1. (10 points) In each part, the augmented matrix of a linear system is given. Determine whether the
solution is unique, there are no solutions or whether there are infinitely many. If the solution is unique
give it. If there are infinitely many give the solution parametrically.

Solution.(5 points) This system has 4 variables, x1, x2, 3 and x4 where 1 and z3 are leading
variables and x5 and x4 are free variables. Therefore, there are infinitely many solutions which
are given as follows:

x1 5—2s—3t
X2 _ S

I3 - 6 — 4t
Xy t

(You would lose 1 point if you don’t mention explicitly that there are infinitely many solutions.)

(i)

oo o
S O = O

Solution.(5 points) This system has 3 leading variables 1, x2, x3. Because the last equation is
0 = 0, the system is consistent. Therefore, the system has a unique solution which is equal to:

I 1
T2 = 9
T3 9

2. (10 points) Solve the following linear system using an augmented matrix. State whether the solution
is unique, there are no solutions or whether there are infinitely many. If the solution is unique give it.
If there are infinitely many give the solution parametrically.

X2 + 2CE3 = 3
2x17 — 3x2 + 223 = -1
2r1 + 3x9 + ldz3 = 18

Solution. The augmented matrix of this system has the following form:

0 1 2,3
2 =3 2.-1
2 3 14 ] 18

We firstly switch the first two rows to obtain a non-zero term in the first entry. Then we proceed as
follows:

2 2D
[

(1)

D =
—_
Do
—
Ne)
D

o O =
O = O

The last equation asserts that 0 = 1. Therefore, the system does not have any solution. (You would
lose 2 points if you make an arithmetic mistake.)



3. (a) Find the rank of the following matrix (10 points):

Solution. (8 points) We need to turn this matrix into the reduced row echelon form. Firstly
switch the first two rows to obtain a non-zero term in the first entry:

1 0 37]=-1 1 0 -3 1 0 -3 10 -3
0 1 2 ~l 0 1 2 ~l0 1 2 ~ |0 1 2
—2 -3 0 —2 -3 0 [2(I) 0 -3 —6 [3(1I) 00 0

Consequently, the rank of the matrix is equal to 2. (You would lose 2 points if you make an
arithmetic mistake.)

(b) Is this matrix invertible? If so, what is the inverse?

Solution. (2 points) The rank of this matrix is not equal to 3. Therefore, it is not invertible.



4. (15 points) We know the following values of the linear map 7' : R? — R%:

) 4
rsh=1 51 r(ip-]s
10 8

Find the matrix of this linear transformation. (Hint: Firstly compute T'(e1) and T'(e2).)
Solution. We firstly write down e; and ey as linear combinations of:
[ 7] 2
| 6 ] 3
That is to say, we need to find z1, x2, y1 and ys such that:
7 2 [ 1] 7 2 0
alee=[3]-10]  wlf]enli]-[1]

Therefore, x1, x2, y1 and ys satisfy the following systems:

T o [ 1 1 Y1 o 0

dal-L] a1

where A is equal to the following matrix: i
7 2
| 6 3

We can solve these systems using the associated augmented matrix. Alternatively, we can compute the
inverse of A as:
P, [ 3 =2 }
9| -6 7

Then z1, x2, y1 and y can be computed as follows:

[y ] a1 13 —27[1]_T 3
aleeh]=sls 7G-S
o 1 ,a[0]_ 17 3 —=2][0]_[-2
=)=l AL
Consequently:
5 4 -1
1 1[71 2[2 1 7 2 2 11 1 2|8 -5
r o p=ral] 5[5 )= e p-sr(ip=3| L |-5|3]=| >
10 8 -2
Similarly:
5 4 2
0 207 T2 2 7 7 2 2 1 7|8 6
A R M R S B A AR M
10 8 4
Therefore, the matrix of T is equal to:
-1 2
‘ -5 6
[T(el)‘T(eQ):I: -2 9
-2 4



5. (15 points)

(a) T : R? — R?is the linear transformation that rotates a vector in R? through the angle I clockwise.

Let A be the matrix of this transformation. Compute AB when B is the following matrix:
21 2
4 6 0
Solution. (5 points) In general, the matrix of the counterclockwise rotation in R? through the

angle 6 is equal to:
cos(f) —sin(0)
sin(f)  cos(0)

Therefore, A is given by the above matrix for § = —

(1)

A:

<l
sfents

5

As the final step, we need to compute AB:

2 [ 12]: V2+2v2 P 43v2 V2 || 3v2 T V2
6 07| —varas —L43vs V2 V2 V3

(2 points for finding A and 2 points for computing AB. You would lose 1 point for not simplifying
the answer.)

Sl
RS

T2

v ‘

Suppose [ is the line whose angle with the z-axis is equal to §. The linear transformation

S : R? — R? maps a vector to its reflection about the line I. Compute the matrix of this linear
transformation.

Solution. (5 points) In general, the matrix of the reflection about a line that passes through the
vector (wy,ws) € R? is given by the following matrix:

2 2
1 wy —wi  2wiws
2wiwy w3 — wi

w? + w3 ?
Therefore, the matrix of Sis given by the above matrix for (w,ws) = (cos(w/3),sin(7/3)):

cos®(5) — s'inz(g) '22005(%)sin(2§) } _ [ 098(?) sin(2—7;) } _ -1
2cos(%)sin(§)  sin“(§) —cos®(F) sin(£f) —cos(&F) V3 i
(You would lose 1 point for not simplifying the answer.)

U : R? — R? is the linear transformation that rotates a vector though the angle 5 counter-
clockwise and then projects the resulting vector to the z-axis. Compute the matrix of this linear
transformation.

Solution. (5 points) The matrix of the counterclockwise rotation in R? through the angle 5 is
given by (1) when § = Z:
0 -1
o]

2
The reflection to the z-axis maps the vector (z,y) to (x,0). Therefore, the matrix of this projection

is equal to:
1 0
0 0|



The matrix of U is the product of these two matrices:
10 0 -1{ [0 -1
0 0 1 0| [0 O

(2 points for finding each matrix and 1 point for computing the product.)



6. (10 points) For what values of A, the following matrix is invertible? When it is invertible, find the

inverse.
2 99—\
8 4

Solution. A 2 x 2 matrix is invertible, if its determinant is non-zero. The determinant of the above

matrix is equal to:
2x4-809—-))=8x—-64

Therefore, the determinant is zero if and only if A = 8. In the case that the determinant is non-zero
(i.e. when the above matrix is invertible), the inverse is given by the following matrix:

1 4 -9
8\ —64 | —8 2
(5 points for finding A and 5 points for computing the inverse. Computing the inverse for a special
value of A would get at most 3 points out of 5.)




7. (10 points) Determine whether the following matrix is invertible. If it is, compute the inverse:

1 00
3 10
-1 4 1

Solution. The combined augmented matrix associated to this matrix is equal to:

1 00

1 00,1 00 1 00,1 00 1 00,1 0 0
3 10101 0|31 ~|010i-310 |0 10 -3 1 0
14 1'0 0 1 |+ 0 4 1! 0 1 |—4(10) 00 1'13 —4 1
Therefore, (2) is invertible and its inverse is equal to:
1 0 0
-3 1 0
13 -4 1

(5 points for showing it is invertible and 5 points for computing the inverse. You would lose 2 points
if you make an arithmetic mistake.)

8. (10 points) A, B, and C are 3 x 3 matrices. Their inverses are given as follows:

11 1 1 0 0 1 0 0
Al'=10 1 1 Bl'=|10 20 cCl'=]-21 o0
0 0 1 0 0 3 3 2 -1

Find the inverse of ABC.

Solution. In general, if A, B, and C are invertible, then ABC' is invertible and its inverse is equal to
the product C"'B~'A~!, because:
(ABC)(CT'B A Y)Y =AB(CCHYB A ' = ABIB'A ' = ABB HA ' = ATA ' = AA 1 =1

Similarly, you can show that (C~*B~1A71)(ABC) is equal to the identity matrix. This verifies that
the inverse of ABC is equal to C~'B~1'A~!. For this problem, we need to compute the following
product:

1 0 0 1 00 1 1 1 1 0 O 1 1 1
-2 1 0 |-fO0O2O0](}-J]011|=|-22 0 1]-//011]=
3 2 -—1 0 0 3 0 01 3 4 -3 0 01
1 1 1
=] -2 00
3 7 4

Alternatively, one can find the inverses of A=, B~! and C~!. These matrices are equal to A, B and C,
respectively. Then you can compute ABC and take the inverse of the resulting 3 x 3 matrix. Clearly,
this approach takes much more work.

(5 points for noting that (ABC)™! = C7'B71A~! and 5 points for computing the product. You
wouldn’t get any point if you compute A~!B~1C~! as the final answer.)



