How does the third logician know to say “Yes" ?

Three logicians walk into a bar. The
bartender asks

"Do all of you want a drink?"
The first logician says "I don't know."
The second logician says "I don't know."

The third logician says "Yes!"



In this course so far we discussed the idea of “taking a limit,” learned some “limit laws"
to help find derivatives, together with some tricks that sometimes help: factoring,
canceling, rationalizing a numerator or denominator, ...

Then we used the idea of limit to define another new idea, the derivative, of a function

y=f(x):

f'(x) = lim Lt =G (i the limit exists)

We worked out some examples using our limit skills,: for example
if y=f(x)=+/x, then f'(z) = ﬁ (when z > 0)

A derivative can be written in many ways: for example,

b = f@) = % =% =% = £(/z) = Df ()

The derivative, if it exists at a specific point x = a, tells us the slope of the tangent line to
the graph of y = f(x) at the point (a, f(a)) : therefore the equation of the tangent line
at the point (a, f(a)) on the graph is

y—fla) = fl(a)(x - a)

For example, for y = =vz,f4)= 2
line to the graph y = \/E at the point (4, ( )

and the equation of the tangent

( 2) is

y—2=f'(4)(z—4), thatisy — 2 = H(z — 4).

||3

The derivative can also be interpreted at telling us, at any point x = a, the instantaneous
rate of change of y with respect to x.



Most of Chapter 3 is about

1. How to find derivatives of standard functions (the “building blocks” for other
functions). For example, what is the derivative of each of

T

e’ Inz

a” log,x
sinx arcsin x
COS T arccos T
tanx arctan x
csc T arccsc x
secT arcsecx
cotx arccotx

2. How to differentiate functions that are “built” from the standard functions using
familiar operations such as —, -, /, composition of functions, ... For example, what is
the derivative of each of

322 3z% + 6271
322 -sinz

32 el'z—i-sin(loglom)
er 427 cscx

compositions:
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csCcx

arctan (10 e’ +sin(logio) >



The Good News:

1) if you learn the derivatives of the standard
functions and

i1) the rule for differentiating combinations of
them

the computing all those complicated looking derivatives is completely mechanical and
“mindless”: a computer could be programmed to do them.

Example: If f(z) = ¢ ( = constant), what is f'(z)?

We must use the definition:

/ _timdeth) —f@) _ e—c _ 1 _
F0) = i L) e =y =

So f'(z) = 0 (the derivative is also a constant, namely 0)

. dy
Here. we could also write: % =0, 0r % =0or L (¢) =0

The graph of y = f(z) = c is

An any point on the graph, say, (a, f(a)) = (a, c), the slope of the tangent line is
f'(a) = 0, so the equation of the tangent line is
y—c=[fa)(z—a)=0(z—-a)=0

y = ¢ The straight line y = c is considered to be its own tangent line at
every point a.



Example: If y = f(x) =z,

f'() = lim HEER=EE = lim G2 = lim b = 1

so f'(x) =1. We could also write Zl—i =1l,orL(z)=1

Again the derivative is a constant ( = 1), the same at every point z = a.

The graph of y = x is a straight line (with slope 1). The tangent line at any point (a, a)
of the graph is

y—a=f'(a)(z—a)
y—a=1(zx—a)

y==x The straight line, again, is consider to be its own tangent
line at every point (a, a) on the graph.

Example: If f(x) = 2°, whatis f(z) ?

/ e (w4 h)3 =B _
f'(x) _;ILIL%—’“L

Q1. Expand (z + h)? = ... and then decide which statements are true:
i) the expansion contains 4 terms, all connected by ““ + ” signs
i1) 1in each term, the sum of the exponents is 4
ii1) all terms except the first contain an h factor
iv) the coefficient is 3 for the term that contains z2h

v) all terms except the last contain an x factor

The list of all the true statements is:

A) i), i), iii), iv)

B)  i),ii), iii), v)



O 1), i), iv), V)
D) 1), 1i1), iv), V)

E) i), iii), iv), v)

Answer: (z + h)® = 2% + 3x*h + 3xh* + h* (so D) is the correct choice]

Notice 3 + 32%h + 3zh? + h® = 2° + h(32® + 3zh + h?)
T

these terms all contain an h factor

. - h)3 —ad . 23 +h(3224+3xh+h?) — 23 . h(3x2+3xh+h?
So f/(x) = lim WA= — iy ZHRGr RS iy MBS
h—0 h—0 h—0

= ’lin}J 3x% + 3xh + h? = 32% (because the terms with an / factor — 0)

So:ify = f(x) = 23, then f'(z) = 322

Differentiation Rule: if y = f(x) = 2" (where n = 1,2,3,....), then f'(z) = na" L.

Why f/(II)') — —lim (x+h)"—a" — lim 2" — h(nz" "4 other terms, all having an h factor) — z"
h—0 h h—0 h
— lim h(nz""'+ other terms, all having an h factor)
h—0 h

= ’lir% (nx™ ! + other terms, all having) an h factor) = nx™!.
11—

Example: -L(z!%) = 192191 = 1921®

Note: we have only explained why this rule works to differentiate x™ when r = 1,2, 3,
.. (n a positive integer).

Earlier in the course, we worked out (from the definition of derivative) that for
y = f(z) = /& = x2, the correct derivative is



fi(z) = \}? = %x_% (Where > 0)
so (?by luck?) the formula %x” = nx" also give the correct answer for n = % !

It turns out (reason to be explained later), that for any real number r,

d .r ,r.wr—l

is the correct differentiation formula (for those x's where f(x) and f'(x) both make
sense. For example (see above) when r = % it is necessary that x > 0.

For the purpose of problem solving, you can assume this formula for now.

POWER RULE: if f(z) = 2", then f'(x) = ra"~! (wherever the formula make sense)

Some additional differentiation rules (see textbook for justification about why they are
true)

Suppose y = f(x) and z = g(x) are differentiable functions and that c is a
constant

i) (cf(z)) =cf'(z) (vou can pull the constant out in front of the differentiation
operation)

Could also write this rule as: - (cy) = ¢ (y)

Example: () (13272) =13(z72) = 13(— 227 %) = — 26273 = — %

Other notation: %(g) = 13%(3;—2) =13(—227%) = — :25_(3

2) (f(z)+g(x) = fl(z) + ¢ (x) (“the derivative of a sum is the sum of the
derivatives”™)

Other notation: %(y +z)=L(y)+ %(w) or Mt _dy %

2) (f(x) —g(z)) = f'(x) — ¢ (x) (“the derivative of a sum is the sum of the
derivatives”)

3 dy—z P
Other notation: - (y —2) = L (y) — L(z) or dy=2) _ dy _ dz



Example: (92° — &) = (92° — 4273) = 9(2P) — 4(z~3)’

= 9(52%) — 4( - 3z7%) = 452" + 12207 = 452" + 12

or (other notation) 4 (925 — 4) =9Ly% — 40 (z3) = | =450 + 2

CAUTION: THE FORMULAS FOR (f(z)g(z))’ AND (£2)" ARE NOT SO SIMPLE
AS THE PRECEDING FORMULAS

Example: Q2: The point P = (1,16) is on the graph of y = f(z) = 7z 4+ 2. Find the
equation of the tangent line to the graph at the point P.

A) y=5x—5

B) y=5z+11

C) y = 6z + 10

D)y =6z —5

E)y = 3z + 13

Answer: The equation for the tangent lineisy — 16 = f'(1)(z — 1)

Here, f'(z) = L (722 + 2) = L (722 + 927!) = 14z — 5,50 f/(1) =14 -9 =5 and
the equation for the tangent line is

y — 16 = 5(z — 1) which simplifies to y = 5z + 11.

The graph of y = f(z) and the tangent line are shown below



(Note: tick marks on the y-axis at intervals of 10)
y=f(z)=72"+2 and

tangent line at the point (1,16) : y = 5z + 11

Example: Where does the graph of y = f(z) = 72* + % have a horizontal tangent line?

Answer: a horizontal tangent line means a tangent line with slope 0. So we need to find
the z-values (if any) where the derivative is 0.

f(z) = 14z — 5=0
There is only one solution for this:
14x = %

1423 =9

x =y % ~ 0.8631 (and substitution gives the corresponding y value

—J ) =.. ~15.6421

({/ 1)

y=[f(z)=7(y/5)*+

The graph and its horizontal tangent line are shown below:
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b

(Note: tick marks on the y-axis at intervals of 10)



