
Algebra I

Problem Set 1

Due: September 13 in class

1. Let N be a normal subgroup of a group G. For a subgroup H in G, let

φ(H) = {hN |h ∈ H} ⊂ G/N.

(a) Show φ gives a 1-1 correspondence between subgroups of G which contain N and sub-
groups of G/N .

(b) Show that if N ≤ H1 ≤ H2, then H1 E H2 if and only if H1/N E H2/N , and in this
case

H2/H1 ' (H2/N)
/

(H1/N).

2. (a) Show that A5 is simple. (b) Find all the normal subgroups of Sn when n ≥ 5.

3. If H ≤ K ≤ G, then show that [G : H] = [G : K][K : H]. (Do not assume G is finite.)

4. Show that if n ≥ 2, Sn is generated by the two cycles τ = (1 2) and σ = (1 2 . . . n). (Hint:
(i i+ 1) = σ(i− 1 i)σ−1)

5. Let G be the subgroup of GL(2,C) generated by

A =

[
0 i
i 0

]
, B =

[
0 1
−1 0

]
.

(a) Show G is of order 8 and is not abelian.

(b) Show that every subgroup of G is normal.

6. Soppose that G is a finite group, H ≤ G and N E G such that |H| and [G : N ] are
relatively prime. Show that H ≤ N .

7. Let G be a group. For x, y in G the commutator of x and y is

[x, y] = xyx−1y−1.
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Let G′ be the subgroup of G generated by all the commutators.

• Show [x, y]−1 = [y, x] and G′ = {[x1, y1] . . . [xm, ym]| xi, yi ∈ G}.

• Show G′ E G and G/G′ is abelian.

• Set G(0) = G, and G(i) = (G(i−1))′ for i ≥ 1. Show G is solvable if and only if
G(m) = {e} for some m ≥ 0.
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