JANE PROFESSOR
Sample WeBWorK problems.

L(1pH13
If {a,} is a sequence of real numbers, the first difference Va, is
the sequence given by

Va, = a,,.—an_l ifn>1
Oifn=1.

For example if {a,} is the sequence 1,3,5,7,9,... then Va, is

the sequence 0,2,2,2,2,.... Notice the sequence Va, always

starts with 0 and the subsequent entries keep track of the differ-

ences in the original sequence {a,}. Fill in the blanks below:
a,:1,3,9,27,81,...

Va,:0,2,6,18,54,...
b,:1,2,5,10,17,26,...

Vb, : 0 , ,
cn:1,2,5,14,41,122,. ..

Ve, : 0, , ,
Similarly one defines V2a, by:

V2 — {Van—Van_l ifn>1
.=

Oifn=1

So for example:
ap:1,2,3,5,8,13,21,...
Va,:0,1,1,2,3,5,8,...
V2a,:0,1,0,1,1,2,3,...
Fill in the following blanks:
b,:0,1,3,6,10,15,21,..., (Note b, = C(n,2) ).
Vb, : 0, ,
V2b,: 0, ,
2.(1pt)
Decide if each of the following recurrence relations is a lin-

ear homogeneous recurrence with constant coefficients (lhcc).
Answer ”Y” for yes and ”N” for no.

_ 1. a,=3a,_1+4a,_»+5a,_3

_ 2. a,=2na,_1+a,_»
_ 3.a,=3
— bdoay=a_,
_ S .a,=a,—»
6.

ap =ap—1+ap—4
Find the degree of the following lhcc recurrences:
_ 1. a,=2a,_1+2a,-¢
— 2. apy=ap1+az2+a,3
_ 3. a,=Tay-1+9a,_5
— 4. a,=>5a,1

3.(1 pt) We will find the solution to the following lhcc recur-
rence:
an =3a,—1+4a,—» for n > 2 with initial conditions ap =4,a; =
5.
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The first step in any problem like this is to find the charac-
teristic equation by trying a solution of the “geometric” format
a, = r'". (We assume also r # 0). In this case we get:

=37 42
Since we are assuming r # 0 we can divide by the smallest
power of r, i.e., 7”2 to get the characteristic equation:

P =3r+4.

(Notice since our lhcc recurrence was degree 2, the characteris-
tic equation is degree 2.)
Find the two roots of the characteristic equation r; and rs.
When entering your answers use 7| < 7):
r = , =
Since the roots are distinct, the general theory (Theorem 1
in section 5.2 of Rosen) tells us that the general solution to our
lhcc recurrence looks like:

ap = o (r1)" +op(r2)"
for suitable constants oy, 0.

To find the values of these constants we have to use the initial
conditions @y = 4,a; = 5. These yield by using n=0 and n=1 in
the formula above:

4=0u(r)" +0a(r)°
and
5= (X](V])l + Otz(rz)l

By plugging in your previously found numerical values for
r1 and r, and doing some algebra, find o, 0:

[Be careful to note that (—x)” # —(x") when n is even, for ex-
ample (—3)* # —(3%).]

o =
O =

Note the final solution of the recurrence is:

anp = o (r1)" 4+ o(r2)"
where the numbers r;,®; have been found by your work. This
gives an explicit numerical formula in terms of n for the a,.

4.(1 pt) Find the solution to the following lhcc recurrence:
a, = 3a,_1 + 18a,_, forn > 2 with initial conditions ag =
3,611 =35.

The solution is of the form:

a, = 01 (r1 )n + (Xz(rz)n
for suitable constants oy, 0z, 71,72 with r; < 7. Find these con-
stants.
ry = rn = o = A =
5.(1 pt) Find the solution to the following lhcc recurrence:
a, = 9a,_, for n > 2 with initial conditions @y = 2,a; = 2.
The solution is of the form:




ap = o (r)" + o (r2)"

for suitable constants oy, 0,71,y with r; < r,. Find these con-
stants.

r = rn= o = O =

6.(1 pt) We will find the solution to the following lhcc recur-
rence:
a, = —2a,—1 — la,—, for n > 2 with initial conditions ag =
1,a; =5.

The first step as usual is to find the characteristic equation by
trying a solution of the ”geometric” format a,, = r". (We assume
also r # 0). In this case we get:

r=—2r -1
Since we are assuming r # 0 we can divide by the smallest
power of 1, i.e., 7' to get the characteristic equation:

2= —2r—1.

(Notice since our lhce recurrence was degree 2, the characteris-
tic equation is degree 2.)
This characteristic equation has a single root r. (We say the
root has multiplicity 2). Find r.
r=
Since the root is repeated, the general theory (Theorem 2 in
section 5.2 of Rosen) tells us that the general solution to our lhcc
recurrence looks like:

an =ay(r)"+agn(r)"
for suitable constants o1, 0.
To find the values of these constants we have to use the initial
conditions ag = 1,a; = 5. These yield by using n=0 and n=1 in
the formula above:

1= 0y (r)" + ap0(r)°
and
5= 0(1()’)1 -}-(le(l’)l
By plugging in your previously found numerical value for r
and doing some algebra, find oy, 00:
o) =
O =
Note the final solution of the recurrence is:

a, = 0 (r)n + (in(r)"
where the numbers r,o; have been found by your work. This
gives an explicit numerical formula in terms of n for the a,,.

7.(1 pt) We will find the solution to the following lhcc recur-
rence:
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a, = 6a,—1 — 11a,—3 + 6a,—_3 for n > 3 with initial conditions
ag=4,a; =6,a; = 6.

The first step as usual is to find the characteristic equation by
trying a solution of the ’geometric” format a,, = r". (We assume
also r # 0). In this case we get:

=6 =117 6
Since we are assuming r # 0 we can divide by the smallest
power of 1, i.e., 73 to get the characteristic equation:

r=6r* = 11r+6.

(Notice since our lhcc recurrence was degree 3, the characteris-
tic equation is degree 3.)
Find the three roots of the characteristic equation ry,r, and
r3. When entering your answers use r; < 7y < r3:
ry = , D=
Since the roots are distinct, the general theory (Theorem 3
in section 5.2 of Rosen) tells us that the general solution to our
lhce recurrence looks like:

’r3: .

a, = o (rl)n + (Xz(rz)n + 03 ()’3)"
for suitable constants oy, 0, 03.
To find the values of these constants we have to use the initial
conditions ag = 4,a; = 6,a; = 6. These yield by using n=0,n=1
and n=2 in the formula above:

4 =04 (r1)0 + (Xz(rz)o + OL3(V3)O
and

6=0u(r)" +0a(r)' +as(r3)"
and

6= 0 (r1)? +00(r2)? + a3(r3)>

By plugging in your previously found numerical values for

r1,r2 and r3 and doing some algebra, find o1, 0, 03:
Note: Ad hoc substitution should work to find the o; but for
those who know linear algebra, note the system of equations
above can be written in matrix form as:

(r)® () (r3)"] [ou 4
()t ()t ()| || = |6
(rn)? (n)* (r3)?] |os 6
o =
O =
o3 =

Note the final solution of the recurrence is:

a, = 01 (rl)” + ()Lz(rz)n + 03 (}”3)"
where the numbers r;,®; have been found by your work. This
gives an explicit numerical formula in terms of n for the a,.



