for the quintuple q,
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(iii) finite sets σ− ⊂ int(X), σ∂ ⊂ γ and σ+ ⊂ S \ γ,

such that the following holds.

(i) The pair (A0, u0) satisfies the energy bound

E(A0, u0) ≤ lim sup
i
E(Ai, ui).

If any of the sets σ−, σ∂ and σ+ is nonempty, then the above inequality can be improved by
subtracting ~ from the right hand side.

(ii) uπi is C∞-convergent to u0 on any compact subspace of S \ (σ+ ∪ σ∂).

(iii) There are gauge transformations gπi defined over X \ (σ∂ × Σ ∪ σ−) such that (gπi )∗Aπi is C∞

convergent to A0 on any compact subspace of X \ (σ∂ × Σ ∪ σ−).

In the above theorem, one should think about σ−, σ+ and σ∂ as the sets where the bubbling phe-
nomenon happens. We have bubbling of the ASD equation on σ−, bubbling of the holomorphic curve
equation on σ+ and mixed bubbling on σ∂ . We need a slightly more general version of this compactness
theorem where the mixed equation is perturbed by terms similar to the perturbation terms that appear
in (3.22). To be more specific, we consider a generalization of the mixed equation where holomorphic
equation part of the mixed equation is defined using a family of domain dependent almost complex
structures and the ASD equation is deformed by holonomy perturbations. We shall make the precise type
of such perturbations clear in the subsequent section. For now, we just point out that we only consider
perturbations that in a neighborhood of γ in S the almost complex structure is the standard one J∗, and in
a neighborhood of γ × Σ in X , the holonomy perturbation of the ASD equation is trivial. We call any
such perturbation a standard perturbation of the mixed equation, which is trivial in a neighborhood of the
matching line.

Theorem 5.2. Suppose q = (X,V, S,M(Σ, F ),L) is given as in Theorem 5.1. Suppose the mixed
equation associated to q is deformed by a standard perturbation, which is trivial in a neighborhood of the
matching line, and {(Ai, ui)} is a sequence of solutions to the perturbed mixed equation. Then the same
claim as in Theorem 5.1 holds except that the last part of the claim should be replaced with

(iii)’ There are gauge transformations gπi defined over X \ (σ∂ × Σ ∪ σ−) such that for any p, the
connections (gπi )∗Aπi are Lp1 convergent to A0 on any compact subspace of X \ (σ∂ × Σ ∪ σ−).
This convergence can be improved to C∞ if σ− is empty.

Proof. Theorem 5.1 has a local nature. First, one obtains a compactness theorem for nice neighborhoods
of points in int(X), γ and S \ γ. (By a neighborhood around a point p ∈ γ, we mean the disjoint union of
a neighborhood of {p} × Σ in X and a neighborhood of p in S.) A neighborhood around a given point is
nice if ||FAi)||L2 and ||∇ui||L2 are universally bounded by a specific constant ~ in the neighborhood. Then
a patching argument as in [DK90, Chapter 4] allows us to obtain the global compactness theorem. As a
result the argument of the proof of Theorem 5.1 can be easily adapted to prove this variation. For points
in γ, we may use the assumption to find neighborhoods where the ASD equation is not deformed and the
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chosen family of complex structures onM(Σ, F ) is the constant family given by J∗. For points in S \ γ,
we may find neighborhoods contained in S \ γ where we can use the Gromov compactness theorem for
the pseudo-holomorphic curve equation with respect to a domain dependent almost complex structure
(see, for example, [Gro85]). For points in int(X), we may use compactness theorem for the deformation
of the ASD equation (see [Uhl82a, Uhl82b, DK90, Kro05]). Here due to the non-local nature of holonomy
perturbations one can only obtain Lp1 convergence in the presence of bubbles. A detailed treatment of this
issue can be found in [Kro05] (in the more general case of PU(N)-connections.)

Next, we turn to regularity of solutions of the mixed equation. First we focus on quintuples which
capture all novel issues for the moduli of solutions to the mixed equation. Suppose Br is the unit disc of
radius r centered at the origin in the (s, θ)-plane, and D+(r), D−(r) denote the intersections with the
half planes s ≥ 0 and s ≤ 0. Let also U∂(r) denote the intersection of D+(r) and D−(r). Consider the
quintuple

Q(r) := (D−(r)× Σ, D−(r)× F,D+(r),M(Σ, F ), ∅).
The standard metric on D−(r) and the fixed metric on Σ induce the product metric on D−(r) × Σ.
Suppose (A, u) is a solution of the mixed equation (3.4) associated to the quintuple Q(r) such that A
satisfies the Coulomb gauge fixing condition

d∗A0
(A−A0) = 0, ∗(A−A0)|U∂(r)×Σ = 0. (5.3)

Here A0 is an auxiliary smooth connection on D−(r)× Σ. The following is Theorem 1 in [DFL].

Theorem 5.4. Suppose p > 2 and (A, u) is an Lp1 solution of the mixed equation associated to Q(r)
satisfying (5.3). Then (A, u) is smooth.

Suppose that (A, u) is a solution of the mixed equation given as in the statement of Proposition 3.6.
Let x be a point in the matching line U∂ , and D−(r)× Σ (resp. D+(r)) is a neighborhood of {x} × Σ
(resp. x) which embeds into X (resp. S). For a fixed 2 < p < 4, we may find an Lp2 gauge transformation
h and a smooth connection A0 on D−(r)× Σ such that h∗A satisfies (5.3) with respect to the connection
A0. Then (h∗A|D−(r)×Σ, u|D+(r)) satisfies the assumptions of Theorem 5.4, and hence this pair is smooth.
Standard regularity results for the solutions of the ASD equation (perturbed by a holonomy perturbation)
and pseudo-holomorphic curves (with respect to a domain dependent almost complex structure) allow us
to obtain similar results for the interior points of X and S. Thus, u is smooth and for any point x ∈ X ,
there is a gauge transformation g on a neighborhood of x such that Ã := g∗A is smooth. We may use the
patching argument of [DK90] to obtain a global gauge transformation g on X such that g∗A is smooth.

In the process of the construction of the gauge transformation g, we may obtain a stronger regularity
result on the the gauge theoretic end of X . Since the restriction of A to (−∞,−3] × Y# is an ASD
connection, we may find a gauge transformation h on this end and a connection α representing an element
of CG such that h∗A− π∗#(α) is in L2

l for any l [Don02, Chapter 4]. Since the Lagrangians L(Y,E) and
L(Y ′, E′) intersect transversely, there is β ∈ CS such that u(s, θ)→ β as s→∞ and the restriction of
du to the symplectic end [3,∞) × [−1, 1] is in L2

l−1 for the given l [Flo88c]. This verifies all parts of
Proposition 3.6 except the last part about the behavior of the solutions of the mixed equation on the mixed
ends, which will be taken up in Subsection 5.3. In fact, the same argument proves the generalization
of these parts of Proposition 3.6 in the case that the mixed equation in (3.4) is perturbed by a standard
perturbation, which is trivial in a neighborhood of the matching line.
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5.2 Mixed Chern-Simons functional

We start this part by defining the 3-dimensional analogue of the configuration space of mixed pairs.
Suppose c0 denotes one of the connected components of L(Y,E). Let Ac0(Y,E) be the space of all pairs
(B, q) where B is an L2

l connections on the bundle E over Y , and q : [0, 2]→M(Σ, F ) is an L2
l path

such that the restriction of B to ∂Y = Σ is flat and represents the flat connection q(0), and q(2) belongs
to the connected component c0 ofM(Σ, F ). The space of L2

l+1 automorphisms of the bundle E acts on
Ac0(Y,E) in the obvious way, and we let Bc0(Y,E) be the quotient space. A pair (B, q) representing an
element of Bc0(Y,E) is called a flat mixed pair if q is a constant map to an element z ∈ L(Y,E) and B
represents z. In particular, B satisfies the equation

∗3FB +∇Bh = 0,

and the subspace of Bc0(Y,E) given by flat mixed pairs can be identified with the connected component
c0 of L(Y,E).

Fix an arbitrary flat mixed pair (B0, q0) ∈ Ac0(Y,E). Given (B, q) ∈ Ac0(Y,E), there is a
connection A on [−1, 1]× Y and a map u : [0, 2]× [−1, 1]→M(Σ, F ) such that

(i) A|{−1}×Y = B and A|{1}×Y = B0;

(ii) u|[0,2]×{−1} = q and u|[0,2]×{1} = q0;

(iii) q|{2}×I ⊂ L(Y,E);

(iv) For any θ ∈ [−1, 1], A|Σ×{θ} is flat and represents u(0, θ).

Define the mixed Chern-Simons of the pair (B, q) as

CSh(B, q) =
1

8π2

∫
[−1,1]×Y

tr((FA + ∗3∇Ath) ∧ (FA + ∗3∇Ath)) +
1

4π2

∫
[0,2]×[−1,1]

u∗Ω, (5.5)

where At denotes the restriction of A to {t} × Y0. A priori, the value of CSh(B, q) depends on (A, u).
However, the following lemma asserts that CSh(B, q) does not change by a local deformation of (A, u).

Lemma 5.6. The mixed Chern-Simons functional CSh(B, q) depends only on the homotopy class of the
path θ ∈ [−1, 1]→ [A|{θ}×Y , u|[0,2]×{θ}] ∈ Bc0(Y,E) among the paths from [B, q] to c0.

Proof. As in Lemma 3.11, if we vary (A, u) while preserving (A|{±1}×Y , u|[0,2]×{±1}), the expression
on the left hand side of (5.5) does not change. Next, note that for any path γ : [−1, 1] → L(Y,E)
there is a pair (A, u) satisfying (i)-(iv) such that for (s, θ) ∈ [0, 2] × [−1, 1], u(s, θ) = γ(θ) and
(A{θ}×Y , u|{[0,2]×{θ}) is a flat mixed pair. For any such pair, the left hand side of (5.5) vanishes. These
two observations allow us to complete the proof.

Remark 5.7. We may alter the definition of CSh(B, q) by dropping the terms involving h from the
first integrand in (5.5). Then the change in CSh(B, q) equals 1

4π2 (h̃(B0)− h̃(B)) which depends only
[B, q] ∈ Bc0(Y,E). Thus, in studying the dependence of CSh(B, q) on the homotopy class of the path
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from [B, q] to c0, which is our next goal, we may work with this alternative definition of CSh(B, q) that
has a simpler form. However, we keep working with our original definition CSh(B, q), which has a more
canonical role.

To see how CSh(B, q) depends on the homotopy class of the path from [B, q] to c0, it is helpful
to introduce an alternative characterization of the mixed Chern-Simons functional. Suppose the pair
(Ỹ , Ẽ) of a closed Riemannian 3-manifold and an SO(3)-bundle is defined in the same way as (Y#, E#)
in Subsection 2.1 except that we replace (Y ′, E′) with (Y,E). In particular, we have the 3-manifold
decomposition

Ỹ = Y0 ∪ [−2, 2]× Σ ∪ −Y0. (5.8)

In (5.8), we slightly diverged from our convention in Subsection 2.1. The intersection of Y0 (resp. −Y0)
with [−2, 2]× Σ is {−2} × Σ (resp. {2} × Σ), and we identify Y with the subset Y0 ∪ [−2, 0]× Σ of
Ỹ . There is an obvious orientation reversing involution ι : Ỹ → Ỹ , and the Riemannian metric on Ỹ is
invariant with respect to this involution.

The function h : B(Y,E)→ R induces a function h̃ on the space of connections on Ẽ whose value at
a connection B on Ẽ depends only on the gauge equivalence class of B over Y0 and−Y0. Any connection
B̃ on Ỹ induces connections B and B′ on Y0 and −Y0, and h̃(B̃) is equal to h(B)− h(B′). We perturb
the Chern-Simons functional of the closed pair (Ỹ , Ẽ) using h̃. This induces a perturbation of the flat
equation on the space of connections on Ẽ as

φh(B̃) = ∗3FB̃ +∇
B̃
h̃ (5.9)

in the same way as in (2.44), which satisfies φh ◦ ι∗ = −ι∗ ◦ φh. The solutions of (5.9), C(Ỹ , Ẽ), can be
identified with the intersection of L(Y,E) with itself, and hence, is equal to L(Y,E).

Let (A, u) be a pair as above which connects (B, q) to a flat mixed pair (B0, q0). We may use (A, u)
to define a connection Ã on [−1, 1]× Ỹ . First we regard A as a connection on [−1, 1]×Y ⊂ [−1, 1]× Ỹ .
By applying a gauge transformation to A if necessary, we can assume that the dθ component of A on
[−1, 1]× {0} × Σ ⊂ [−1, 1]× Y and the ds component of A on [−1, 1]× [−2, 0]× Σ ⊂ [−1, 1]× Y
vanish. (As before, s denotes the coordinate on the interval [−2, 0] and θ denotes the coordinate on
[−1, 1].) For any (s, θ) ∈ [0, 2]× [−1, 1], let α(s, θ) be the connection on F such that

(i) α(s, θ) is a flat connection representing u(s, θ);

(ii) α(0, θ) = A|{0}×Σ×{θ} for any θ;

(iii) d∗α(s,θ)∂sα(s, θ) = 0.

For any θ ∈ [−1, 1], α(2, θ) ∈ L(Y,E), and we fix a representative connection B′(θ) on −Y0 ⊂ Ỹ for
α(2, θ) such that B′(θ) satisfies (5.9) over −Y0, it has a vanishing ds component along the boundary of
−Y0 and B′(1) = ι∗B0. The connections A, α(s, t) and B′(t) determine a connection Ã on [−1, 1]× Ỹ
which has vanishing ds and dθ components on [0, 2] × Σ × [−1, 1] and vanishing dθ component on
[−1, 1]×−Y0. Although Ã might not be smooth, it is in Lp1 for any p.
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Lemma 5.10. Suppose CSh(B, q) is defined using (A, u). Then we have

CSh(B, q) =
1

8π2

∫
[−1,1]×Ỹ

tr
(

(F
Ã

+ ∗3∇Ãθ h̃) ∧ (F
Ã

+ ∗3∇Ãθ h̃)
)
. (5.11)

Here Ãθ denotes the restriction of Ã to {̃θ} × Y .

Proof. It is clear that the restriction of the integrand in (5.11) vanishes over [−1, 1] × −Y0, and its
restriction over I × Y integrates to the first term on the right hand side of (5.5). Thus (5.11) follows if we
show that ∫

[−1,1]×[0,2]×Σ
tr
(
F
Ã
∧ F

Ã

)
= 2

∫
[0,2]×[−1,1]

u∗Ω. (5.12)

The restriction of F
Ã

to [−1, 1]× [0, 2]× Σ of [−1, 1]× Ỹ is given by ds ∧ ∂sα(s, θ) + dθ ∧ ∂θα(s, θ).
Now it is easy to verify (5.12) using (iii) and the fact that ∂sα(s, θ) and ∂θα(s, θ) are dα(s,θ) closed.

Let B̃ = Ã−1 and B̃0 = Ã1 be given as in Lemma 5.10, and b̃ = B̃ − B̃0. A straightforward
examination of (5.11) shows that we may integrate out the variable θ in (5.11). After using the assumption
that ∗3∇B̃0

h̃ equals −F
B̃0

, we have

CSh(B, q) =
1

8π2

∫
Ỹ

tr(2b̃ ∧ F
B̃0

+ b̃ ∧ d
B̃0
b̃+

2

3
b̃ ∧ b̃ ∧ b̃)) +

1

4π2
(h̃(B̃)− h̃(B̃0)). (5.13)

Note that B̃ is essentially determined by (B, q). The restriction of B̃ to Y is B, and its restriction to
[0, 2]× Σ is given by the flat connections α(s) for s ∈ [0, 2], which are uniquely determined by

(i) α(s) is a flat connection representing q(s);

(ii) α(0) = B|{0}×Σ;

(iii) d∗α(s)∂sα(s) = 0.

The only ambiguity in determining B̃ is to pick a representative B′ for α(2) over −Y0. In particular, any
two different choices for B̃ are related to each other by applying an element of G(Ẽ) and then possibly
the involution ι, defined as in Subsection 2.4 using the decomposition of Ỹ as Y ∪ −Y . In particular, B̃
as an element of B(Y,E)/ι, completed with respect to the Sobolev norm L2

1, is well-defined.

The following proposition shows that 2CSh as a map Bc0(Y0, E)→ R/Z is well-defined.

Proposition 5.14. The value of 2CSh(B, q) mod integers depends only on [B, q] ∈ Bc0(Y,E) and is
independent of the choice of the mixed pair (A, u).

Proof. Suppose (A, u) and (A′, u′) are two pairs as above connecting a flat mixed pair (B0, q0) to (B, q)
and (g∗B, q) for a gauge transformation g ∈ G(E). Suppose also Ã and Ã′ are defined in the same way
as above. Suppose B̃ and B̃′ denote the restrictions of Ã and Ã′ to {−1} × Ỹ . Then B̃ and B̃′ over the
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subspaces Y and −Y of Ỹ are gauge equivalent to each other using elements of G(E). Thus B̃ and B̃′

are equivalent to each other either using a determinant one gauge transformation or the composition of a
gauge transofmration with an in involution ι, defined as in Subsection 2.4 using the decomposition of Ỹ
as Y ∪ −Y . In the first case, we can glue Ã and Ã′ to define an SO(3) connection Â on S1 × Ỹ whose
w2 is the the pullback of w2(Ẽ). We also have

CSh(B, q)− CSh(g∗B, q) =
1

8π2

∫
S1×Ỹ

tr
(

(F
Â

+ ∗3∇Âθ h̃) ∧ (F
Â

+ ∗3∇Âθ h̃)
)

=
1

8π2

∫
S1×Ỹ

tr
(
F
Â
∧ F

Â

)
. (5.15)

The last identity is a consequence of the Stokes theorem. In general, (5.15) equals −p1(Ê)/4, where Ê
denotes the underlying SO(3)-bundle of Ê. Therefore, (5.15) is an integer because w2(Â) is the pullback
of w2(Ẽ). A similar argument can be applied to the second case with the difference that w2(Â) is the
sum of the Poincaré dual of Σ0 (one of the connected components of Σ) and the pullback of w2(E). Thus
(5.15) is a half integer in the second case.

The following lemma, which gives a relation between the mixed Chern-Simons functional and its
gradient, plays a crucial role in showing that the solutions of the mixed equation satisfies an exponential
decay on cylindrical ends.

Lemma 5.16. There is a positive constant κ and a neighborhood U of the space of flat mixed pairs of
Bc0(Y,E) such that the following holds. There is a real lift C̃Sh(B, q) of CSh(B, q) for any [B, q] ∈ U
such that

C̃S(B, q) ≤ κ(||FB + ∗3∇Bh||2L2(Y ) + ||dq||2L2([0,1])). (5.17)

This lemma is an (infinite dimensional) instance of a general property for Morse-Bott functions.
Suppose f : M → R is a function on a finite dimensional manifold and C ⊂M is a submanifold of M
which gives a connected component of the critical points of f consisting of Morse-Bott critical points.
Then there are a constant C and a neighborhood U of C such that for any x ∈ U we have

|f(x)− f0| ≤ C|∇f(x)|2,

where f0 is the value of f on C.

Proof. This lemma can be proved using an analogous result which holds for the Chern-Simons functional
of connections on closed 3-manifolds. Define the configuration space of connections B(Ỹ , Ẽ) using the
L2

1 norm. Fix a connection B̃0 satisfying (5.9) and for a connection B̃ = B̃0 + b̃ on the bundle Ẽ over Ỹ ,
representing an element of B(Ỹ , Ẽ), define

CSh(B̃) :=
1

8π2

∫
Ỹ

tr(̃b∧d
B̃0
b̃+

2

3
b̃∧ b̃∧ b̃)+

1

4π2

∫ 1

0
dt

∫
Ỹ

tr
(
b̃ ∧ (∗3(∇

B̃0+t̃b
h̃−∇

B̃0
h̃))
)
. (5.18)

Note that this definition agrees with the left hand side of the expression in (5.13). The critical points of
the Chern-Simons functional CSh satisfy (5.9). In fact, with the same argument as in Proposition 5.14,
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2CSh induces a map B(Ỹ , Ẽ)/ι→ R/Z, and the critical locus of this functional, denoted by C(Ỹ , Ẽ),
can be identified with L(Y,E). A similar argument as in Lemma 2.47 shows that for any B̃0 representing
an element of C(Ỹ , Ẽ) ∼= L(Y,E), the vector space

H1
h̃
(Ỹ ; B̃0) := {b̃ ∈ Ω1(Ỹ , Ẽ) | d∗

B̃0
b̃ = 0, ∗d

B̃0
(̃b) + Hess

B̃0
h̃(̃b) = 0} (5.19)

is isomorphic to the tangent space of C(Ỹ , Ẽ) at B̃0. That is, the Chern-Simons functional CSh of (Ỹ , Ẽ)
is Morse-Bott.

Suppose Ũ is the subspace of B(Ỹ , Ẽ)/ι represented by connections B̃ of the form B̃0 + b̃ where
B̃0 represents an element of C(Ỹ , Ẽ), ||̃b||L2

1
< ε′, d∗

B̃0
b̃ = 0 and b̃ is L2 orthogonal to H1

h̃
(Ỹ ; B̃0). A

straightforward application of implicit function theorem shows for ε′ small enough, Ũ determines an open
neighborhood of C(Ỹ , Ẽ), and the representation of an element of Ũ as B̃0 + b̃ is unique up to the action
of the gauge group. In particular, (5.18) gives a well-defined real valued function on Ũ . Moreover, there
is a universal constant δ1 such that

δ1||̃b||L2
1(Ỹ )
≤ ||d

B̃0
b̃+ ∗3Hess

B̃0
h̃(̃b)||

L2(Ỹ )
. (5.20)

This follows from the fact that the Chern-Simons functional CSh of (Ỹ , Ẽ) is Morse-Bott. The constant
δ1 can be made independent of B̃0 because C(Ỹ , Ẽ) is compact.

The inequality in (5.20) allows us to control the L2
1 norm of b̃ by the norm of the gradient of the

perturbed Chern-Simons functional CSh. We have

||F
B̃

+ ∗3∇B̃h̃||L2 = ||
(
F
B̃

+ ∗3∇B̃h̃
)
−
(
F
B̃0

+ ∗3∇B̃0
h̃
)
||L2

≥ ||d
B̃0
b̃+ ∗3Hess

B̃0
h̃(̃b)||L2 − ||̃b ∧ b̃||L2 − ||∇B̃h̃−∇B̃0

h̃−Hess
B̃0
h̃(̃b)||L2 .

Since we have

||∇
B̃
h̃−∇

B̃0
h̃−Hess

B̃0
h̃(̃b)||L2 ≤ ||

(∫ 1

0
Hess

B̃0+t̃b
h̃(̃b)dt

)
−Hess

B̃0
h̃(̃b)||L2 ,

≤
(∫ 1

0
||Hess

B̃0+t̃b
h̃−Hess

B̃0
h̃||L2dt

)
||̃b||L2 ,

Corollary 6.2 implies that after decreasing the value of δ1 and shrinking Ũ we have

||F
B̃

+ ∗3∇B̃h̃||L2 ≥ δ1||̃b||L2
1
− ||̃b||2L4

≥ (δ1 − ||̃b||L4)||̃b||L2
1
.

Thus, if ε′ is small enough, then there is a constant κ0 such that

||̃b||
L2

1(Ỹ )
≤ κ0||FB̃ + ∗3∇B̃h̃||L2(Ỹ )

. (5.21)
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The Chern-Simons functional of B̃ in (5.18) can be bounded in the following way:

CSh(B̃) ≤ 1

8π2
|
∫
Ỹ

tr(̃b ∧ d
B̃0
b̃+

2

3
b̃ ∧ b̃ ∧ b̃)|+ 1

4π2

∫ 1

0
dt

∣∣∣∣∫
Ỹ

tr
(
b̃ ∧ (∗3(∇

B̃0+t̃b
h̃−∇

B̃0
h̃))
)∣∣∣∣

≤ C
(
||̃b||

L2(Ỹ )
||d
B̃0
b̃||
L2(Ỹ )

+ ||̃b||3
L3(Ỹ )

+ ||̃b||2
L2(Ỹ )

)
≤ κ||F

B̃
+ ∗3∇B̃h̃||

2
L2(Ỹ )

, (5.22)

where the second inequality follows from the general property of cylinder functions which is stated in part
(ii) of Proposition 6.1:

||∇
B̃
h̃−∇

B̃′ h̃||L2 ≤ C||B −B′||L2 .

The last inequality in (5.22) is a consequence of (5.21) and the assumption that ε′ is small enough.

The upper bound on CSh(B̃) in (5.22) for a connection B̃ on Ẽ allows us to verify our main claim.
There is a neighborhood U of flat mixed pairs such that for any [B, q], the associated element [B̃] belongs
to Ũ . Since we have CSh([B, q]) = CSh(B̃) and

||F
B̃

+ ∗3∇B̃h̃||
2
L2(Ỹ )

= ||FB + ∗3∇Bh||2L2(Y ) + ||dq||2L2([0,1]),

(5.22) gives us the desired inequality in (5.17).

5.3 Exponential decay

Our next goal is to show that the solutions of the mixed equation for the special quintuples have exponential
decay on the mixed ends. This subsection follows a similar scheme as the proofs of the the corresponding
results in the context of Yang-Mills gauge theory in [Don02, Section 4]. To obtain the desired exponential
decay results and complete the proof of Proposition 3.6, we may focus on solutions of the mixed equation
on the cylinder quintuple, which is introduced in Subsection 4.2.1.

Lemma 5.23. Suppose c0 is a connected component of L(Y,E). For any open neighborhood U of the
space of flat mixed pairs in Bc0(Y,E), there is ε such that the following holds. If (A, u) is a solution of
the mixed equation on the mixed cylinder c(−1,1) with E(A, u) < ε, then for any θ ∈ (−1

2 ,
1
2), the pair

(Bθ, qθ) := (A|{θ}×Y , u|[0,2]×{θ}) belongs to U .

Proof. If the claim does not hold, there is a sequence (Ai, ui) of solutions of the mixed equation on
c(− 1

2
, 1
2

) such that E(Ai, ui) → 0 as i → ∞, and the class in Bc0(Y,E) represented by the restriction
of (Ai, ui) to ({0} × Y, [0, 2] × {0}) does not belong to U . On the other hand, Theorem 5.2 implies
that there is a subsequence {(Aπi , uπi )} and gauge transformations gπi such that ((gπi )∗Aπi , u

π
i )) is C∞

convergent to the solution (A0, u0) of the mixed equation on c(− 1
2
, 1
2

). In particular, E(A0, u0) = 0, and
after applying a gauge transofrmation (A0, u0) is the pullback of a flat mixed pair to the quintuple c(− 1

2
, 1
2

),
which is a contradiction.
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Proposition 5.24. There are positive constants ε, δ0 and C such that the following holds. Suppose (A, u)
is a solution of the mixed equation on the mixed cylinder c(0,∞) such that E(A, u) < ε. Then for any
θ ∈ (1,∞), we have

||FA + ∗3∇Ath||L2((θ− 1
2
,θ+ 1

2
)×Y ) + ||du||L2([0,2]×(θ− 1

2
,θ+ 1

2
)) ≤ Ce

−δ0θ, (5.25)

where for any t ∈ (0,∞), as usual At denotes the connection A|{t}×Y0
.

Proof. Let c0 be the connected component of L(Y,E) determined by u(2, θ) for any θ ∈ (0,∞). Suppose
(Bθ, qθ) is the pair obtained by restrictingA and u to {θ}×Y and [0, 2]×{θ}. Then (Bθ, qθ) are elements
of Ac0(Y,E). Suppose U and κ are given as in Lemma 5.16. Using Lemma 5.23, we pick ε < 1

2 such that
for any θ ∈ [1

2 ,∞), (Bθ, qθ) represents an element of U . Let also δ0 = 1
4π2κ

. Define P : (0,∞)→ R by

P (θ) =
1

8π2

∫
(θ,∞)×Y

tr((FA + ∗3∇Ath) ∧ (FA + ∗3∇Ath)) +
1

4π2

∫
(θ,∞)×[−1,1]

u∗Ω.

The assumption on E(A, u) implies that P (θ) is the lift ofCSh(Bθ, qθ) in [0, 1
2). Since (A, u) is a solution

of the mixed equation, we have

dP

dθ
(θ) = − 1

4π2
(||FBθ + ∗3∇Bθh||

2
L2(Y ) + ||dqθ||2L2([0,1])).

Combining these observations and Lemma 5.16, we conclude that

P ≤ −4π2κ
dP

dθ
for θ ≥ 1

2
.

In particular, for any θ ≥ 1
2 , we have the following inequality which gives the desired claim:

P (θ) ≤ Ce−δ0θ. (5.26)

Here we can take C = eδ0/2ε, because it is greater than eδ0/2P (1
2).

To improve the exponential decay of Proposition 5.24, we need a variation of Theorem 4.17.

Proposition 5.27. Suppose I and J are respectively the intervals (−1/2, 1/2) and (−1/4, 1/4). For any
k ≥ 1, there are constants εk and Ck such that the following holds. Suppose (A, u) is a solution of the
mixed equation associated to the cylinder quintuple cI with E(A, u) < εk. Then for any (ζ, ν) ∈ Ek(A,u)(I)
we have

||(ζ, ν)||L2
k,A(J) ≤ Ck

(
||D(A,u)(ζ, ν)||L2

k−1,A(I) + ||(ζ, ν)||L2(I)

)
. (5.28)

where L2
k,A denotes the Sobolev norm defined using the connection A. In particular, only the contribution

of ζ to this norm depends on A and the contribution of ν is independent of A.

Proof. Theorem 4.17 implies that for a fixed (A, u) we may find a constant Ck such that (5.28) holds
for any (ζ, ν) ∈ Ek(A,u)(I). Using Remark 4.19 and compactness of the space of flat mixed pairs, we
may in fact find a constant C ′k which works for any (A, u) which is the pullback of a flat mixed pair.
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Let Ck = 2C ′k. If the claim does not hold for k, then there is a sequence {(Ai, ui)} of solutions of
the mixed equation associated to the quintuple cI such that E(Ai, ui) < 1/i and there is an element of
Ek(Ai,ui)(I) for which the inequality in (5.28) fails for the pair (Ai, ui) and the constant Ck. Because of
our assumption about the Sobolev norms in (5.28), changing each mixed pair (Ai, ui) by applying a gauge
transformation gives us another sequence satisfying the same property. Theorem 5.2 implies that (Ai, ui),
after passing to a subsequence and applying gauge transformations, is C∞ convergent to a mixed pair
(A0, u0) on compact subspaces of I × Y and [0, 2]× I . The topological energy of (A0, u0) vanishes and
hence it is the pullback of a flat mixed pair. Now, we may use Remark 4.19 to conclude that if i is large
enough then the inequality in (5.28) holds for (Ai, ui), which is a contradiction.

Proposition 5.29. For any non-negative integer l, there are positive constants ε, δ0 and C such that the
following holds. Suppose (A, u) is a solution of the mixed equation on the mixed cylinder c(0,∞) such
that E(A, u) < ε and A is in temporal gauge. Then there is a flat mixed pair (B, q) such that for any
θ ∈ (1,∞) and any k ≤ l we have

|∇k(A− π∗B)|{θ}×Y ≤ Ce−δ0θ, (5.30)

qθ is C0-convergent to the constant map to q, and

|∇k−1(du)|{θ}×[0,1] ≤ Ce−δ0θ for 1 ≤ k ≤ l. (5.31)

Proof. Let δ0 be given by Proposition 5.24, and decrease the value of ε in this proposition so that it
becomes smaller than the constant εl+3 provided by Proposition 5.27. Let also C be the constant given
by Proposition 5.24. In the following we might increase the value of C from each line to the next while
keeping it independent of (A, u). Suppose (Bθ, qθ) is given as before, and for any θ ∈ (1,∞), let A(θ)
and u(θ) denote the restriction of A and u to (θ− 1

2 , θ+ 1
2)×Y and [0, 2]× (θ− 1

2 , θ+ 1
2). By induction

on k, we show that for any 0 ≤ k ≤ l + 3 we have

||dA
dθ
||L2

k((θ− 1
2
,θ+ 1

2
)×Y ) + ||du

dθ
||L2

k([0,2]×(θ− 1
2
,θ+ 1

2
)) ≤ Ce

−δ1θ. (5.32)

This claim in the case that k = 0 is proved in Proposition 5.24. Assuming (5.32), we may integrate this
inequality from θ to∞ in the case that k = l + 3 and show see that there is a flat mixed pair (B, q) such
that the claim of this proposition holds.

The derivatives dA
dθ and du

dθ over (θ − 1
2 , θ + 1

2) × Y and [0, 2] × (θ − 1
2 , θ + 1

2) define an element
(ζ(θ), ν(θ)) of Ek(A(θ),u(θ))(I), where A(θ) and u(θ) are the restrictions of A and u to (θ− 1

2 , θ+ 1
2)×Y

and [0, 2]× (θ− 1
2 , θ+ 1

2) and I = (−1
2 ,

1
2). The translation invariance of the mixed equation for cylinder

quintuples implies that (ζ(θ), ν(θ)) is in the kernel of D(A(θ),u(θ)). In particular, Proposition 5.27 and
(5.32) for k = 0 imply that

||(ζ(θ), ν(θ))||L2
k,A(θ)

(J) ≤ Ce−δ0θ. (5.33)

Using the induction assumption we may replace the left hand side of (5.33) with ||(ζ(θ), ν(θ))||L2
k(J). This

allows us to prove (5.32) for the given k.

proof of Proposition 3.6. Most steps of Proposition 3.6 are already addressed in Subsection 5.1. The only
missing part is the exponential decay of solutions of the mixed equation on the mixed ends of special
quintuples, which follows from Proposition 5.29.
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5.4 Compactness

We shall consider the compactness aspects of Proposition 3.26 in this section. Suppose {(Ai, ui)}
is a sequence in A(α, β) representing elements of Mη(α, β)d with d ≤ 1, which does not have any
subsequence convergent to an element of Mη(α, β)d. Here η gives a standard perturbation of the mixed
equation as in (3.22), which is trivial in a neighborhood of the matching line and is provided by Proposition
3.23. In particular, Mη(α, β)d is empty for negative values of d. Since the indices of the mixed operators
D(Ai,ui) are d, Proposition 3.20 implies that E(Ai, ui) is constant and hence bounded. Therefore, the
analytical energy terms E(Ai, ui) are also bounded, and we may apply Theorem 5.2.

Theorem 5.2 implies that after passing to a subsequence and applying gauge transformations there
is a sequence, still denoted by {(Ai, ui)}, which is convergent in a weak sense. To be more detailed,
there is a solution of the mixed equation (A0, u0) associated to the special quintuples qs and finite sets
σ− ⊂ int(X), σ∂ ⊂ γ and σ+ ⊂ S \ γ such that E(A0, u0) is bounded, Ai is C∞-convergent to A0 on
compact subspaces ofX \(σ∂×Σ∪σ−) and ui is convergent to u0 on compact subspaces of S\(σ+∪σ∂).
Proposition 3.6 implies that [A0, u0] ∈Mη(α

′, β′)d′ for some choices of α′ ∈ CG, β′ ∈ CS and d′ ≥ 0.
To be more precise, we use adaptation of Proposition 3.6 to the perturbed mixed equation in (3.22). Since
the secondary perturbations provided by by Proposition 3.23 are compactly supported, we may use the
exponential decay results of the previous section to prove part (iii) of Proposition 3.6 in this more general
setup. As it is mentioned in Subsection 5.1, the remaining part of this generalization of Proposition 3.6
can be proved as in the original case.

Fix T0 such that the intersections of the the finite sets σ−, σ∂ and σ+ with the subspaces

(−∞,−T0]× Y# t [T0,∞)× Y t (−∞,−T0]× Y ′, (5.34)

and
[T0,∞)× [−1, 1] t [0, 2]× [T0,∞) t [0, 2]× (−∞,−T0], (5.35)

of the ends of qs are empty and the secondary perturbations of Proposition 3.23 on these sets are empty. For
any T ≥ 2, let (Ai(T ), ui(T )) denote the restrictions of (Ai, ui) to the mixed end ((T,∞)× Y, [0, 2]×
(T,∞)). Then (Ai(T0), ui(T0)) gives a solution of the mixed equation associated to the cylinder quintuple
c(T0,∞). There are gauge transformations gi over (T0,∞) × Y such that Ai(T0) is in temporal gauge.
Proposition 5.29 implies that (g∗iAi(T0), ui(T0)) is exponentially asymptotic to a flat mixed pair (Bi, qi).
Similarly, there is g0 such that (g∗0A0(T ), u0(T )) is exponentially asymptotic to a flat mixed pair (B0, q0).
Using patching arguments of [DK90, Section 4.4.2], we may assume that the gauge transformations gi are
trivial after changing the gauge equivalence classes of connections Ai.

After passing to a further subsequence, we may assume that (Bi, qi) is C∞ convergent to a flat mixed
pair (B, q) because the gauge equivalence classes of flat mixed pairs is a compact set. A priori, (B, q)
might not be necessarily equal to (B0, q0) because we only know that Ai(T )− π∗(Bi) is C∞-convergent
to A0(T )− π∗(B) on compact subspaces of ((T,∞)× Y, [0, 2]× (T,∞)). However, if there is T ≥ T0

such that the topological energies of (Ai(T ), ui(T )) for large enough values of i is less than the constant
ε given by Proposition 5.29, then Proposition 5.29 and the dominated convergence theorem imply that

lim
i→∞

∫
(T,∞)×Y

|∇k ((A0(T )− π∗B)− (Ai(T )− π∗(Bi))) |2eδ0θ = 0, 0 ≤ k ≤ l. (5.36)
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In particular, B = B0 and hence q = q0. Moreover, by working in a smooth chart about q ∈M(Σ, F ),
we obtain a similar exponential convergence of ui(T ) to u0(T ).

Now, suppose there is no T satisfying the above properties. After passing to a subsequence, we
may assume that there is a sequence {Ti}i converging to∞ such that E(Ai(Ti), ui(Ti)) is equal to ε. In
particular, we have

E(A0(T0), u0(T0)) ≤ lim sup
i→∞

E(Ai(T0), ui(T0))− ε. (5.37)

(In fact, we may replace ε with 1
2 using the fact that the minimal topological energy of a solution of the

mixed equation on cR with finite energy is 1
2 . However, we do not need this stronger upper bound.) We

obtain a similar dichotomy for the mixed end associated to Y ′: either the solutions (Ai, ui) restricted to
the mixed end ((−∞,−T0)× Y ′, [0, 2]× (−∞,−T0)) is convergent to (A0, u0) as in (5.36), or there is
a loss of topological energy by at least ε on the mixed end analogous to (5.37).

A similar analysis can be applied to study the behavior of the sequence {(Ai, ui)} on the gauge
theoretical and symplectic ends of qs, and one can even obtain more efficient results. For instance, we may
apply the results of [Don02, Section 5] to the sequence of (perturbed) ASD connections Ai|(−∞,−T0)×Y#

and obtain a sequence

AG1 ∈ M̆G(α, α1)p1 , A
G
2 ∈ M̆G(α1, α2)p2 , . . . , A

G
n ∈ M̆G(αn−1, α

′)pn

such that [Ai|(−∞,−T0)×Y#
] is chain convergent to [AG1 , A

G
2 , . . . , A

G
n , A0|(−∞,−T0)×Y#

] on the comple-
ment of a finite set of bubbling points in the sense of [Don02, Section 5]. This means that in addition to the
convergent of Ai to A0 on compact subspaces of (−∞,−T0)× Y#, there are finite subsets σi ⊂ R× Y#

and a sequence of real numbers
si0 = 0 < si1 < si2 < · · · < sin

such that for any 1 ≤ j ≤ n, we have sij − sij−1 →∞ as i→∞ and τ∗
sij

(Ai) is C∞ convergent to AGj
on the compact subspaces of R× Y# \ σi. Here τ∗

sij
(Ai) denotes the translate of Ai|(−∞,−T0)×Y#

by sij ,

which is a connection on (−∞,−T0 + sij)× Y#. If kG is the sum of the size of the bubbling sets σi, the
chain convergence implies that we have

E(A0|(−∞,−T0)×Y#
) +

n∑
i=1

E(AGi ) ≤ lim sup
i→∞

E(Ai|(−∞,−T0)×Y#
)− kG. (5.38)

Similar argument shows that on the gauge theory side there is an integer kS and a sequence of holomorphic
strips

uS1 ∈ M̆S(β′, β1)p′1 , u
S
2 ∈ M̆S(β1, β2)p′2 , . . . , u

S
m ∈ M̆S(βm−1, β)p′m

such that the sequence of pseudo-holomorphic maps ui|(T0,∞)×[−1,1] are chain convergent to the broken
pseudo-holomorphic map (u0|(T0,∞)×[−1,1], u

S
1 , u

S
2 , . . . , u

S
m) on the complement of a set of kS bubbling

points. Consequently, we have

E(u0|(T0,∞)×[−1,1]) +

m∑
i=1

E(uSi ) ≤ lim sup
i→∞

E(ui|(T0,∞)×[−1,1])−
kS
2
, (5.39)
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where for a map u from an oriented Riemann surface S toM(Σ, F ), we define E(u) as the integral of
u∗Ω over S divided by 4π2. To get the term ks/2 in (5.39), we use the fact that the pairing of Ω with an
element of π2(M(Σ, F )) is a positive integer multiple of 2π2 (see Subsection 2.2).

Theorem 5.2 implies that the topological energy of (A0, u0) over the complement of the ends of qs
in (5.34) and (5.35) is bounded by the lim sup of the topological energies of (Ai, ui) over the same set,
and this inequality can be improved by ~ unless σ−, σ∂ and σ+ are empty. Combining all of the above
inequalities we conclude that

E(A0, u0) +
∑
i

E(AGi ) +
∑
j

E(uSj ) ≤ lim sup
i
E(Ai, ui). (5.40)

Since E(Ai, ui) is constant, we may replace the right hand side with E(Ai, ui) for any i ≥ 1. The
inequality in (5.40) is strict unless σ−, σ∂ and σ+ are empty, (Ai, ui) is convergent to (A0, u0) with
respect to the L2

l,δ on the mixed ends as in (5.36), and kS = kG = 0. If the inequality is strict, then
Lemma 3.15 implies that in fact the difference between the two sides of (5.40) is at least 1

2 . To see the
latter claim note that we can glue (A0, u0), the connections AGi and the maps uSj to obtain an element of
B(α, β), and the topological energy is additive with respect to gluing. Using Proposition 3.20 we also
have

index(D(A0,u0)) +
∑
i

index(DAGi ) +
∑
j

index(DuSj ) ≤ d, (5.41)

and if the inequality in (5.40) is strict, then the left hand side of (5.41) is at most d − 4, which is
impossible because d ≤ 1 and all the indices on the left hand side of (5.41) are non-negative. In fact,
index(DAGi ) and index(DuSj ) are at least one. Thus, in the case that d = 0, m = n = 0, which shows
that [A0, u0] ∈ Mη(α, β)0, and [Ai, ui] is a sequence in Mη(α, β)0 convergent to [A0, u0]. This is
a contradiction, and hence Mη(α, β)0 is compact. In the case that d = 1, we conclude that either
n = 0 or m = 0. In the first case, β = β′, [A0, u0] ∈Mη(α

′, β)0, AG1 is in the 0-dimensional moduli
space M̆G(α, α′)p1 , and [Ai, ui] is chain convergent to [AG1 , (A0, u0)]. In the case that m = 0, α = α′,
[A0, u0] ∈ Mη(α, β

′)0, uS1 is in the 0-dimensional moduli space M̆S(β′, β)p′1 , and [Ai, ui] is chain
convergent to [(A0, u0), uS1 ]. Therefore, we can compactify Mη(α, β)1 by adding the points

M̆G(α, α′)p ×Mη(α
′, β)0, Mη(α, β

′)0 × M̆S(β′, β)p, (5.42)

as it is stated in Proposition 3.26.

To complete the proof of part (ii) of Proposition 3.26, we need a gluing theorem as an inverse to the
above compactness theorem, which shows that the non-compact ends of Mη(α, β)1 can be parametrized
by gluing the broken solutions of the mixed equation in (5.42). Such gluing theory are standard in
the context of instanton Floer homology [Flo88a], [Don02, Section 4] and Lagrangian Floer homology
[Flo88b]. In the present setup, we need to either glue solutions of (perturbed) ASD equation on R× Y#

to solutions of the mixed equation on the gauge theoretical end of qs or glue pseudo-holomorphic strips in
M(Σ, F ) to solutions of the mixed equation on the symplectic end of qs. In these two cases the proofs in
the gluing theory of instanton Floer homology and Lagrangian Floer homology can be adapted without
any essential change to prove the desired result. Using similar arguments as in instanton Floer homology
and Lagrangian Floer homology, one can also see easily that the conventions in Subsection 4.7 determine
orientations of the moduli spaces that satisfy the claim in Proposition 3.26.
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6 Perturbations

In several stages in the definition of instanton Floer homology group I∗(Y#, E#), its symplectic coun-
terpart SI∗(Y#, E#) and the isomorphism between them, we had to use perturbations of the relevant
equations. Up until this point we treat such perturbations as blackboxes, and only exploited their prop-
erties to obtain the required results. In this section, we recall the definition of these perturbations
[Don87, Flo88a, Tau90, Her94, KM11] and collect the properties which are used in the earlier sections.
The first subsection reviews the definition of cylinder functions. We used the formal gradients of cylinder
functions to perturb the defining equation of 3-manifold Lagrangians (Subsection 2.3) and the ASD
equation in the definition of I∗(Y#, E#) (Subsection 2.4). The primary version of the mixed equation in
(3.4) is also defined using cylinder functions h and h′. Then we use secondary perturbations to deform
the mixed equation. These secondary perturbations are the main subject of the second subsection of the
present section.

In this section, we slightly change our viewpoint on the configuration spaces of connections. As it is
mentioned in the proof of Lemma 2.43, the SO(3)-bundle E# over Y# is the adjoint bundle associated
to a U(2)-bundle Ẽ# over Y#. Suppose B0 is a fixed connection on the determinant bundle Λ2Ẽ# of
Ẽ#. Then the configuration space of SO(3)-connections on E# modulo the determinant one gauge
group G(E#) can be identified with the quotient by G(E#) of the space of U(2)-connections on Ẽ#

with B0 being the induced connection on the determinant bundle. There is a similar description for
the configuration spaces of connections on Y , Y ′ and X in terms of U(2)-connections and we use this
viewpoint through this section. (We assume that the U(1)-connections fixed on these four spaces are
compatible with each other in the obvious way.) In particular, holonomy of connections will be regraded
as a section of a fiber bundle with fiber U(2). This will give us some flexibility in the construction of
holonomy perturbations.

6.1 Cylinder functions and holonomy perturbations

In this subsection we prove Proposition 2.16 and Lemma 2.56. We first recall the definition of cylinder
functions and then collect some of their properties from the literature which are used in the earlier
subsections. As before (Y,E) and (Y ′, E′) denote pairs which are introduced in Subsection 2.1.

Let γ : S1 × D2 → Y be a smooth immersion, supported in the interior of Y0 ⊂ Y . Given a
connection B ∈ A(Y,E) and z ∈ D2, let τz(B) denote the trace of the holonomy of B along the loop
γ(S1 × {z}). Fix a compactly supported 2-from µ on D2 with integral 1. Define

τγ(B) =

∫
D2

τz(B)µ.

Now suppose λ is the data of a positive integer n, smooth immersions γi : S1 ×D2 → Y0 for 1 ≤ i ≤ n,
and a smooth function G : [−3, 3]n → R. The cylinder function hλ associated to λ is defined as

hλ(B) := G(τγ1(B), . . . , τγn(B)).

The formal gradient of the cylinder function hλ can be regarded as a section∇hλ of the tangent bundle Tl
of A(Y,E), which is the Banach space bundle A(Y,E)× L2

l (Y,Λ
1 ⊗ E). Clearly, hλ is invariant with
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respect to the action of G(E) and induces a map B(Y,E)→ R, still denoted by hλ. The formal gradient
∇hλ is also G(E)-invariant and its value at any B ∈ A(Y,E) belongs to XB ⊂ L2

l (Y,Λ
1 ⊗ E).

Following [KM11], we may form a Banach space P of perturbations from cylinder functions. Fix
once and for all a sequence {λi}i∈N where λi is the information of a positive integer ni, immersions
γi,j : S1 ×D2 → Y0 for 1 ≤ j ≤ ni and a smooth function Gi : Rni → R. We require this sequence to
be dense in the following dense: given any (n, {γi}, G) as above there is a subsequence {φik}k∈N of {λi}
such that nik = n, γik,j , for any j, is convergent to γj in the C∞ topology and Gik is C∞ convergent to
G. For a sequence of real numbers ρ = {ai}i∈N, define hρ : A(Y,E)→ R as

hρ =
∞∑
i=1

aihλi .

To have convergent cylinder functions hρ belonging to appropriate function spaces, we need to control the
growth of the sequence {ai} by a condition of the form

|ρ| :=
∞∑
i=1

Ci|ai| <∞

for a carefully chosen sequence of positive real numbers Ci.

Proposition 6.1. [KM11, Proposition 3.7] The constantsCi can be chosen such that the cylinder functions
hρ and their formal gradients∇hρ satisfy the following properties.

(i) The association
(B, ρ)→ ∇Bhρ

determines a smooth map H : A(Y,E)× P → Tl.

(ii) There is a constant C such that for any B ∈ A(Y,E)

|hρ(B)| ≤ C|ρ|, ||∇Bhρ||L∞ ≤ C|ρ|,

and for any B,B′ ∈ A(Y,E) and 1 ≤ p ≤ ∞

||∇Bhρ −∇B′hρ||Lp ≤ C|ρ|||B −B′||Lp .

(iii) The derivative DH of H with respect to the component in A(Y,E) defines a smooth section of
A(Y,E) × P → Hom(Tl, Tl) which extends smoothly to a smooth section of A(Y,E) × P →
Hom(Tk, Tk) for any 0 ≤ k ≤ l. Analogous to Tl, the Banach space bundle Tk over A(Y,E) is
given by A(Y,E)× L2

k(Y,Λ
1 ⊗ E).

The following corollary is used in the proof of Proposition 5.16.

Corollary 6.2. For any B ∈ A(Y,E), ρ ∈ P and any constant ε, there is a neighborhood U of B such
that for any B′ ∈ U we have

||HessBhρ −HessB′hρ||L2 < ε.
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Proof. This follows immediately from the special case of part (iii) of Proposition 6.1 that k = 0.

Recall that L(Y,E) is the subspace of B(Y,E)×P consisting of pairs ([B], ρ) such that Φ(B, ρ) = 0
where Φ is defined in (2.15). Let π : L(Y,E) → P be the projection map sending ([B], ρ) ∈ L(Y,E)
to ρ. Given ([B0], ρ0) ∈ L(Y,E), the space L(Y,E) in a neighborhood of a point ([B0], ρ0) can be
identified with the solutions of the equation

ΠB0 ◦ Φ : B(Y,E)× P → ker(d∗B0
),

with ΠB0 being projection into ker(d∗B0
). The linearization of this equation acts as

(b, σ)→ ∗dB0b+ HessB0hρ0(b) +∇B0hσ (6.3)

on the elements of XB0 × P . Restricting to pairs (b, 0) in (6.3) gives the Fredholm operator LB0 in
(2.9) which governs the local behavior of the space Lhρ0 (Y,E) = π−1(ρ0) ⊂ B(Y,E). According
to Proposition 2.10, the kernel and the cokernel of the operator LB0 are given by H1

hρ0
(Y ;B0) and

H1
hρ0

(Y,Σ;B0), and it has Fredholm index −3
2χ(Σ). We sketch a slight modification of an argument of

[Her94] showing that the operator in (6.3) is surjective. Therefore, the implicit function theorem implies
that L(Y,E) is a smooth Banach manifold and π : L(Y,E)→ P is a Fredholm map with index −3

2χ(Σ).

To verify surjectivity of (6.3), it suffices to show that for any non-zero b ∈ H1
hρ0

(Y,Σ;B0), there
is σ ∈ P such that 〈∇B0hσ, b〉, which is equal to the derivative DB0hσ(b) of hσ at the connection B0

evaluated at b, is non-zero. Our assumption on the density of the sequence {ρi} implies that this claim
holds unless the derivative DB0τγ vanishes at b for any γ as above. The latter condition holds only if
the derivative DB0Hol` evaluates to zero at b for any closed loop ` in Y0 [Don02, Section 5.5]. Here
Hol` : A(Y,E)→ U(2) is the holonomy of a connection on Y along `. The same claim holds for loops
in the collar neighborhood of the boundary Y \ Y0 because dB0b vanishes on Y \ Y0 and B0 restricts to a
flat connection on Y \ Y0. Finally vanishing of the derivative of Hol` for closed loops ` in Y0 and Y \ Y0

can be used to conclude the vanishing of these derivatives for any closed loop in Y .

We claim that if DB0Hol` vanishes at b, then there is a section ζ of E on Y such that dB0ζ = b. Fix a
basepoint p0 ∈ Σ, and for any p ∈ Y , take a path ` : [0, 1]→ Y with `(0) = p0, `(1) = p. Trivialize E|`
by parallel transport and define

ζ(p) :=

∫ 1

0
`∗(b). (6.4)

The assumption on b implies that (6.4) is independent of the choice of ` and hence is well-defined. From
the definition, it is straightforward to check that dB0ζ = b. In particular, ζ restricts to zero on Σ because
the same property holds for b and the restriction of B0 is irreducible. From this we obtain∫

Y
〈b, b〉 =−

∫
Y

tr(dB0ζ ∧ ∗b)

=−
∫

Σ
tr(ζ ∧ ∗b)−

∫
Y

tr(ζ ∧ ∗d∗B0
b) = 0,

where in the second identity we use d∗B0
b = 0 and the vanishing of ζ on Σ. This shows that b = 0, which

is a contradiction and hence the operator in (6.3) is surjective.
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Proposition 6.5. Suppose (B0, ρ0) is as above. Suppose a is an L2
l−1 section of Λ1 ⊗ E with d∗B0

a = 0.
Then there are σ ∈ P and b ∈ L2

l (Y,Λ
1 ⊗ E) with d∗Bb = 0 and ∗b|Σ = 0 such that

a = ∗dB0b+ HessB0hρ0(b) +∇B0hσ (6.6)

Similarly, if a is an L2
l−1 section of Λ1 ⊗ E with d∗B0

a = 0 and ∗a|Σ = 0, then there are σ ∈ P and
b ∈ L2

l (Y,Λ
1 ⊗ E) with d∗Bb = 0 and b|Σ = 0 such that (6.6) holds.

Proof. We already addressed the first part of this lemma. To prove the second part, we consider the map
in (6.3) as an operator from X ′B0

× P with

X ′B0
:= {b ∈ L2

l (Y,Λ
1 ⊗ E) | d∗Bb = 0, b|Σ = 0},

to the subspace of ker(d∗B0
) given by a with ∗a|Σ = 0. Restricting to pairs (b, 0) determines an operator

L′B0
with the kernel and the cokernel H1

hρ0
(Y,Σ;B0) and H1

hρ0
(Y ;B0). Now a similar argument as

above can be used to complete the proof.

Proposition 6.7 (cf. [Her94]). The map r : L(Y,E)→M(Σ, F ) which maps any element ([B0], ρ0) to
the restriction α0 of B0 to the boundary is a submersion.

This proposition together with Proposition 6.5 completes the proof of Proposition 2.16.

Proof. Suppose c is a 1-form with values in F over Σ which represents an element of Tα0M(Σ, F ).
That is to say, dα0c = 0. Extend c to a smooth section b0 of Λ1 ⊗ E over Y . Then a := ∗dB0(b0) +
HessB0hρ0(b0) is in the kernel of d∗B0

and hence Proposition 6.5 applied to a implies that there are σ ∈ P
and b1 ∈ L2

l (Y,Λ
1 ⊗ E) with d∗Bb1 = 0 and b1|Σ = 0 such that

∗dB0(b1 − b0) + HessB0hρ0(b1 − b0) +∇B0hσ = 0.

In particular, the restriction of b0 − b1 to Σ is equal to c. There is an L2
l+1 section ζ of E such that

b := b1 − b0 − dB0ζ is in the Coulomb gauge

d∗B0
b = 0, ∗b|Σ = 0.

Thus (b, σ) gives a vector tangent to L(Y,E) whose restriction to the boundary represents the same
element as c.

Next, we turn into the proof of Lemma 2.56. As before, suppose (Y#, E#) is an admissible pair with
an admissible splitting

(Y,E) ∪(Σ,F ) (Y ′, E′).

Associated to the pairs (Y,E), (Y ′, E′) we may form Banach spacesP andP ′ parametrizing perturbations.
Since the map π : L(Y,E) → P is Fredholm, the Sard-Smale theorem implies that there is a residual
subset Preg of P such that for any σ ∈ Preg, the space Lhσ(Y,E) is a smooth Lagrangian inM(Σ, F ).
We fix one such element σ of Preg. Similarly we may form a residual subset P ′reg of P ′. The restriction
map r′ : L(Y ′, E′) → M(Σ, F ) is transversal to Lh0(Y,E) because the former map is a submersion.
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Therefore, by passing to a smaller residual subset, we may assume that any σ′ ∈ P ′reg has the property
that Lh0(Y,E) and Lhσ′ (Y

′, E′) are transversal to each other. We fix one such σ′.

The functions hσ and hσ′ induce a perturbation of the flat equation for connections on E# as in (2.44).
We follow the same notation as before to denote the solutions of this equation with CG. According to
Lemma 2.47 elements of CG are regular. We form (2.48) which is a perturbation of the ASD equation on
configuration spaces B(α, β)p with α, β ∈ CG. Regularity of elements of CG implies that these equations
are Fredholm (see, for example, [Don02, Chapter 4]). Note that the perturbation of the ASD equation in
(2.48) are supported in the subset R× (Y0 t Y ′0) of the cylinder R× Y . Lemma 2.56 is a consequence of
the following proposition.

Proposition 6.8. The Riemannian metrics on Y , Y ′ and cylinder functions h and h′ supported in the
interior of Y0 ⊂ Y and Y ′0 ⊂ Y ′ can be chosen such that the following conditions are satisfied.

(i) Solutions of the perturbation of the flat equation (2.44) for the functions h and h′ agree with CG.

(ii) Solutions of the perturbation of the ASD equation (2.48) for the functions h and h′ with index at
most seven are regular.

Here the assumption on the index of the solutions of (2.48) is not essential and we are making this
assumption to avoid the bubbling phenomena.

Proof. The proof is just a slight modification of a similar result in [Don02, Section 5.5]. The main
difference is that we want to guarantee our perturbation vanishes in the complement of Y0tY ′0 . Following
the notation of Subsection 2.1, let Y1 (resp. Y ′1) be the union of Y0 and [−1, 0] × Σ (resp. Y ′0 and
[0, 1]× Σ). Then the intersection of Y1 and Y ′1 is a copy of Σ with the collar neighborhood [−1, 1]× Σ.
Fix Riemannian metrics on Y and Y ′ in the same way as before. We show inductively that for any k ≤ 7,
there is a pair (hk, h

′
k) of cylinder functions such that hk and h′k agree with hσ and h′σ in a neighborhood

of CG,∇Bhk (resp. ∇B′h′k) is compactly supported in the interior of Y1 (resp. Y ′1) for any B (resp. B′),
solutions of the perturbation of the flat equation (2.44) for the pair (hk, h

′
k) agree with CG, and the moduli

space MG(α, β)p of solutions to the perturbed ASD equation associated to (hk, h
′
k) is regular for any

path p of index at most k. In fact, the pair hk − hσ, h′k − hσ′ are sums of finitely many cylinder functions
where our assumption on cylinder functions is slightly relaxed and we allow cylinder functions associated
to immersion into the interior of Y1 and Y ′1 . In particular, hk and h′k vanish in the regular neighborhood
[−ε, ε]×Σ of Y1 ∩ Y ′1 if ε is small enough. Note that if k is small enough, then solutions of the perturbed
ASD equation with index at most k should have negative topological energy and hence these moduli
spaces are empty. Thus the claim for such values of k holds if we set (hk, h

′
k) = (hσ, hσ′).

Next, we show that the claim holds for k assuming that it already holds for k − 1. We find a
collection of cylinder functions (hρ, h

′
ρ) where ρ belongs to a finite dimensional vector space P#, (hρ, h

′
ρ)

depends linearly on ρ, (hρ, h
′
ρ) is a cylinder functions associated to an immersion into the interior of Y1

and Y ′1 , and for small values of ρ, solutions of the perturbation of the flat equation (2.44) for the pair
(hk−1 + hρ, h

′
k−1 + h′ρ) agree with CG. Moreover, for any path p of index k, the family moduli space

MG(α, β)p ⊂ BG(α, β)p × P#, which is the union of the moduli spaces MG(α, β)p of solutions to the
perturbed ASD equation associated to (hk−1 + hρ, h

′
k−1 + h′ρ) for all ρ ∈ P#, is cut down transversely at

elements of the form ([A], 0).
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Suppose ([A], 0) is an element of a moduli space MG(α, β)p with index k which is not cut down
transversely. Our induction assumption and the assumption k ≤ 7 imply that the space of all such
non-regular elements of MG(α, β)p is compact. Assume that A is given in the temporal gauge, and let At
denote the restriction of A to {t} × Y#. A non-trivial element in the cokernel of the linearized operator
for MG(α, β)p is given by a smooth family of 1-forms {φt}t∈R on Y# with values in E# such that

d

dt
φt = −Ltφt, (6.9)

d∗Atφt = 0,

∫ ∞
−∞
〈∇Athρ +∇A′th

′
ρ, φt〉 = 0, ∀ρ ∈ P#, (6.10)

and the L2 norm of φt converges to zero as |t| → ∞. Here Lt is a self-adjoint operator (with respect to the
L2 norm) defined on the sections of Λ1(Y#)⊗ E#. The operator Lt depends on At, (h0 + hρ, h

′
0 + h′ρ)

and Lt(b) is equal to ∗3dAtb outside the supports of h0 + hρ and h′0 + h′ρ. Unique continuation of the
solutions of the equations of the form (6.9) [KM07, Lemma 7.1.3] implies that φt is non-zero for all
values of t. For Ȧt := d

dtAt, we have
d

dt
Ȧt = LtȦt. (6.11)

Using (6.9), (6.11) and the decay of φt and d
dtȦt, we can see that φt is L2-orthogonal to d

dtȦt for all t.
This claim can be proved by differentiating the inner product of φt and Ȧt with respect to t.

Since the restrictions of φt and Ȧt to Y# \Σ are linearly independent, we may use the same argument
as in [Don02, Proposition 5.17] to find cylinder functions hρ, h′ρ supported in the interior of Y , Y ′ such
that hρ, h′ρ vanish in a neighborhood of CG and∫ ∞

−∞
〈∇Athρ +∇A′th

′
ρ, φt〉 > 0.

In particular, if we enlarge P# using (hρ, h
′
ρ), then the dimension of the cokernel of the linearization of

the moduli space MG(α, β)p at ([A], 0) decreases by one. Because of the compactness of the space of the
non-regular elements of MG(α, β)p with index k, we may iterate this process and modify P# such that
MG(α, β)p for any p with index k is regular. Now, a standard application of Sard’s theorem shows that
for a generic small ρ ∈ P#, the pair (hk, h

′
k) = (hk−1 + hρ, h

′
k−1 + h′ρ) verifies the claim for k.

Let (h7, h
′
7) be the cylinder functions given for k = 7. Then (h7, h

′
7) is supported in the complement

of Σ ⊂ Y#. In fact, these functions are supported in the complement of a regular neighborhood of Σ
because hσ, h′σ are already supported in Y0, Y0, and h7 − hσ and h′7 − h′σ are defined using finitely
many immersions into the interior of Y1 and Y ′1 . If we rescale the metric on Y# by a constant, the same
assumption on the regularity of the moduli spaces hold. Moreover, we may assume that the rescaling
constant is large enough so that (h0 +h1, h

′
0 +h′1) is supported in the complement of a copy of (−1, 1)×Σ

equipped with the product metric of the standard metric on (−1, 1) and some Riemannian metric on
Σ.
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Figure 5: Support of the secondary perturbation terms is in the complement of the gray region.

6.2 Secondary perturbations

The purpose of this subsection is to prove Proposition 3.23 using a secondary perturbation of the mixed
equation. The perturbed equation has the form in (3.22), copied below again for the reader’s convenience:{

F+(A) + (∗3∇Ath)+ + (∗3∇A′th
′)+ + η(A) = 0,

∂Ju = 0.
(6.12)

The perturbation of the ASD equation is given by the holonomy perturbation term η(A), and the per-
turbation of the CR equation is provided by perturbing the complex structure J . Let Xc and Uc be the
sunspaces of X and U+ obtained by the complement of the gray region sketched in Figure 5. Since we
established the analysis of mixed equation in a neighborhood of the matching line only in the unperturbed
case, we limit ourselves to holonomy perturbations which are supported in Xc and complex structures J
which differ from the standard complex structure J∗ only in Uc.

The definition of the holonomy perturbation term η(A) is analogous to the definition of cylinder
functions. Given a Riemannian 4-manifold M , let γ : S1 × D4 → M be a smooth submersion such
that γ restricted to {1} × D4 is an embedding of D4 into M . Let also ω be a self-dual 2-form on the
image of γ({1} ×D4). For any connection A on a U(2) bundle E over M , the holonomy of A along the
loop γ(S1 × {z}) is an element of the fiber of End(E) over the point γ(1, z). Let Hz(A) be the image
of this holonomy with respect to the homomorphism End(E) → su(E) induced by the projection of

80



End(C2)→ su(2). Then Hz(A) determines a section of su(E) over γ({1} ×D4). Define

Pγ,ω(A) := Hz(A)⊗ ω (6.13)

which gives a gauge invariant map from the space of connections on E to the space of sections of
Λ+ ⊗ su(E). Note that the |Pγ,ω(A)| is bounded by the C0 norm of ω.

Now, we turn into the proof of Proposition 3.23. We shall define the perturbation term η as a linear
combination

η =

N∑
i=1

Pγi,ωi (6.14)

for a finite collection of γi : S1 ×D4 → Xc and self-dual 2-forms ωi. For any solution (A, u) of (6.12),
we have

E(A, u) =
1

8π2
E(A, u)− 1

4π2
||η(A)||2L2(X) ≥ −C

N∑
i=1

||ωi||2L2

where C is a fixed constant, independent of (γi, ωi). Thus, if the sum of ||ωi||2L2 is less than ε for a small
enough ε, then the topological energy of any solution (A, u) of (6.12) is greater than −δ for a given
positive constant δ. Since the set of possible values for the topological energy E(A, u) for elements of the
configuration spaces B(α, β) is a discrete subset of R, we can pick ε such that the topological energy
of any solution of (6.12) is non-negative. To prove Proposition 3.23, we follow a similar strategy as
in Proposition 6.8. By induction on the expected dimension of the moduli spaces of mixed equation,
we show that for any k ≤ 3, there are ηk and a family complex structures Jk = {J(s,θ)}(s,θ)∈U+

as in
Subsection 3.1 such that all moduli spaces Mηk(α, β)d, with d ≤ k and defined with respect to Jk, are
cut down transversely, and the moduli spaces Mηk(α, α)0 consists of a single regular element. Moreover,
the perturbation term η has the form in (6.14) with the sum of ||ωi||2L2 being less than ε − 1/2k. If k is
small enough, then the trivial perturbation of the ASD equation and a family of almost complex structures
as in Subsection 3.1 satisfy this claim.

Next, we show that the claim holds for k assuming that it already holds for k − 1. Suppose ηk−1 and
Jk−1 are chosen satisfying the above properties. We show that there is a collection {(γi, ωi)}Ni=1, an open
neighborhood U of the origin in a Euclidean space, and for each x ∈ U , a family of compatible almost
complex structures {Jx(s,θ)}(s,θ)∈U+

onM(Σ, F ) with {J0
(s,θ)}(s,θ)∈U+

= Jk−1 such that the following
claim holds. Suppose M(α, β) is the subspace of ([A, u], r1, . . . , rN , x) ∈ B(α, β) ×RN × U where
(A, u) is a solution of (6.12) defined using almost complex structures {Jx(s,θ)}(s,θ)∈U+

and the perturbation

η = ηk−1 +

N∑
i=1

riPγi,ωi .

Then any solution (A, u, 0, 0, . . . , 0,~0) ∈ M(α, β) with index(D(A,u)) = k is cutdown transversely.
Here Jx(s,θ) depends smoothly on (x, s, θ), is equal to the standard complex structure J∗ for s ≤ 1 and is
equal to Jθ, the complex structure given by Lemma 2.35 for s ≥ 3. Moreover, Jx(s,θ) is constant in the θ
direction if |θ| > 2.
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Assuming the claim of the previous paragraph, a standard application of Sard’s theorem shows that
there are r = (r1, . . . , rN ) ∈ RN and x ∈ U with with arbitrary small norms such that if we define
Mη(α, β)d using η = ηk−1 +

∑N
i=1 riPγi,ωi and the family of compatible almost complex structures

{Jx(s,θ)}(s,θ)∈U+
, then any such moduli space is regular if d ≤ k. Since any moduli space of the form

Mηk−1
(α, α)0 already contains a unique regular element, if r is small enough, then the moduli space

Mηk−1
(α, α)0 contains a unique regular element, too. Moreover, a small enough r allows us to guarantee

that η has the desired form in (6.14) with the sum of ||ωi||2L2 being less than ε− 1/2k. This completes the
proof of Proposition 3.23.

Now, we turn to the construction of the family of perturbations of the ASD equation and the compatible
almost complex structures on M(Σ, F ). Suppose (A, u, 0, 0, . . . , 0,~0) ∈ M(α, β) is a non-regular
solution of M(α, β) with the index of D(A,u) being k. The induction assumption and the compactness
results of Subsection 5.4 imply that the set of all such non-regular solutions is compact. Fix a non-zero
element (µ, ξ, z) in the cokernel of the linearization of M(α, β) at (A, u, 0, 0, . . . , 0,~0), where as before µ
and ξ respectively denote a 0-form and a self-dual 2-form onX , and z denotes a a section of u∗TM(Σ, F )
over U+.

If (µ, ξ) is non-trivial, then unique continuation implies that the restriction of µ to Xc is nontrivial
[Aro57] because the restriction of A to the complement of Xc satisfies the (unperturbed) ASD equation.
Since A over Xc is irreducible, we may find (ω, γ) as above such that Pγ,ω(A) 6= 0 (See, for example,
the proof of Lemma 13 in [Kro05]). Therefore, if we add (ω, γ) to the collection {(γi, ωi)}Ni=1, then
the dimension of the cokernel of M(α, β) at (A, u, 0, 0, . . . , 0,~0) decreases by 1. In the case that (µ, ξ)
is trivial, the restriction of z to U∂ needs to be trivial. If u is a constant map, then one can use the
arguments of Subsection 4.3 to see that the vanishing of z on U∂ implies that z vanishes globally. This is
in contradiction with non-triviality of (µ, ξ, z), and hence u is a non-constant map. In particular, there
are points in Uc where the derivative of u does not vanish. This implies that we may enlarge U by
adding another direction to deform {Jx(s,θ)}(s,θ)∈U+

such that the deformation is compactly supported

in Uc and the dimension of of the cokernel of M(α, β) at (A, u, 0, 0, . . . , 0,~0) decreases by 1. (See, for
example, the proof of Proposition 6.7.7. in [MS04]. Note also that the domain U+ is rigid and does not
have any non-trivial automorphism mapping U∂ , η+ and η′+ to themselves.) By iterating this process
finitely many times, we may guarantee the regularity of (A, u, 0, 0, . . . , 0,~0). Using the compactness
of the space of all such elements of M(α, β), we can more generally achieve regularity at all points
(A, u, 0, 0, . . . , 0,~0) ∈M(α, β) with the same topological energy. This completes the proof of our claim.

7 Extensions of the main theorem

The goal of this section is to show that the isomorphism N of Theorem 2 is compatible with certain
additional structures on instanton Floer homology and its symplectic variant. In the first subsection, we
define the structure relevant for Theorem 3 in the introduction and then prove this theorem. A more
precise version of Theorem 3 is stated as Theorem 7.7. In the second subsection, we review the definition
of the operators mG

σ , mS
σ and then prove Theorem 4.

82



7.1 Filtered framed Floer homology groups

Topological energy of solutions to the mixed equation plays a key role in the proof of our main theorem
in Section 3. In fact, we can use the notion of topological energy to define an additional structure on
instanton Floer homology and its symplectic version. We call this additional structure the Chern–Simons
filtration. In the discussion below, we follow similar conventions as in [DS20].

To define the Chern–Simons filtration, it is convenient to introduce CG, as a variation of CG. Fix an
element α0 of CG, and let CG consist of pairs α = (α, p) where α ∈ CG and p is a path from α to α0. We
call α a lift of α. Define degI(α), the I-grading of α, to be the topological energy of the path p defined in
(2.51). Any α = (α, p) in CG is determined by α and degI(α). Moreover, for any two different lifts α
and α′ of α, the expression 2(degI(α)− degI(α

′)) is an integer. We define a bijection U : CG → CG by
requiring that for a lift α of α we have

degI(U(α))− degI(α) =
1

2
.

Similarly, define CG(Y#, E#) to be the variation of CG(Y#, E#) which is the free abelian group
generated by the elements of CG. The bijection U defines the structure of a Z[U±1]-module on
CG(Y#, E#). We also modify the differential on CG(Y#, E#) in the following way to get a differ-
ential d : CG(Y#, E#)→ CG(Y#, E#):

d(α) :=
∑
p:α→β

#M̆G(α, β)p · β. (7.1)

Here α, β ∈ CG are lifts of α, β ∈ CG which are related by the path p. That is to say, the path from α to
α0 given by α is equal to the composition of p and the path provided by β. The differential map in (7.1) is
a Z[U±1]-module homomorphism. The following lemma implies that the I-grading defines a filtration on
CG(Y#, E#), which we call the Chern–Simons filtration.

Lemma 7.2. Suppose α, β ∈ CG are lifts of α, β ∈ CG which are related by the path p and the moduli
space MG(α, β)p is non-empty. Then

degI(α) ≥ degI(β),

and the equality holds if and only if α = β and p is the constant path.

Proof. This is a consequence of the fact that for [A] ∈ MG(α, β)p the topological energy E(A) is
non-negative because it is equal to 1

8π2E(A) where

E(A) :=

∫
R×Y#

|FA + ∗3∇Ath+ ∗3∇A′th
′|2dt dvolY#

.

We may define a Chern–Simons filtration on symplectic instanton Floer homology in a similar way.
The sets CG and CS are naturally identified with each other and we define the Z-covering CS of CS to be the

83



same as CG with the same I-grading as above. We define CS(Y#, E#) to be the abelian group generated
by CS . Suppose α, β ∈ CS and p is a path from α to β represented by a strip u : R× [−1, 1]→M(Σ, F ).
By gluing u to the constant mixed pair (Aα, uα) as in Subsection 4.5 and then applying mixed shifting we
obtain a connection A on R× Y# from α to β which is glued to the constant mixed pair (Aβ, uβ). This
construction allows us to associate to p a well-defined gauge theoretical path p′ from α ∈ CG to β ∈ CG.
In particular, p′ can be used to assign a lift β of β in CS to any lift α ∈ CS of α, which is characterized by

degI(α) = E(u) + degI(β).

Analogous to (7.1), we define a differential d : CS(Y#, E#)→ CS(Y#, E#) which is a Z[U±1]-module
homomorphism and the following lemma implies that it is filtered with respect to the I-grading.

Lemma 7.3. Suppose α, β ∈ CS are lifts of α, β ∈ CS which are related by the path p and the moduli
space MS(α, β)p is non-empty. Then

degI(α) ≥ degI(β),

and the equality holds if and only if α = β and p is the constant path.

We can more generally use any mixed pair (A, u) ∈ A(α, β), or rather its connected component, to
associate a lift β ∈ CS of β ∈ CS to any lift α ∈ CG of α ∈ CG. In fact, one can see that degI(α)−E(A, u)
is the I-grading of a lift of β by using Lemma 4.62 and reducing this claim to the case that (A, u) is a
symplectically constant pair. Therefore, we can define β by requiring

degI(α) = E(A, u) + degI(β).

This allows us to lift the isomorphism N : CG(Y#, E#)→ CG(Y#, E#) of Subsection 3.2 to a Z[U±1]-
module homomorphism from CG(Y#, E#) to CS(Y#, E#). The third part of Lemma 3.23 implies that if
the perturbation term in the definition of N is small enough, then for any α ∈ CG

N(α) = α+
∑
β

nα,ββ,

where β appears in the sum above only if degI(β) < degI(α). In another word, N is filtered with respect
to the Chern-Simons filtration and its leading term is equal to the identity map.

Definition 7.4. An I-graded complex is a chain complex (C, d) which is freely and finitely generated
over the ring Q[U±1] and has a Z ×R-bigrading. If Ci,j is the subgroup of C consisting of elements
with bigrading (i, j), then we have

(i) U Ci,j ⊂ Ci+4,j+ 1
2
,

(ii) dCi,j ⊂
⋃
j′≤j Ci−1,j′ .

Here i and j are respectively called the Floer grading and the I-grading of Ci,j . A chain map f : (C, d)→
(C ′, d′) of I-graded complexes is of level λ > 0, if it is a module homomorphism satisfying

f Ci,j ⊂
⋃

j′≤j+λ
Ci,j′
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A level λ chain homotopy h : (C, d) → (C ′, d′) between two chain maps f, g : (C, d) → (C ′, d′) of
level λ is a module homomorphism satisfying

f − g = d′h+ hd

and
hCi,j ⊂

⋃
j′≤j+λ

Ci+1,j′ .

Our discussion above shows that the instanton Floer complex CG(Y#, E#) and its symplectic version
CS(Y#, E#) are I-graded complexes, and N defines an I-graded chain map of level 0 which is an
isomorphism. However, this is not completely satisfactory for two reasons. First the I-gradings on
CG(Y#, E#) and CS(Y#, E#) depend on the auxiliary choices of perturbations, the Riemann metrics
and almost complex structures. (It turns out the dependence on perturbation terms h and h′ are more
serious than the other two items.) Second we need to fix a distinguished element α0 of CG to define the
I-grading. Since the set CG changes by varying the auxiliary choices, we need to slightly modify this
choice to resolve the second issue. Mostly for the ease of exposition, from now on we focus on the case of
framed Floer homology discussed in the introduction.

Recall that for any closed 3-manifold M , framed Floer homology is defined by introducing Y# :=
M#T 3. We also fix an SO(3) bundle E# which is induced by the trivial bundle on M and the pullback
to T 3 of the non-trivial bundle F1 on T 2. There is a unique flat connection on F1 up to the action of the
gauge group G(F1) and the pullback of this connection to T 3 and the trivial connection on M induce
an SO(3) family of flat connections on E#. Let α0 be an arbitrary element of this family. As it is
explained in the introduction, any Heegaard splitting of M induces an admissible splitting of (Y#, E#) as
(Y ∪ Y ′, E ∪ E′). For any such admissible splitting, there is a sequence {(σi, σ′i)} in the perturbation
space P × P ′ which converges to zero and (hi, h

′
i) := (hσi , h

′
σ′i

) satisfies the following properties.

(i) The spaces Lhi(Y,E), Lh′i(Y
′, E′) are smooth embedded Lagrangians which intersect transversely.

The intersection of these two Lagrangians is denoted by CiS and it can be identified with its gauge
theoretical counterpart CiG. The set CiG includes the flat connection α0.

(ii) The claim of Lemma 2.56 holds. In particular, we can use (hi, h
′
i) to define I-graded Floer

complexes (C
i
G(Y#, E#), di) and (C

i
S(Y#, E#), di), where the I-grading is defined using α0.

Standard continuation maps in Floer theory provide chain maps f ji : C
i
G(Y#, E#)→ C

j
G(Y#, E#) for

any i, j such that f ii = Id and fkj ◦ f
j
i is chain homotopic to fki using a chain homotopy li,j,k. In fact,

the chain maps f ji and the chain homotopy li,j,k for i, j, k ≥ n are of level λn where λn → 0 as n→∞.
(See [Dae20, Subsection 2.2] for the proof of a similar claim in a closely related context.) In particular, the
chain complexes CiG(Y#, E#) form an enriched complex in the sense of the following definition. (This is
a slight variation of [DS20, Definition 7.16], which is adapted to the case of instanton Floer homology for
admissible bundles.)

Definition 7.5. An enriched complex E = {(Ci, di), f ji , λn}i,j,n is a sequence of I-graded complexes
{(Ci, di)} and a family of chain maps f ji : Ci → Cj such that
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(i) f ji is of level λn for any i, j ≥ n,

(ii) f ii = Id,

(iii) fkj ◦ f
j
i is chain homotopic to fki using a chain homotopy li,j,k of level λn whenever i, j, k ≥ n,

(iv) limn→∞ λn = 0.

Definition 7.6. If C1 = {(Ci1, di1), f ji , λn}i,j,n and C2 = {(Ci2, di2), gji , µn}i,j,n are two enriched com-
plexes, then an enriched morphism N : C1 → C2 consists of level κi chain maps Ni : Ci1 → Ci2 for any i
such that Njf

j
i and gjiNi are chain homotopic using a chain homotopy of level κn whenever i, j ≥ n,

and κn → 0 as n → ∞. Enriched morphisms N = {Ni : Ci1 → Ci2} and M = {Mi : Ci1 → Ci2} are
chain homotopic to each other, if there is a sequence {Ki : Ci1 → Ci2} where Ki is a chain homotopy
of level κi between Ni and Mi with κn → 0 as n → ∞. . The enriched complexes C1 and C2 are
chain homotopy equivalent to each other if there are enriched morphisms N = {Ni : Ci1 → Ci2} and
M = {Mi : Ci2 → Ci1} such that the enriched morphism M ◦ N := {Mi ◦ Ni : Ci1 → Ci1} (resp.
N ◦M := {Ni ◦Mi : Ci2 → Ci2}) is chain homotopy equivalent to an isomorphism of C1 (resp. C2).

The following theorem is an extension of our main theorem, which in particular shows that framed
Floer homology and symplectic framed Floer homology together with their Chern-Simons filtrations are
isomorphic to each other. In the statement of the theorem, we write EG(M) for the enriched framed Floer
complex {(CiG(Y#, E#), di), f ji , λn} of M .

Theorem 7.7. The I-graded complexes (C
i
S(Y#, E#), di) can be completed into an enriched complex

ES(M) = {(CiS(Y#, E#), di), gji , µn},

and the enriched framed Floer theories EG(M) and ES(M) are chain homotopy equivalent to each other
as enriched complexes.

Proof. The construction of Subsection 3.2 gives a level 0 chain map Ni : C
i
G(Y#, E#)→ C

i
S(Y#, E#)

for each i, which is an isomorphism. Then

gji := Nj ◦ f ji ◦N
−1
i : (C

i
S(Y#, E#), di)→ (C

j
S(Y#, E#), dj)

is a chain map, and gkj ◦ g
j
i is chain homotopic to gki using the chain homotopy Nk ◦ li,j,k ◦N−1

i . By

picking µn = λn, we may easily see that ES(M) = {(CiS(Y#, E#), di), gji , µn} is an enriched complex.
The maps Ni and Mi := N−1

i give the desired chain homotopy equivalence between EG(M) and
ES(M).

Remark 7.8. In this paper we have been concerned with the instanton Floer homology for admissible bun-
dles on 3-manifolds. The key feature of these bundles is that they do not admit reducible flat connections.
However, there are versions of instanton Floer homology for 3-manifolds [Flo88a, Don02, Frø02] and
knots [CS99, DS20, Ech19] where one works with bundles which admit flat reducible connections. In
these cases, one still has the Chern-Simons filtration which can be used to produce numerical invariants of
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3-manifolds [Dae20, NST19] and knots [DS20]. Although this has not been investigated in the literature,
it is reasonable to expect that the Chern-Simons filtration on framed Floer homology, in the form of the
enriched complex EG(M) (or equivalently ES(M)), could be useful in the study low of dimensional
manifolds.

7.2 Quantum cohomology and the µ-operator

Associated to any configuration space of connections on a principal bundle, there is a universal bundle,
which can be used to produce cohomology classes of the configuration space. As the first example, let
A∗(Σ, F ) be the open subspace of A(Σ, F ) given by irreducible connections, and define B∗(Σ, F ) ⊂
B(Σ, F ) as the quotient of A∗(Σ, F ) by G(F ). The gauge group G(F ) acts in the obvious way on the
product space A∗(Σ, F )× Σ, and this action can be lifted to the pullback of F to A∗(Σ, F )× Σ. The
stabilizer of the action of G(F ) at any point of A∗(Σ, F )× Σ is {±1} which act trivially at any point on
the bundle. In particular, taking quotient with respect to G(F ) defines an SO(3)-bundle on B∗(Σ, F )× Σ
which is called the universal bundle associated to F . We write F for the restriction of this bundle to the
subspaceM(Σ, F )× Σ of B∗(Σ, F )× Σ. Similar constructions give rise to the universal bundles E#

over B∗(Y#, E#) × Y# and V over B(α, β) × X for any α, β ∈ CG. Here B∗(Y#, E#) is again the
subspace of B(Y#, E#) given by irreducible connections.

The universal bundles F, E# and V are related to each other. For any (A, u) ∈ A(α, β), the restriction
of A to {(0, θ)} × Σ ⊂ U∂ × Σ gives a flat connection in A∗(Σ, F ) and this association is equivariant.
This induces a map ρ : B(α, β)×U∂×Σ→M(Σ, F )×Σ, and the restriction of V to B(α, β)×U∂×Σ
is given by the pullback of F via the map ρ. Let X̃ be the manifold obtained as the union of X and U+×Σ
where U∂ × Σ ⊂ X × Σ is identified with U∂ × Σ ⊂ U+ × Σ in the obvious way. The above discussion
shows that the bundles V over B(α, β)×X and the pullback of F to B(α, β)× U+ × Σ via the map

([A, u], s, θ, x) ∈ B(α, β)× U+ × Σ→ (u(s, θ), x) ∈M(Σ, F )× Σ, (7.9)

can be naturally identified with each other over U∂×Σ, and hence they induce a bundle over B(α, β)×X̃ ,
which we denote by Ṽ. Fix T ≥ 3 and let B∗(α, β) denote the subspace of B(α, β) given by mixed pairs
[A, u] that the restriction of A to {t} × Y#, for any t ∈ (−∞,−T ], is irreducible. Then the restriction of
V to B∗(α, β)× (−∞,−T ]× Y# is the pullback of the bundle E# with respect to the map

([A, u], t, x) ∈ B∗(α, β)× (−∞,−T ]× Y# → ([A|{t}×Y#
], x) ∈ B∗(Y#, E#)× Y#. (7.10)

Later in this subsection we shall need a further constraint on T .

Universal bundles can be used to produce cohomology classes in configuration spaces of connections.
For instance, in the case ofM(Σ, F ), the first Pontryagin class of F has the Künneth decomposition

p1(F) = α0 ⊗ ω0 + α1 ⊗ ω1 + β0 ⊗ x0 + β1 ⊗ x1 +
∑
i

ψj ⊗ γj ∈ H4(M(Σ, F )× Σ)

where the cohomology classes ωj ∈ H2(Σ), xj ∈ H0(Σ) and γj ⊂ H1(Σ) give a basis for the
corresponding cohomology groups of Σ, and αj ∈ H2(M(Σ, F )), βj ∈ H4(M(Σ, F )) and ψj ∈
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H3(M(Σ, F )). These cohomology classes ofM(Σ, F ) provide a multiplicative generating set for the
cohomology ring H∗(M(Σ, F )) [AB83].

Explicit representatives for these cohomology classes can be constructed in the following way. Let
FC denote the complexification F⊗C. Fix two sections sS1 and sS2 of FC and define

Z := {(α, x) ∈M(Σ, F )× Σ | sS1 (α, x), sS2 (α, x) are linearly dependent}.

If the sections sS1 and sS2 are chosen generically, then Z is a codimension four compact stratified subspace
ofM(Σ, F )×Σ where the top stratum Z0 is a smooth submanifold and Z \Z0 given by the common zeros
of sS1 and sS2 has codimension twelve. In particular, if we co-orient Z using the product orientation on
M(Σ, F )×Σ and the complex orientation on the fibers of FC, then it has a well-defined fundamental class
which gives the Poincaré dual for c2(FC) = −p1(F). For this space Z and the analogous ones defined in
the following, we use the non-standard product orientation convention to get a representative for p1(F).
Thus Z can be used to produce representatives for the cohomology classes αj , βj and ψj . For instance,
the projection of Z ∩ (M(Σ, F )× Σj) toM(Σ, F ) gives a cycle representing αj and the intersection
of Z withM(Σ, F )× {x} for a generic x ∈ Σj gives a representative for βj . Similarly, if ` is a closed
oriented loop representing γj , then the intersection Z ∩ (M(Σ, F )× `), after possibly a perturbation of `,
is transversal and the projection of this intersection toM(Σ, F ) gives a cycle representing γj .

As in Subsection 2.4, for α, β ∈ CS , let MS(α, β)p be the moduli space of pseudo-holomorphic
maps u : R× [−1, 1]→M(Σ, F ) satisfying Lagrangian boundary conditions corresponding to the path
p from α to β. Let Ev : MS(α, β)p × Σ → M(Σ, F ) × Σ be the evaluation map that sends (u, x) in
MS(α, β)p × Σ to (u(0, 0), x). We also fix an element of H2(Σ) represented by one of the connected
components Σσ of Σ. A generic choice of sS1 and sS2 allows us to assume that Ev is transversal to Z. We
form the cutdown moduli space

LS(α, β)p := {(u, x) ∈ MS(α, β)p × Σσ | Ev(u, x) ∈ Z}.

Our transversality assumption implies that dim(LS(α, β)p) = dim(MS(α, β)p)− 2.

Now, we are ready to review the definition of the operatormS
σ . If the index of p is at most 1, the moduli

space LS(α, β)p is empty and if the index of p is 2, then LS(α, β)p is a compact 0-dimensional manifold
which we may orient using the orientation of MS(α, β)p and the co-orientation of Z that realizes p1(F).
Orientation of these moduli spaces allows us to define a homomorphism mS

σ : CS((Y,E), (Y ′, E′))→
CS((Y,E), (Y ′, E′)) as

mS
σ(α) :=

∑
p:α→β

#LS(α, β)p · β

where the sum is over all paths p from α ∈ CS to β ∈ CS of index two and #LS(α, β)p denotes the
signed count of the elements of LS(α, β)p. An analysis of the ends of 1-dimensional cutdown moduli
spaces LS(α, β)p shows that the homomorphism mS

σ is a chain map, and we use the same notation to
denote the induced map mS

σ : SI∗(Y#, E#)→ SI∗(Y#, E#) at the level of homology.

The above construction has a counterpart in the case of instanton Floer homology for admissible pairs,
as we review the construction now for the pair (Y#, E#). For any α, β ∈ CG, any path p from α to β and
any [A] ∈ MG(α, β)p, the restriction At of A to {t} × Y# for any t ∈ R is irreducible. Otherwise, if
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At has a non-trivial stabilizer u, then A and the pullback u∗A are two solutions of the perturbed ASD
equation that agree on {t} × Y#. Unique continuation implies that these two connections are equal to
each other which contradicts with the irreducibility of A. In particular, we obtain a well-defined map
MG(α, β)p → B∗(Y#, E#) by restricting [A] to {0} × Y#.

Next, we fix sections sG1 and sG2 of the complexified universal bundle E#⊗C over B∗(Y#, E#)×Y#

and define

LG(α, β)p := {([A], x) ∈MG(α, β)p × Σσ |
sG1 ([A |{0}×Y#

], x) and sG2 ([A |{0}×Y#
], x) are linearly dependent.}.

Again, we may assume that the space LG(α, β)p is cut down transversely. In particular, it is empty, if the
index of p is at most one, and it is a compact 0-dimensional manifold if the index of p is two. In the latter
case, we use the product orientation of MG(α, β)p × Σσ to orient LG(α, β)p. Oriented 0-dimensional
moduli spaces LG(α, β)p can be used to define the operator mG

σ : C(Y#, E#)→ C(Y#, E#) as

mG
σ (α) :=

∑
p:α→β

#LG(α, β)p · β

where the sum is over all paths p from α ∈ CG to β ∈ CG with index two. Using 1-dimensional moduli
spaces LG(α, β)p one can see again that mG

σ is a chain map. The induced operator acting on I∗(Y#, E#)
is denoted by the same notation.

To relate the operators mG
σ and mS

σ we need sections of the bundle Ṽ interpolating between sG1 , sG2
on the gauge theoretical side and sS1 , sS2 on the symplectic side. Fix continuous sections s1 and s2 of Ṽ
defined over B∗(α, β)× X̃ which satisfy the following properties:

(i) The restriction of si to B∗(α, β)×X is smooth.

(ii) The restriction of si to B∗(α, β) × (−∞,−T ] × Y# is given by pulling back sGi using the map
(7.10).

(iii) As in Subsection 4.2.2, let XT denote the the compact subspace of X given as the complement
of (T,∞)× T , (−∞,−T )× Y ′ and (−∞,−T )× Y# in X . Then si([A, u], x) for ([A, u], x) ∈
B∗(α, β) ×XT depends on the restriction of [A] to XT . To be more precise, the bundle V over
B∗(α, β)×XT is the pullback of the universal bundle over B∗(XT )×XT and we demand that si
is the pullback of a section of this universal bundle. Here B∗(Xc) denotes the configuration space
of irreducible L2

l connections on XT and the universal bundle over this space is defined analogous
to the previous instances of universal bundles.

(iv) The restriction of si to B∗(α, β)× U− × Σ is given by pulling back sSi using the map (7.9).

Suppose the constant T in the definition of B∗(α, β) is chosen such that the secondary perturbation term
η vanishes on (−∞,−T ]× Y#. Then unique continuation again implies that the moduli space Mη(α, β)
is contained in B∗(α, β). We may arrange the sections sGi , sSi and si so that the following subspace of

89



Mη(α, β)×R× Σσ for d ≤ 2 is cut down transversely:

L(α, β)d := {([A, u], t, x) ∈Mη(α, β)d+1 ×R× Σσ |
s1([A, u], t, x) and s2([A, u], t, x) are linearly dependent}.

Here we use the embedding of R×Σσ into X̃ where (−∞, 0]×Σσ is mapped to (−∞, 0]×{0}×Σσ ⊂
U− ×Σ and [0,∞)×Σσ is mapped to [0,∞)× {0} ×Σσ ⊂ U+ ×Σ. By assumption, the restrictions of
si to M(α, β)d ×Σσ × (−∞, 0], M(α, β)d ×Σσ × [0,∞) and M(α, β)d ×Σσ × {0} are smooth. The
transversality assumption above means that the loci that s1 and s2 are linearly dependent over each of
these subspaces is cut down transversely. This transversality assumption implies that L(α, β)d is empty
for d < 0 and it is a 0-dimensional manifold for d = 0.

Lemma 7.11. The moduli space L(α, β)0 is compact.

Proof. Suppose {([Ai, ui], ti, xi)} is a sequence of elements in L(α, β)0. After passing to a subsequence,
we may assume that xi converges to x0 ∈ Σσ and ti converges to t0 which is either a finite real
number or ±∞. The argument of Subsection 5.4 implies that there is a solution of the mixed equation
[A0, u0] ∈Mη(α

′, β′)d+1 with d ≤ 0, perturbed ASD connections

AG1 ∈ M̆G(α, α1)p1 , A
G
2 ∈ M̆G(α1, α2)p2 , . . . , A

G
n ∈ M̆G(αn−1, α

′)pn

and pseudo–holomorphic strips

uS1 ∈ M̆S(β′, β1)p′1 , u
S
2 ∈ M̆S(β1, β2)p2 , . . . , u

S
m ∈ M̆S(βm−1, β)p′m

such that [Ai, ui] is chain convergent to ([AG1 ], . . . , [AGn ], [A0, u0], uS1 , . . . , u
S
m) on the complement of a

set of bubble points. Since the index of the mixed pairs [Ai, ui] is 1, we may show that the set of bubble
points is empty by arguing as in Subsection 5.4. If t0 is a finite number, then the continuity of the sections
s1 and s2 (together with the properties (ii) and (iii) of si if t0 < 0) implies that s1([A0, u0], t0, x0) and
s2([A0, u0], t0, x0) are linearly dependent. In particular, the moduli space L(α′, β′)d is non-empty which
shows that d = 0. This in turn implies that m = n = 0 and α = α′, β = β′, and {([Ai, ui], ti, xi)} is
convergent to ([A0, u0], t0, x0) ∈ L(α, β)0 with respect to the topology of L(α, β)0. Thus in this case
{([Ai, ui], ti, xi)} is convergent after passing to a subsequence.

Next, we consider the case that t0 is not a finite number. First let t0 = −∞. After passing to a
subsequence, we may assume that ti ≤ −T for any i. Translating the restriction of Ai to (−∞,−T ] by
ti gives a connection A′i on (−∞,−T − ti] such that sG1 ([A′i|{0}×Y#

], xi) and sG2 ([A′i|{0}×Y#
], xi) are

linearly independent. Since ti → −∞, our assumption on the chain convergence of {([Ai, ui], ti, xi)}
implies that the connections A′i modulo the action of the gauge group are convergent to B which is
one of the connections AGi or the pullback of one of the connections α0 = α, α1, . . . , αn−1, αn = α′.
Moreover, property (ii) of the sections si implies that sG1 ([B|{0}×Y#

], x0) and sG2 ([B|{0}×Y#
], x0) are

linearly dependent. In particular, B equals one of the connections AGi , and this connections represents
an element of LG(αi−1, αi)p. This implies that the index of AGi is at least 2. On the other hand, the sum
of the indices of the connections AGi , the mixed pair [A0, u0] and uSj is 1, which is a contradiction. This
shows that t0 cannot be −∞. A similar proof rules out the case t0 =∞.
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We orient the compact 0-dimensional manifold L(α, β)0 using the orientation of Mη(α, β)1 and the
induced product orientation on Mη(α, β)1 ×R× Σσ. These oriented moduli spaces allow us to define a
map K : C(Y#, E#)→ CS((Y,E), (Y ′, E′)) as

K(α) :=
∑
β

#L(α, β)0 · β.

To prove Theorem 4 for the operatorsmG
σ andmS

σ , it suffices to show that N◦mG
σ −mS

σ ◦N = dK+Kd.
The following proposition, which is the counterpart of part (ii) of Proposition 3.26, shows that this relation
follows from analyzing the ends of the 1-dimensional moduli spaces L(α, β)1.

Proposition 7.12. The moduli spaces of the form L(α, β)1 can be compactified into compact 1-manifolds
by adding points in correspondence to the 0-dimensional spaces

L(α, γ)0 × M̆S(γ, β)p, M̆G(α, γ)p × L(γ, β)0, (7.13)

and
Mη(α, γ)0 × LS(γ, β)p, LG(α, γ)p ×Mη(γ, β)0. (7.14)

where γ ∈ CG ∼= CS , in (7.13) p denotes a path of index 1, and in (7.14) p denotes a path of index 2.
Moreover, the induced orientation on the boundary components of the compactified moduli space L(α, β)1

agree with the product orientation on the two terms in (7.13) and the first term in (7.14) and disagrees
with the induced orientation on the second term in (7.14).

Proof. A straightforward adaptation of the proof of Lemma 7.11 shows that any sequence of elements in
L(α, β)1 without any subsequence convergent to an element of this moduli space has a subsequence chain
convergent to an element in one of the spaces in (7.13) or (7.14). We need a gluing theory as a converse
to this compactness result to show all elements of (7.13) and (7.14) appear as the ends of the moduli
space L(α, β)1. As in the case of Proposition 3.26, the desired gluing theory results concern gluing mixed
pairs to ASD connections or pseudo-holomorphic strips on the gauge theoretical or symplectic ends. In
particular, they can be proved by a straightforward adaptation of the corresponding gluing results in the
context of instanton Floer theory and Lagrangian Floer theory. The discussion of the induced orientations
of the moduli spaces on the boundary components is also similar to the standard corresponding results in
the context of instanton Floer theory and Lagrangian Floer theory.

We may follow a similar discussion to prove the variation of the above result in the case that σ ∈ H1(Σ)
and is represented by a loop `σ in Σ. The main modifications applied to the proof are replacing Σσ with
`σ and working with the moduli spaces of instantons, pseudo-holomorphic strips and mixed pairs of one
dimension higher. The above argument does not immediately generalize to the case that σ ∈ H0(Σ)
because we need to work with the 4-dimensional moduli spaces of solutions to the mixed equation. The
main obstacle in this case is that we may have bubbling along the matching line in the compactification of
the moduli spaces of mixed pairs, and we have not studied the behavior of the compactified moduli spaces
in a neighborhood of such bubbles.
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