
Homework set 9 - due 11/12/21

Math 5031

You should solve all the following exercises, but will only be asked to turn in numbers 1, 2, 3, 4, 5.

1. Let R = Z[i ]. Recall that this ring is an Euclidean domain (Section III.H of Kerr’s notes), hence it is a PID (prin-

cipal ideal domain) and a UFD (unique factorization domain). In particular (by the remark immediately after

the proof of Theorem III.I.12), prime and irreducible elements are the same thing. We are interested in prime

elements in R. To distinguish these from ordinary primes in Zwe call the latter rational primes.

(a) What are all the units in R?

(b) Show that every prime element in R divides a rational prime.

(c) If a +bi ∈ R is such that a2 +b2 = p is a rational prime, show that a +bi is irreducible in R.

(d) If p is a rational prime such that p ≡ 3(mod 4), show that p is an irreducible element of R.

(e) Describe all the prime elements in R

2. Show the following:

(a) R =Z[p−5
]

satisfies the DCC (divisor chain condition).

(b) R =Z[x] satisfies the DCC. (Recall the notion of content of polynomials in Definition III.K.1 of Kerr’s notes.)

3. (For this problem, read Section III.J of Kerr’s notes.) Let D be a PID and E a domain containing D as a subring.

Show that if g is a GCD (greatest common divisor) of a and b in D , then g is also a GCD of a and b in E .

4. Find the GCD of polynomials g = x3+x2+x−3 and f = x4−x3+3x2+x−4 inQ[x] using the Euclidean algorithm.

(See paragraph III.J.9 of Kerr’s notes).

5. (Read about the Eisenstein’s irreducibility criterion in Section III.K.14 of Kerr’s notes.) Show that the following

polynomials are irreducible inQ[x]:

(a) x5 −4x +2

(b) x4 +4x3 +10x2 +12x +7. (Note: f (x) ∈Z[x] is irreducible if and only if f (x +m) is irreducible, where m ∈Z
is arbitrary. Try m =−1.)

6. Let p be a prime number inZ. Show that the cyclotomic polynomialφp (x) := xp−1+xp−2+·· ·+x+1 is irreducible

inQ[x]. (Note: the cyclotomic polynomial can be written as (xp −1)/(x −1). Consider φp (x +1).)

7. Obtain a factorization into irreducible factors in Z[x] of the following polynomials:

(a) x3 −1, x5 −1, x7 −1

(b) x4 −1



(c) x4 +1 (Hint: substitute x +1 and use Eisenstein.)

(d) x6 −1

(e) x8 −1

(f) x6 +x3 +1 (Same hint as in (7c).)

(g) x9 −1

(h) x10 −1
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