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1 Introduction

1.1 Course blurb

We'll define what a contour integral in the complex plane is, and prove a nonempty subset
of the following fundamental theorems from complex analysis: Cauchy’s integral theorem,

Cauchy’s integral formula, analyticity of holomorphic functions, residue theorem.

1.2 Textbook reference

Stein and Shakarchi, Complex analysis

2 Day1

2.1 Complex analysis is magic (a quick overview)

Many of the theorems we’ll see deal with holomorphic functions and contour integrals.
First let’s talk about holomorphic functions. A function f : C — C is holomorphic at z

(or complex differentiable at z) if the following limit exists:

f(z+h) = f(2)
- . (2.1)

lim
h—0
heC

Here the limit is taken over h € C.
Now, let’s move on to contour integrals. First, a parametrized curve v : [a,b] — C is
continuously differentiable or C' if +/(t) exists, is continuous, and ~/(t) # 0 for all ¢. In this

course, we will assume all of our curves v are piecewise C*. If f : C — C, we define

/ f(2)dz = / FO ) (2) dt. (2.2)

This is like the definition of the contour integral in multivariable calculus. To see the con-

nection, you could also write
/ f(2)dz = / flo + iy)(de + idy). (2.3)
v gl

where the expression on the RHS is the usual line integral from multivariable calculus.
Usually, in multivariable calculus, the contour integral contains an expression of the form
f (Z) - d7. But in complex analysis, we don’t need a dot product. The expression f(z)dz is
just multiplication of complex numbers.

Here are some very nice theorems.



1. Contour integration (Cauchy’s theorem): Suppose 2 C C is an open set, and 7 is a
simple closed curve in €2, and the region bounded by + is also contained in 2. If f is

holomorphic on 2,
/ F(=)dz =0 (2.4)
.
2. Regularity and analyticity: If 2 is an open set, and f is holomorphic on €2, then f is

infinitely differentiable in €2 and f has a power series expansion everywhere.

3. Analytic continuation (principle of permanence): Let € be a connected open set. Sup-
pose w € 2 and (w,,) is a sequence in Q \ {w} converging to w. Suppose f and g are

holomorphic in 2, and f(w,) = g(w,) for all n. Then f = g in all of Q.

2.2 Holomorphicity
We already defined holomorphic above.
Example 2.1. The following functions are all holomorphic.

1. Polynomials are holomorphic on C. Rational functions are holomorphic where they

are defined.

2. Any function defined by a power series Y - a,2" is holomorphic in its disc of conver-

gence. For example, e and sin z are holomorphic on C.

3. log z is well defined on the slit complex plane C\{z € R : x < 0}. Then for any a € C,

we can also define 2% = e*1°¢% on the slit complex plane.

Example 2.2. f(z) = z is not holomorphic. Neither is f(z) = |z|*> = 2Z. You are asked to
verify these in the exercises. In general, when a complex conjugate appears, that is a sign

that the function is not holomorphic.

Let’s compare the concept of differentiability in various settings. Assume that f(0) =0
and f is differentiable at 0:

1. Differentiability of f : R — R at the point 0:

h
f(h) = f'(0)h +ervor(h),  where lim w
b 10l

=0 (2.5)

The term f/(0)h is a product of two real numbers. This represents a rescaling of h



2. Holomorphicity (i.e., complex differentiability) of f : C — C at the point z:

h
f(h) = f(0)h +ervor(h),  where lim w
bt Il

=0 (2.6)
The term f’(0)h is a product of two complex numbers. This represents a rotation and
scaling of h.

3. Differentiability of f: R* — R? at the point z:

h
F(h) = f'(0)h +ervor(h),  where Jim w
p0 1A

=0 (2.7)

The term f'(0)h is a product of a 2 x 2 matrix with a 2 x 1 matrix. This represents a

linear transformation acting on h.

Given any f : C — C, we can also convert it into a function F : R? — R? as follows. Let
u:R* — R and v : R? = R be defined by f(z +iy) = u(z,y) + iv(z,y). In other words,

u(z,y) = Re f(z + iy) (2.8)
v(z,y) =Im f(x + 1y) (2.9)
Then we can set F(x,y) = (u(z,y),v(x,y)).

Example 2.3. Let f(z) = 23. Note that f(z+iy) = (v +iy)® = (23 — 3zy?) +i(32%y — v?),
so u(z,y) = x® — 3zy? and v(x,y) = 322y — y>.

If F' is continuously differentiable, the derivative of F' is the 2 x 2 matrix given by
aﬁv ) a Y
Fl(z,y) = ule,y) Oy, y) (2.10)
ax’U(IE, y) ayv(x, y)

If F(z,y) comes from a holomorphic function f(z), then the following theorem tells us

something about the matrix in (2.10).

Theorem 2.4. Let f : C — C. Let u: R?> - R and v : R? — R be defined by f(z + iy) =
u(z,y) +iv(x,y). Suppose f is holomorphic at zg = xg + 1yo. Then

f'(20) = Opu(o, yo) + 10,v(0, Yo) (2.11)
= O0yv(xo, Yo) — 10yu(zo, yo) (2.12)

It follows that w and v satisfy the Cauchy-Riemann equations at (o, yo):

Opu(zo,Yo) = Oyv(x0, Yo) (2.13)
0xv(o, Yo) = —0yu(zo, Yo) (2.14)
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Proof. Suppose f’(zp) exists. Then

f(z0) = tim LN = [0) (2.15)
h—0 h
heC
If we let h — 0 along the real axis (so h = ¢ where t € R and t — 0), then we get
f(z0 +1) — f(20)
o) —
(z0) = tim 1200 (216)
teR
— lim [u(o + 1, o) — w(wo, yo)] + i[v(zo + £, y0) — v(20,%0)] (2.17)
t—=0 t
teR
- 81316(130, yO) + iaa:v(xm yO) (218)

This proves (2.11). Next, if we let A — 0 along the imaginary axis (so h = it where t € R
and ¢ — 0), then we obtain (2.12). You are asked to check this in Exercise 3.4.

The Cauchy-Riemann equations follow by equating the real and imaginary parts of (2.11)
and (2.12). O

One consequence of the Cauchy-Riemann equations (2.13) and (2.14) is the following: If

f'(z) = a+ ib then
Fl(z,y) = (‘Z _ab> (2.19)

(Recall (2.10).) Note that matrix above is the 2 x 2 matrix representation of a + ib.

3 Day 1 exercises

Exercise 3.1. (@) In this problem, we will show that f(z) = Z is not holomorphic in two

different ways.

1. Use the definition of holomorphic. Start with the difference quotient

f(z+h)—f(z)z—|—Z—2 (3.1)

; =
2. Use the Cauchy-Riemann equations.

Exercise 3.2. (@) Do the same as in Exercise 3.1, but with f(z) = |z|.

Exercise 3.3. (@) In each part below, you are given f(z), which is a holomorphic function.
Write down the functions u(z, y) and v(z, y) which satisty f(x +iy) = u(z,y) + iv(z,y), and

check that the Cauchy-Riemann equations are satisfied.
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1. f(z) =2
2. f(z)=1/z
3. f(2) = e*. (You will need the fact that ¢ = cosf + isin6.)

Exercise 3.4. (@) Finish the proof of Theorem 2.4. That is, show that f'(z) is equal to
(2.12).

Exercise 3.5. (§?) Let f be a holomorphic function, and let f(z +iy) = u(z,y) + iv(x,y).
Show that u satisfies the partial differential equation (9;)*u + (9,)*u = 0. A function

satisfying this PDE is called a harmonic function. Show that v is harmonic as well.

Exercise 3.6. (@) Let f be a holomorphic function, and let f(z +iy) = u(z,y) + iv(x,y).

Suppose we know u(x,y) = —z% + y?. Can you determine v?

Exercise 3.7. (@#p) Prove Cauchy’s theorem. (You may assume that f’ exists and is

continuous.) Hint: Use the Cauchy-Riemann equations and Green’s theorem.

4 Day 2

4.1 Cauchy’s theorem

Cauchy’s theorem, also known as the Cauchy—Goursat theorem, is the following.

Theorem 4.1 (Cauchy’s theorem). Let 2 be an open set. Let f be holomorphic function on

Q. Let v be a simple closed curve in ), such that the interior of 2 is contained in . Then
/f(z) dz=0 (4.1)
-

Proof. Let’s prove Cauchy’s theorem with the additional assumption that f’ is continuous.

(This assumption is not needed, but we would need a different proof.) We have

/f(z) dz = /(u+iv) (dx + idy) = /(u+iv) dr +i(u +iv) dy (4.2)

Since we assume f’ is continuous, the partial derivatives of u and v exist and are continuous.

By Green’s theorem, the integral on the RHS of (4.2) is equal to

0 0
I—u 41| — —|u + iv| dz dy, 4.3
//region bounded by vy Ox [ ] ay [ ] ( )
which is equal to zero by the Cauchy-Riemann equations (2.13) and (2.14). ]



Example 4.2. Here is a very important example. Let f(z) = 2", where n € Z. Let
R > 0 and let C(0, R) denote the circle centered at the origin of radius R, oriented counter-
clockwise. We can parametrize it with v : [0,27] — C be y(t) = Re™. From the definition

of the contour integral, we can directly calculate that

2 . o . 0 if n # —1
/ 2"dz = / y(&)" ' (t) dt = / (Re™)"™ (Rie™) dt = (4.4)
C(0,R) 0 0

2wt ifn= -1

For n > 0, we could have also used Cauchy’s theorem to see that the integral is zero. For
n < —1, Cauchy’s theorem does not apply, because z" is not holomorphic at 0.

Another way to see that the integral is 0 for n # —1 is to note that in that case,
2" = F'(z), where F(z) = (We say that F(z) is a primitive of 2™.) Then

n+1

Lo S8 = / It w= [T Faon = [CForma @y
(2

(2m)) = F(7(0)) = F(R) = F(R) = 0 (4.6)

However, that fact that the integral of [ CO.R) 27 1dz # 0 implies that 2! does not have
a primitive on C \ {0}.

As shown in the example, 7 : [a,b] — C and F is a primitive of f, then

[ #1d = FO®) - Fo@) (@7)

which is the complex version of the fundamental theorem of calculus for contour integrals.

4.2 Cauchy’s integral formulas
Cauchy’s theorem has the following consequence.

Theorem 4.3 (Cauchy’s integral formula for f). Let Q be an open set. Suppose f is holo-
morphic on Q. Let D be an open disk such that D C Q. (D denotes the closed disk.)
Then

f(z) = L/ SO d¢ forall z € D. (4.8)

21 Jo (— 2
where C' denotes the boundary of D, oriented counter-clockwise.
Proof. Note that g (as a function in ¢, with z fixed) is holomorphic in Q \ {z}. Apply

Cauchy’s theorem to this function with a keyhole contour (see picture from Jamboard), and
let the width of the corridor go to zero. It follows that

Lrfe 1 f(¢)




where C(z,¢) denotes the boundary of disk centered at z of radius ¢, oriented counter-
clockwise. We can use the usual parametrization of C'(z,¢) to get

1 1 [* f(z +ee
GIPSE S ¥ (0

270 Jo(ze) € — 2 ©2mi geit

2m
(eie™) dt = QL/ f(z+ee™)dt (4.10)
T Jo

Since f is continuous at z, as € — 0, the RHS of (4.10) converges to f(z). (This is because

of uniform convergence of the integrand.) The result follows. m

Theorem 4.4 (Cauchy’s integral formula for f™). Suppose f is holomorphic in Q. Then
for alln >0, f™ exists on 2, and

my .y b f(©)
f(z) = " /C =2 d¢ for all z € D. (4.11)

where D and C' are as in Theorem 4.3

The idea of (4.11) is to differentiate (4.8) under the integral sign. We just need to do

this rigorously. We will do that tomorrow.

5 Day 2 exercises

Exercise 5.1. (@) Let f(2) = 22 (sin®2) et (2 —2020)"!. Let v be the regular 2020-gon
centered at the origin with a vertex at 1, oriented counter-clockwise. Evaluate j; f(2)dz.

Exercise 5.2. (§?) For £ > 0 and R > 0, let 7¢ g be the rectangle with vertices at £R and

+ R + £, oriented counter-clockwise. Evaluate f75 - e ™ dz.

Exercise 5.3. (@) Check that if you repeatedly differentiate (4.8) under the integral sign,
you do in fact get (4.11).

Exercise 5.4. (@) Let v be any closed curve in the plane that avoids the origin. (Here, v
is not required to be a simple curve. It is allowed to intersect itself.) What is a geometric
description of the quantity ﬁ f7 % dz?

Exercise 5.5. (@#p#8) Show that for all £ > 0,

/ e e T2 g = ¢ (5.1)

[e.9]

In fact, (5.1) is also true for £ < 0. This shows that the Fourier transform of g(z) = e~ ™
is §&) = e
Hint: Use Exercise 5.2. Also, use the fact that ffooo e ™ dr = 1. (This is known as the

Gaussian integral and can be proved in many ways.)
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Exercise 5.6. (@#p) Let Q C C be an open set containing 0. Suppose [ is holomorphic in
Q except at the point 0. Furthermore, suppose that there is an open disc D(0,r) C €2 such
that

o0

fz)= Z a,z" for all z € D(0,7). (5.2)

n=—N

(Note the negative indices the sum. The sum in (5.2) is a Laurent series.)
Let D be an open disc such that 0 € D and D C . (Recall D denotes the closed disc.)

Let C' be the boundary of D, oriented counter-clockwise. Evaluate

/ f(z)dz. (5.3)
C

Hint: You should use many of the ideas from today’s class.

6 Day 3

6.1 Cauchy’s integral formula (continued)
Now we give a proof of Theorem 4.4.

Proof. This is a proof by induction. We already know (4.11) for n = 0. Now let us prove
it for n = 1 using the n = 0 case. The idea is to differentiate under the integral sign in a

rigorous way. By (4.8),

1 1 1
Fer ) =16 = g [ 10 (o - ) a6 (6.1)
SO
fe+h)—flz) 1 f(Q)
T L 02
Observe that
: f(©) _ Q) .
}gr(l)(g“—z—h)(g“—z)_(g“—zy uniformly for ( € C (6.3)
SO
h) — 1
which completes the proof for n = 1. To go from n = k — 1 to n = k is similar. m

Corollary 6.1. If f is holomorphic on €2, then f is infinitely differentiable on €.

Proof. This is part of the statement of Theorem 4.4. But I included it here to emphasize
it. O



6.2 Fundamental theorem of algebra

The Cauchy integral formulas imply the fundamental theorem of algebra, by the following

chain of theorems.

Corollary 6.2 (Cauchy inequalities). Suppose f is holomorphic in Q. Let D(zo, R) be a

disk such that D(zo, R) C Q. Then for all n,

n!

/" (20)] < sup [ f(C)] (6.5)

R™  tco(zo,R)

Proof. Since C(zg, R) has length 27 R, the Cauchy integral formula and the triangle inequal-

ity give us

|fn(Zo)| =

nt O ‘ nt RFACI
2mi /c(ZO,R) =z | = 2 (cegl(lzg,m ¢ — Zo|"+1> il £6)

Since | — z9| = R, this completes the proof. ]

Corollary 6.3 (Liouville’s theorem). Suppose f is holomorphic on C. (Such a function is
called entire.) Suppose also that f is bounded, i.e., there exists B > 0 such that sup,cc | f(2)] <
B. Then f is constant.

Proof. Apply Corollary 6.2. Details left as an exercise. (The proof is very short.) O]

Corollary 6.4 (Fundamental theorem of algebra). Any nonconstant polynomial has a root

i C.

Proof. Apply Corollary 6.3. Details left as an exercise. (The proof is very short.) O

6.3 Analyticity

A function f is analytic at 2y if there exist a disc D(zo, R) and a sequence (a,)5°, such that
f(z) =320 gan(z — z)" for all z € D(z, R). A function f is analytic in Q if it is analytic

at every point in €.

Example 6.5. Consider the function f : R — R given by

eVt if e >0
f(x) = ‘ (6.7)
0 ifxz <0

The function f is infinitely differentiable. However, f((0) = 0 for all n, so f is not analytic
at 0.

10



As Example 6.5 shows, for real functions, it is possible to be infinitely differentiable with-
out being analytic. See https://en.wikipedia.org/wiki/Non-analytic_smooth_function
for more.

So far, we have only shown that holomorphic functions are infinitely differentiable. But

it turns out they are also analytic!

Theorem 6.6 (Analytic implies holomorphic). Suppose f(z) =3 .~ an(z — 20)". Let R be
the radius of convergence of the power series. Then f is holomorphic inside D(zy, R), and
furthermore f'(z) =07 nay(z — 20)""* inside D(zp, R).

Proof. This follows from standard facts about power series from basic analysis. The proof

uses no complex analysis, so we skip it. O

Theorem 6.7 (Holomorphic implies analytic). If f is holomorphic in Q, and D is an open
disc centered at zo with D C Q, then

< fn)(s, )
f(z) = Z:O n(' 0) (z — 20) forall z € D (6.8)
Proof. Let C denote the boundary of D. By the Cauchy integral formulas (4.11),
(n) 1
n! 27 Jo (€ — zp)"*!

SO

IS f(n)(ZO) . n_i s (Z—Zo)n
2 o ) =on ;/Cf(f) (C — zp)m d¢ (6.10)

n=0

Note that by the geometric series formula,

=~ (z—2)" 1
2 (=2 (-2 (611)

n=0

and furthermore, this convergence is uniform for ¢ € C'. Thus, we can interchange summation
and integration to get that the RHS of (6.10) is equal to

= / SO ¢ (6.12)

271 C C — 20
By Cauchy’s integral formula (4.8), this is equal to f(z). ]

Note that Theorem 6.7 also tells us about the radius of convergence of the Taylor series:
If f is holomorphic on 2, and D(zy, R) C €, then the radius of convergence of the Taylor

series of f at zp is at least R.

11
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_1
1422

at 0is 1 — 22 + 2% — 2% + .- .. The radius of convergence of this is only 1, even though ¢ is

Example 6.8. Consider the function g : R — R given by g(z) = The Taylor series

differentiable everywhere.
This is because the function f : C — C given by f(z) = H% is holomorphic except at

+i. So by Theorem 6.7, the radius of convergence of the Taylor series of f at 0 must be 1.

7 Day 3

Exercise 7.1. (§#4p) Check the details of the induction in Theorem 4.4. Show that the

n = k case follows from the n = k — 1 case.

Exercise 7.2. (@) Using the Cauchy inequalities (Corollary 6.2), prove Liouville’s theorem
(Corollary 6.3).

Exercise 7.3. (@) Using Liouville’s theorem (Corollary 6.3), prove the fundamental theo-
rem of algebra (Corollary 6.4).

Exercise 7.4. (@) Why isn’t the function sin z a counterexample to Liouville’s theorem?

8 Other topics

(We did not have time for these.)

8.1 Analytic continuation

We have the following theorem about uniqueness of analytic functions. This goes by the

name of “analytic continuation” or “principle of permanence.”

Theorem 8.1. Let 2 C C be an open connected set. Let w € ), and let (wg)p>, be a
sequence in Q2 \ {w} that converges to w. If f is holomorphic in 2, and f(wy) =0 for all k,

then f is identically zero on 2.

Proof. Since f is analytic at w, there exists a disc D C ) centered at w and a sequence

(an)5e, such that

[e.9]

f(z)= Zan(z —w)" for all z € D. (8.1)

n=0
We will first show that f is identically zero on D. Suppose for contradiction that this is not

true. Then we can let m be the smallest index for which a,, # 0. For all z € D,

f(z)= 3 an(z —w)" = ap(z —w)™ (1 + i f: Apmin (2 — w)") (8.2)

n=m n=1

12



1 o

Let g(2) = ;-2 21 min(z —w)" for 2 € D. Observe that g is continuous on D and
g(w) =0 and.

f(2) = am(z —w)™(1 + g(2)) (8.3)
If k is large enough, then wy, € D and |g(wy,)| < 3. For such k, we have
0= fwr) = am(wp — w)™ (1 + g(wy)) (8:4)

Since w, —w # 0 and 14 g(wy) # 0, it follows that a,, = 0, which contradicts the assumption
that f was identically zero on D.
From this, it is not hard to show that since 2 is connected, then f is identically zero on

D. (This uses some topology. No analysis is needed.) O

Theorem 8.2. Let Q2 C C be an open connected set. Let w € €2, and let (wg)72, be a sequence
in Q\ {w} that converges to w. If f and g are holomorphic in Q, and f(wg) = g(wy) for all
k, then f =g on .

8.2 Residue theorem

Exercise 5.6 is closely related to what is called the “residue theorem.” See https://en.
wikipedia.org/wiki/Residue_theorem. The idea is that if you have f7 f(2) dz where 7 is
a simple closed curve, but f has some singularities in the region bounded by ~, you can still
in many cases evaluate this integral without too much work. You just need to calculate the
“residue” at each singularity and sum them up.

The residue theorem gives you one way of evaluating integrals such as ffooo lfg I

8.3 Analytic number theory and the Riemann hypothesis

The field of analytic number theory uses analysis to study problems in number theory. For
some reason, analytic number theorists use s for a complex number. Let’s define the Riemann
zeta function. Let ((s) = 7, # This series converges to a holomorphic function on the
right half-plane {s : Re(s) > 1}. It turns out you can extend ¢ to be a holomorphic function
on C\ {1}. (This is not at all trivial.) Because of analytic continuation, this extension is
unique.

Define the prime counting function 7(z) to be the number of prime numbers < z. (This is
standard notation.) There is an identity showing that a variant of w(x) is equal to a contour
integral where the integrand contains the expression ﬁ Then by the residue theorem, this
contour integral can be rewritten as a sum over the zeros of ((s). That’s why the Riemann
hypothesis is so important. For more information, see https://en.wikipedia.org/wiki/

Explicit_formulae_for_L-functions#Riemann’s_explicit_formula
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8.4 Other topics

Mobius transformations, Riemann sphere, hyperbolic geometry
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