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Math 217 - Exam 3

13 November 2018

Instructions: For problems 1-10, select the correct answer from the choices
provided. You do not need to show any work for these problems, and the grading is
only based on the option selected.

For problems 11-13, provide a complete solution, showing how you arrive at the final
answer. An answer without work will only receive partial credit.

The exam is worth 60+40 = 100 points. No calculators, electronic devices, or
notesheets are allowed on this exam.

You may use without proof the following Laplace transform identities:

1) L{f®)} = fooo e~ f(t) dt provided that the integral converges

(2) L{f'(t)} = sF(s) — f(0) and L{f"()} = s*F(s) — sf(0) — f'(0)
(3) L{ult —a)f(t —a)} = e F(s)

(4) L{(f *g)(t)} = F(s)G(s) holds for the convolution of two functions
(5) L{tf(t)} = —F'(s)

(6) L{t"} =n!/s"*

(7) L{e*} =1/(s—a) and L {t"e*} = nl/(s — a)™*!

(8) L{sin(kt)} = k/(s® + k%) and L {cos(kt)} = s/(s* + k?)

9) L{ut—a)}=e"/sand L{0(t —a)} =e*



1. (6 points) Choose the Laplace transform of the function

f(t):{t 0<t<3

0 3<t
(a) 1/s?
(b) e=3s/s?
(Q (1 +e%)/s? ‘
(d) J(1 —e~3° —33@“33)/,?2 L4 = 1 [l - wl4-13) ]

(e) None of the above

t o= (+-Dwlt-3) ~ T lt-3).
! !
e e Vet e

2. (6 points) Choose the Laplace transform of ¢sint.

(@) 1/(s*(s* + 1))

(b))2s/(s? + 1)? % { te~ t } = - é @ { st z
c) —2s/(s? +1)? s
(d) The transform does not exist ~ y \
{e) None of the above - T~ —
#s ¢ tu
(70
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3. (6 points) Choose the inverse Laplace transform of

(a) 0
(b) § — 5 cos(3t)
(c) & — & cos(3t) + 2sin(3t)

(d) 1+ cos(3t) — 2sin(3t)
one of the above

2541
AR =
f[;B = —‘;:s -
S

4. (6 points) If w is a function such that

for all ¢, find w.
(a) e~%tsin(t)
(b) cos(t)
os(t) — 2sin(t)
(d) cos(t) + 2sin(t)

(e) No such w exists

t
/ w(r)e?t") dr = sin(t)
0

Lo * €Zt'
ol

$-1
ULS) =
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5. (6 points) If z is a solution to tz” + z = 0 satisfying z(0) = 0, which is an equation for the
g

Laplace transform?

(a) SX(s)+X(s)=0

S2X'(s)+ X(s) =0
(¢)) s2X'(s) + (25 = 1)X(s5) = 0
{d) Not enough information given
(€) None of the above

C

4 Hx"?

S -2 X/s) - ¢

"

- i

As

o

= . d /s7X/:J—< o) ~x
A>

= ~7¢ X1s) - s?X'/_C.)

’x/(s) + X)) = 0.

6. (6 points) Find the solution to z” + 5z’ + 4z = &(t — 2) subject to z(0) = 2/(0) = 0.

(a) z(#) =0 for all ¢

(b) ge 4t — Le-t
E (c) (e —e ) u(t-2)
( %(68~6_4‘—c-e"‘)u(t—2)
@\!one of the above
{
A — s ﬁ
(5*{)/5*«) SHi
A(,u oy o+ B/s l—() =
S -1 — A=
< = -~y — R : .-‘/3

R

+

s +4

-2
(s¥+ 55 +q) X3 = ¢
-15
Xis) - A
(s+ g4y
t S -
Xls) - 3 (‘“ S9y ]C
‘ -(¢-1)  yle-9)
e = 3o J
o (4 -2).
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7. (6 points) Given the equation (z% + 16)y” + ey = 0 with initial conditions y(3) = 3,7/(3) =6,
consider the power series solution centered at z = 3. What is the largest interval on which the
series is guaranteed to converge?

((2 E)—xjyll(;onvergcs at 2 =3 s j. S i3 hme = m‘l - 5
(¢) (-1,7) >y

>
@X-2.8) 1[ "3
(e) R -y

’
~
W
H
“"\
Wi
4(.
“
L

8. (6 points) Given (z? — 1)y” + day’ + 2y = 0, find a formula relating the coefficients of y =

Y mep CRZ™

Cnt2 = Cp

() (n+2)(n+ Depye — (n+2)(n+ Ve +4(n+ L)cpgr +2¢, =0

(¢) (n+1)(n+2)caqe = n(n —1)cn + 2c, — 4n + 1)cnsr

(d) Not enough information given

(e) No power series solution exists

- AdA U o, gt

z 1" "~
Xoa Y nlendenx

(1

- y\[,‘,ﬁ\)c__ - [k+1)(~+l)c,ﬂz +
0 P
- = et ~t+l (» ;) '~ g.‘
2 Z~:0( Yoo o t Heeo 2 20 wp
oo
A | : ) N Ale-t) 2y + 2
(a HZ nemx o Cmag = ¢,

~e 0 (h"‘ﬂ[l—-*ls
Dc ~
'2:3 - ZZL”Y

~ = pz +3»'fz
reo
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9. (6 points) For the equation z2(1—x2)y"” +2zy’ — 2y = 0, determine if z = 0 is a regular singular
point. If it is, what are the exponents of the differential equation at © = 07?

(a) 0 is not a regular singular point

(bpr=1,- -
OT 1,-2 . %..,"L o, %'_ wt ‘é -

(C) T:27_1 (é > —
d) r=-1,-1 ¥ q et
(e) None of the above
i> - -—E P — Pu = z %*’(V(
[ -2
A = -2
2 e — &

(,..0‘*‘Cle'| P‘,(,yu-lm\b' 2 r (/

"17—/"1 = O

_(/"‘2)(-’ "') -0

10. (6 points) Consider the Airy equation y” + xy = 0 with initial conditions y(0) = 1,3'(0) = 0.
Find the first four non-zero termns of the power serics solution.
() 1+ o2+ a0 + 25020

: -4 .
() 1 g3+ K+ S

d} Not enough information is given / 7 P o

)

)
(c) 1+ Z2% + %%:E“ + %xs
(d)
(e) No power series solution exists

gLonlo/ heuve L»J % LA X"A intdeapl
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11. (15 points) (Full Answer Question) A mass-spring system is given by & + 4x = f(t) where
the driving force is
0<t<1

f(t)::{(e)l—-t 1St

The mass starts at rest and at the equilibrium position.

(a) (7 points) Find the Laplace transform X (s} of the solution.
(b) (8 points) Find the position z(%).

P4 - ¢ -t -0 u (t-0)
Fls) - e ~°
§ + 1

%(f} = ¢
/$J~x)(;‘ ’f‘(}

\ A . By ¢« ¢
((HHr’Ht) § &1 st

(- ACt v+ RBsr ) (s+¢)

A« B - D
— A = C,
B+le - 0
Har ¢ = 1] A Cr 5 B= -
1 pA -5
ST ( > A -~ - £ s P S
\< S) T $aq 3 sty 3 (2 Q‘Z%L( c
. - (¢~} _
.- ‘K("().— i‘:’e -~ é @SZ(“'”() 4—-'—} S l("“‘l) u[+—()
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12. (10 points) (Full Answer Question) For many applications we need to set up a damped
mass-spring system that has a particular response to a given driving force (e.g we're trying
to design a radio tuner that will only allow the system to have a large response to particular
stations, or particular frequencies). Suppose that we wish for the systemn to respond to a driving
force f(t) by having position function

¢
z(t) = / 7e” T f{t — 1) dr
Jo
Find coefficients A4, B, and C such that the equation
At)z"(t) + Bt)a'(t) + C(t)z(t) = f(t)

with initial conditions z(0) = z'(0) = 0 will exhibit this response. You may wish to cite
Duhamel’s principle.

(M'\W % ( p(r,\v-\-g_) < D“Low(

‘Cun I3 J‘:‘a‘— "Q"DL

X

1

% = ey x P uilee wit) - ¢ -

XG) = W) Fis) o L o
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13. {15 points) (Full Answer Question) Consider the equation ‘/2 e th ot s
Yy —zy =0 CLEany L. d 5@7 Fle Pn.H*co.
with initial conditions »(0) = 0,3/(0) = 1. b c{sé’{’ TG
(a) (3 points) Find the radius of convergence of the power series solution. evt—  uiflad 4.

(b) (8 points) Find and solve the recurrence relation for coefficients of the power series solution. '(/;-c _’L 1
Crte

{(c) (4 points) Give the solution to the initial value problem. Lo
P y‘;, (Y= P

6;) Np {’\"3\»10—\‘ Jies P eIt Tt }2 = 4+ ]

(>) ‘3 : -

L%

~io
% U ~r~ A i o ~
D M. — %y L neanx
r=d <0
Tt b a4 o4
% ] Z_,o ~ (- FLS e- X - ‘3“ : Z (nFZB/»*()(Ml\(
ne g

&r Az

s

o
O - ca“ - ﬁ‘/a' = };a[(.ﬁrl)(»u) €t s —nc,\-ﬁx,

~ . V\Ck
leewrremm e lobia = o,

(_r\l—))(’\*\)
,\Jyh €y = O

, ¢, =1, Su ~e € vt~ ’}\(rrvw!
C( = '. —— Ie - (Cl a ’\—
3 5 .2
= 3¢y 31
¢ ssH -3
s-3-1 11
= S’(’S’ = - s
Pl 6 '?_'g s q\
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Extra work area
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